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Abstract

The aim of this research is to survey, study, understand and contribute to the concept of calculating
the probability of a specific feature being in any finite group G, using the regular mathematical
definition of probability. This concept is a new trend that connects group theory and probability
theory to help solve some problems in group theory. We will study the concept of calculating the
probability in any finite group G for the following features: commute of two elements in group G,
the non-abelian tensor product for two elements in G when it is equal to the identity element of G,
the non-abelian exterior product for two elements in G when it is equal to the identity element of
G, and choosing a particular p-block B with respect to the chosen prime number p. Lastly, a new
equivalent theorem will be established that calculates the probability of commute of two elements
in group G by using the concept of structure constants. Examples of the new theorem will be
provided.



Notations

YANA Integers number, Positive integer
C, N Complex number, Natural number
R Real number
X Set
1) The empty set
G Finite group
F Field
Sn Symmetric group of degree n
A, Alternating group of degree n
Do, Dihedral group of degree 2n
Cn Cyclic group of degree n
Va Klein four-group ({(a,b: a®> = b> = (ab)?> = 1))
A«B A is a normal subgroup of B
|G| Order of G
1a The identity element of G
ker(a) Kernel of the function «
Im(a) Image of the function «
a? b=lab
Stabg(x) The stabilizer of x in G
O(x) The orbit of x
o4(x) Action of S,, on the set X
Ca(z) Centralizer of x in G
C(x Conjugace class of x
an~b a is a conjugate to b
P Prime number
p-group Group of order p®, a € N
Fizx(G) All elements in a set X which fixed by the group G
aRp JgeG: =g -a,a,0€X
U Disjoint union
a/b b divides a
GL(n,F) General linear group of degree n over a field F
P Group homomorphism function from G to GL(n,F)of degree n
X Function from G to F, determined by x(g) = trace (p(g) )
k(Q) Number of conjugace class of G
X1s -+ Xk(G) Irreducible characters of G
Irr(G) Set of all irreducible characters of G ({x1, .-, Xx(e) })

=p

Congruent modulo p
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p-block
d(x)=d The defect number of an irreducible character x
x(1)p The p-part of x(1)
|G|, The p-part of |G|
d(B) The defect number of a p-block B
h(x) The height number of an irreducible character y
D The defect group
Irr(B) The set of all irreducible characters which belong to a p-block B
k(B) The order of Irr(B)
By The principal p-block
a =b( modn ) a — b is divisible by n
P(G) Probability of G
G Commutator subgroup of G
[H, K] {[h,k] : he H ke K})
(1, eeey T The subgroup generated by {z1,...,z,}
Gi1 X ..xG, The direct product of G4, ...,G,
I, n X n identity matrix
K Class sum
C[G] Group algebra
Wy, Function from Z(C[G]) to C, which dependin on x
X9 Set of points of X which fixed by the element g of G
X/G Number of orbits of G acting on X
[z, y] ey tay
® Non-abelian tensor product
A Exterior product
K The map from a group of non-abelian tensor product to the commutator group
K’ The map from a group of non-abelian exterior product to the commutator group
J(G,H,K) Kernel of x
M(G,H,K) Kernel of x’
CE(x) Tensor centralizer of x with respect to G
Ca(z) Exterior centralizer of x with respect to G
Z(G) Center of G
7°(G) Tensor center of G
ZM(G) Exterior center of G
d(H,K) Relative commutativity degree of H and K
d¥(H,K) Relative tensor degree of H and K
d"(H, K) Relative exterior degree of H and K
P(x) The probability of ordinary irreducible character x
P(B) The probability of a p-block of G
Ca(H) Centralizer of a subgroup H in G
& The probability of a p-block of defect zero
[G: H] The index of H in G
S* The set of all p-blocks of the group G relative to a fixed prime number p
dimp(A) Dimension over F of A
iff

if and only if
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Introduction

Group theory and Probability theory are independent sciences. With the development of science,
it became possible to link the two sciences together in a new direction. The new direction allows
us to calculate the probability of a specific feature being in a group. The beginning of this trend is
a question that was raised by David J. Rusin [24], who posed the question: what is the probability
that two elements of a finite group commute?.

The relationship between the representation of finite groups and probability theory has grown
up rapidly, to investigate and solve some problems in group theory. In 1968, Erdds and Turdn [8]
studied some problems in statistical group theory. In 1970, Gallagher [10] used character theory to
investigate the probability of commuting elements. In 1973, Gustafson [12] initiated the probability
that two group elements commute for infinite groups, in which he used differential geometry as well
as the abstract harmonic analysis to get parallel results for finite groups. In 1988, Persi Diaconis [7]
has made fundamental contributions in the relationship between representation of finite groups and
probability theory. In 2006, Guralnick and Robinson [11] investigated several objectives such as
giving general properties and giving elementary proofs of numerical properties of the commutativity
degree. In 2010, Alghamdi and F. G. Russo attempted to discuss Dade’s ordinary conjecture in this
framework. Then in 2012, they investigated a generalization of the probability that the commutator
of two group elements is equal to a given element. They studied the relative tensor degree of finite
groups in articles published in 2014, see [2], [3] and [4] respectively.

On the other hand, block theory is a fascinating subject and a very rich topic in finite group
theory. There are many approaches to tackle block theory. Character theory is one approach.
Likewise, the theory of probability can be applied to tackle block theory. This is shown by Al-
ghamdi’s paper 2016, in which he attempted to get a link between block theory and probability
theory.

Let p be a prime number and B a p-block of a finite group G. The thesis is divided to six
chapters as follows:

Chapter 1, contains the basic concepts, on which the thesis depends. The first section includes
concepts that are presented in a topic of group action on a set, and under these concepts we will
study Orbit-Stabilizer Theorem, when the group G acts on itself as a set, and we will get the
changes that will be used in the coming chapters along with the Burnside’s Lemma in this concept.
In the second section, definitions of representation and character theory will be presented with
some theories related to them. In the third section, we will review some concepts in block theory
on the approach of character theory, and study some examples that will be deduced and built upon
in the next sections, especially in Chapter 5.

Chapter 2, in the first section, we will give a solution to Rusin’s question [24] by applying the
classical definition of probability to measure the property of the commute of two elements in group
G. Furthermore, theories will be mentioned which give us an equivalent definition for calculating
this possibility and upper bounded.

For instance, for any group G the probability of commute two elements in it must be equal
to or less than 5/8, and some examples will be given in the second section. In the third and last
section, we will study the definition of a probability that has a randomly chosen commutator which
is equal to a given element of group G. Moreover, we will present states theorem, which gives us

vi



an equivalent definition via character theory with some examples applied, and provide some recent
investigations in this concept.

Chapter 3, in the first section, we will introduce definitions of a compatiplity action and non-
abelian tensor product. Furthermore, we will establish some basic properties that describe the
main calculus rules in the non-abelian tensor product, with some theories and relationships under
this concept. In the second section, we will study the definitions of tensor centralizer and tensor
center which have been based on the definitions which introduced in previous section, and we will
study the algebraic structures of these concepts, the definition of the relative tensor degree, and
explanation of the relation between the tensor centralizer and the tensor degree. In the third and
last section, we will study the relation between the relative commutative degree and relative tensor
degree.

Chapter 4, in the first section, we will introduce the definition of a non-abelian exterior product,
with some relations under this concept. In the second section, we will study the definitions of
exterior centralizer and exterior center which have been based on the definitions which introduced
in previous section. Moreover, the algebraic structures of these concepts along with the previous
concepts, and the definition of the relative exterior degree are introduced. In the third and last
section, we will study the general relation among the relative commutative degree, relative tensor
degree, and relative exterior degree.

Chapter 5, in the first and second sections, we will study the notion of the probability of a
p-block B with applied examples. In the third and last section, we will study some facts about the
probability of irreducible ordinary character and principal p-block By in group G, by Brauer-Feit
Theorem as in [25, Theorem 2.4]. Furthermore, we will show the relation between the probability
of the principal p-block By in group G, and the order of irreducible ordinary character of G and
some current conjectures in this concept.

Chapter 6, in this chapter, we will establish a new equivalent theorem that calculates the
probability of commute of two elements in group G, by using the concept of structure constants.
Therefore, we will begin with the concept of algebra over field F, from which we will deduce the
definition of structure constants that will be discussed in the first section. In the second section, we
will study the definition of the group algebra G over F, which is denoted by F[G] and mention the
basis for it. Moreover, in the same section, we will study the definition of the center of F[G] which is
denoted by Z(F[G]), and the impotent theorem in this section, which explains the basis for Z(F[G]).
In the third and last section, we will establish a new theorem that calculates the probability of
commute of two elements in group G by using the concept of structure constants, and examples of
the new theorem will be provided. All groups mentioned in this thesis are supposed to be finite.
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Chapter 1

Basic Concepts

In this introductory chapter, we shall review some basic notions, definitions, theories and exam-
ples in group theory. Especially those terms related to the terminology employed in this thesis.
In the first section, we will mention the concept of group acts on a set and the most important
theorem in this concept the Orbit-Stabilizer Theorem, which will be used and rely on it as a ba-
sis of understanding and proofs in the next subjects of this work, and then record what changes
to the theorem in special cases, like when the group G acts on at self as a set or when the set
X ={(z,y) € Gx G}, as regarding and serving my purpose. In the second section, we will mention
all concepts of representation, ordinary representation, character, and some theories and properties
that will be useful for this work. In the third section, we will define an equivalence relation on the
characters by fixing a prime number p, which divides them for equivalence classes which are called
by p-blocks, and study some examples that will be deduced and built upon in the next sections,
especially in Chapter 5. The basic references of this chapter are [5],[9],[14],[15],[16],[20] and [21].
All the groups presented in this work are supposed to be finite.

1.1 Group acts on a set

In this section, we shall review some concepts related to the group acts on a set.

Definition 1.1. Let G be a group. Let X be a finite set. A (left) action of G on X is a map
a:Gx X — X given by a((g,2)) = g - x, which satisfies the following conditions:

Dlg -z ==

2)(9192) -z = g1 (92 - @).

For allx € X and g1,92 € G.

In the similar way we can define a right action by the map a : X xG — X given by a((z, g)) = x-g,
which satisfies the following conditions:

1)x-1g ==.

2) x-(g192) = (x - g1) - ga.

For all x € X and g1,92 € G.

Remark. If we have an action of G on X, then we say that G acts on X or that X is a G-set.

In this thesis virtually all actions considered will be left actions.

Theorem 1.1. Let G be a group acts on a set X. Then the relation on X defined by relation «
R B ifdge G : B =g-a is an equivalence relation, where a, f € X.

Proof. Since 1g-a = a for all a € X = aRa (Reflexive). Sincea R =3Jge G:B=g-a=g !
B=(9"'g)-a=g ' B=a= BRa (Symmetric). aRS and B3RS, since aRf = g€ G: =g
and since R0 = Fh € G:6=h-B. Then 6 =h-B=h-(g-a) = (hg) -« = aRJ (Transitive).
Thus R is equivalent relation on X.

O



Remark. The equivalence class of the equivalent relation are called the Otbits of G on X.

Definition 1.2. Let G be a group acts on the set X. Let x € X. The orbit of x under G is the
set of all elements in X of the form g-x for all g € G, which denoted by O(x). In symbols

O(z) ={g-zlgc G} € X.
Remark. If O(z) = X for all x € X. Then the action is called transitive.

Definition 1.3. Let G be a group acts on the set X. Let x € X. The stabilizer of x in G is the
set of elements g € G such that g - x = x, which is denoted by Stabg(x). In symbols

Stabg(x) ={g € Glg -« = x}.

Lemma 1.1. Let G be a group acts on the set X. Let © € X. Then Stabg(z) is a subgroup of G
forall x € X.

Proof. The subgroup conditions are verified as follows: Stabg(x) is not an empty set since by
Definition 1.1 we have 1 - = z, hence 1g € Stabg(x) for all € X, consider any two elements
g1 and go € Stabg(zx) i.e. g1 -x =z and g2 - © = x. Then

grr=c=g (95 2)=2=(q19;") - x =1

hence g1g,* € Stabg(x). Thus Stab(x) is a subgroup of G.
O

The next theorem is the most important theorem in the theory of group actions, as in [5, Corol-
lary 5].

Theorem 1.2 (Orbit-Stabilizer Theorem). Let G be a group acts on a finite set X. For any x €
X, we have

G|
N TStabo @)1

Proof. Let o’ € O(zx), then there is g € G such that 2’ = g - x, also there is gStabg () where Vy €
gStabg(z) there is ¢’ € Stabg(x) such that y = g-¢'. Theny -z = (g9¢')-z=g-(¢'-x) =g-x = 2.
This means that there are at most element in O(z), similar to the set of cossets of Stabg(x) in G.
Let gandy € Gsuchthat g 2 =y -2 =91 - (g-2)=9g "t (y-2)= (979 2= (g7y) = =
lg o= (97 y) -2 =2 = (g7 'y) - z. This means that g~'y € Stabg(r) = y € gStabg(x). Thus g

and y belong to the same set of cosset Stabg(z). It follows that the a: — O(x) which

Stabg ()
is given by ¢'Stabg(x) — ¢’ - x. The map « is a well-defined bijective of the set cosset of Stabg(x)
in G onto the orbit O(z) ={¢’ -z : ¢’ € G}, hence |O(x)| = [G :Stabg(z) |= |G|/|Stabg(z)|.

Example 1.1. An action of the symmatric group Ss on the set X = {1,2,3} is given by g -z =
o4(x). First we want to prove that it is a group action

1)i)(g192) - T = 04,4, ()
= (0g,04,)(x)
= 0g,(04,()) ( from Definition 1.1 )
=g1-(92-%). Vg1,92 € G, Vx € X.
ii)lg o =01,(x) =2. YV € X.



So, this is indeed a group action.

9)Stabs, (1) = {g € S5 : g+ 1 = o,(1) = 1} = {(1), (23)}
Stabg,(2) = {g € Ss: g-2 = 04(2) = 2} = {(1), (13)}
Stabs,(3) ={g € S3:9-3 =04(3) =3} ={(1),(12)}

3)0(1)={g-1=04(1): g€ G} ={1,2,3} = X.
{9-2=04(2): g€ G} ={1,2,3} = X.
0B3)={9-3=04(3): g€ G}={1,2,3} = X.

)
~

©
=

I

We can see by Theorem 1.2

G| 6
o)) = ———=-=3
oMl |Stabe(1)] ~ 2~

and the same way for all x € X.

Remark. The exponential notation for the conjugation of two elements x and y in a group G,

that is the notation z¥ = y~lzy.

Example 1.2. Let G be a group acts on itself as a set(i.e. X = G) by conjugation, that is for all
x€X =G and g € G, we define g-x = g~ 'xg. First we want to prove that it is a group action

1)i)g1 - (92-7) = g1 - (95 'xg2)
= g1 (95 'zg2)n
= (9291) " (g201)
= (9291) - X

i)lg -z =1g5'7lg = z.

So, this is indeed a group action.

2)Stabg(z) ={geG:g9 -z =x}
={geG:g 'ag =1}
={g€G :a2g=gz}
= Cq(x) ( centralizer of z in G ).

3)0(r) = {g-: g € G}
={97'2g: g€ G}
= C(x) (conjugace class of x ).

Special case. Let G be a group acts on a finite set X.
1) If X =G, and if G acts on X by conjugation. Then from the previous example we found that

O(z) = C(x) ( conjugace class of x) and Stabg(x) = Cq(x) (centralizer ).
Thus, we have from the Orbit-Stabilizer Theorem for all x € X
G|
|C(x)] = :
|Ca(z)|
2)If X ={(x,y) e GX G} #0, and if G acts on X by g-a= (29,49) € GX G, for all g€ G
and for all a = (z,y) € X. Then




Stabg(a) ={g€G:9-a=a}
={9€G:g-(z,y) = (z,9)}
={9e€G:(a%y) = (x,9)}

={9€G:(z,9) = (z,9)}
={geG:g (z,y)g = (z,y)}
={9€G:(z,9)9=9(z,y)}
= Cg(a),

and

O(a)={g-a:g€G}
={g-(v,y): g € G}
={(2%,y7) : g € G}
={(z,y)? : g € G}
= {9 "z, 9)9: 9 € G}
= C(a).

Thus, we have from the Orbit-Stabilizer Theorem for all a € X

G
|Ca(a)l

[Cla)| =

Lemma 1.2. Let p be a prime number. Let G be a p-group acts on a finite set X. Then
| X| = |Fizx (G)|mod p.
Proof. Since G is a p-group then |G| = p%*, a > 0, and since
X = O(z1)UO0(z2)U...UO0(z,.)
where z; € X,i=1,...,7,7 € N. Then
| X[ =10(z1)| + |0(z2)| + ... +|0(zr)],

then by the fact that |O(z;)| = 1 iff ; € Fixx(G), for all i =1, ...,r. Hence

X| =|Fizx(G)|+ > |O(z:)].

z;¢Fizx (Q)
From Orbit-Stabilizer Theorem we have
. (€]
|X| = |Fizx(G)| + T
ﬁfg;x @ |Stabg (x;)|

But Stabg(z;) < G then |Stabg(x;)| = p®, where 3 < a and p®/p? = X\ p, A € N. Then

| X| = |Fizx(G)| + Ap

thus
| X| = |Fizx(G)| mod p.



Burnside’s lemma was formulated and proven by Burnside in 1897, but historically it was already
discovered in 1887 by Frobenius, and even earlier in 1845 by Cauchy. Because of that it is
sometimes also named as Cauchy-Frobenius lemma. This allows us to count the number of orbits
in sets.

Lemma 1.3 (Burnside’s lemma). Let G be a group acts on a finite set X. Let X9 be the set of
points of X which are fized by g, where g € G. Then

2 gec X7

|Orbits of G acting on X | = Ie

i.e. ( The number of orbits is equal to the average number of points fized by an element of G).
The number of orbits will be denoted by X/G.

Proof. Let X9 ={x € X :g-x ==z }. Then

dgec| X ={lgx) eGXx X g-w=u}=3 x|Stabg(x)|.

From Orbit-Stabilizer Theorem we have

Z |StabG | = Z | |G|

reX zeX

1€X

=l > >

O(z2)eX/G zeO( :c)

=lgl > 1

O(z)eX/G
= |G|.|X/G|
hence
> IX9) = |GLX/G
geG
thus
> gea 1 X7
X/G| = =0
T

O

Lemma 1.4. Let G be a group acts on itself as a set by conjugation, g-x =g 'zg€ X = G. Let
k(G) be the number of conjugacy classes of G. Then

Lisec|Ca(@)]

k(G)= =G

where Cg(x) is the centraliser of x in G.



Proof. Since G acts on itself as a set, then we have

O(x)={g-z:9€G}
={g 'zg: g€ G}

:C(‘r)’
for all x € X = G, by Lemma 1.3 we have
> gea 1 X7]
Orbits| = =95¢ = 1
T
. Z eq |X ‘
Orbits| = ==
Xw
|conjugacy classes| = E:IE|GG||
| X* + ... 4 | X6l
k(G) =
|G
_ MyeXiomy=yi+. .+ HyeX 26 y=yj
|G|
_ HyeX:ym=yl+.  +{yeX:yne =y}
|G
C HyeX:iatlym =y + .+ Hy e X rajgyzie =y}
|G|
_ HyeXiyn =ny}+ .+ Hy e X yrig =2cy )|
|G|
_ MyeGrym=my}+..+{y € G yze =2y}
|G|
| Ce(@1)| + ... + |Ca(z)a))]
|G
 SaesCala)]
|G
thus
>wcc |Ca(w)]
k’(G) _ xTE
|G

1.2 Characters

In this section, we shall review some concepts related to the character theory.

Definition 1.4. Let G be a group. The representation of G is a group homomorphism
function p : G — GL(n, F). Where GL(n, F) is the general linear group of degree n over the field
F. Which is denoted by F-representation, and the integer number n is called the degree(or
dimension) of the representation.

Remark. If the field F has a characteristic zero then we call the representation by ordinary
representation.



Definition 1.5. Let G be a group. Let p be the representation of G. The character of p is a

function x : G — F such that x(g) = trace (p(g) ), for all g € G and p(g) € GL(n,F). It is a
class function (i.e. constant on each conjugacy class of G).

Remark.

1)The irreducible representation gives an irreducible character.
2)Irr(G) is the set of all irreducible character of G.

Proposition 1.1. The character has the following properties:

1)Equivalent representations have the same characters.

2)The conjugate elements have the same character.

3)The number of irreducible characters is equal to the number of conjugacy classes i.e.

[Irr(G)| = k(G).

Theorem 1.3 (Generalized Orthogonality Relation). Let G be a group and g € G. Then

1 xi(9) i=j
@ > xilhg)x; (h™) = xi(1) ’
hed 0 i # .

Proof. The proof can be found in [15, Theorem 2.13].

O
If g = 1¢, then we will get the next theorem, as in [13, Corollary (2.14)].
Theorem 1.4 (First Orthogonality Relation). Let G be a group. Then
1 _ 1 1=y,
= o xlh () = { )
|G| = 0 i#j.
Theorem 1.5 (Second Orthogonality Relation). Let G be a group. Let g,h € G. Then
_ 0 if g~ h,
2, = {|o W Fo~h
x€lrr(G) ca\y KR ’
Proof. The proof can be found in [15, Theorem 2.18].
O

Definition 1.6. [15, Definition 2.20] Let x be a character of a group G. The kernal of x is all
elements g of G which achieve the relation x(g) = x(1). In symbol

ker (x) ={g € G : x(9) = x(1)}.



Definition 1.7. [15, Definition 2.26] Let x be a character of a group G. Then

Z(x) ={9 € G :[x(g9)l = x(1)}.

Lemma 1.5. [15, Corollary 2.23] Let G be a group with commutator subgroup G'. Then

G =n{ ker x: x € Irr(G), x(1) = 1}.

Example 1.3. Let G be a group.
1) When G = Ss, S3 has two linear characters x1 and x2. Then

G’ = kerx1 N kerya

={g€G:xi(9) =xa(1)} N{g € G : x2(9) = x2(1)}

— G N{(1),(123), (132)} = 4.
2) When G = Dg, Dg has four linear characters x1, x2, X3 and x4. Then

G = kerx1 Nkerys Nkerys Nkerxa

Definition 1.8. Let p be a C-representation of a group G which affords an irreducible character
x- If z € Z(C|G]), then p(z) = eI for some root of unity € € C. Then we call the function which
depends on x by w,, such that:

wy : Z(C[G]) — C

wy(z) =e.

The root € does not depend on the choice of particular C-representation affording x and we
observe that p(z) = w(z) - I.

Lemma 1.6. The function wy is an algebra homomorphism.

1.3 Blocks

In this section, we shall review some concepts related to the block theory by using character theory.

Irr(G) is the set of all irreducible characters. If X =Irr(G) = {x1, X2, s Xk(@)} where k(G) is
the number of conjugacy classes, and if g € G. Then we can define a relation on X. By fixing a
prime number p and for x;, x; € Irr(G), where i,j =1,...,k(G) such that

o 1C@xilg) _ 1C(9)lxi(g)
Xi ™~ Xj < =p
xi(1) x;(1)
where =, means congruent modulo p, for all g € G, where |C(g)| is the order of the conjugacy
class of g. This relation is an equivalence relation on Irr(G), since if we take x : G — F,




p:G—=Fand:G— F. Where x,¢ and ¢ € Irr(G). Then |C(921>)((9 =

X x(1)

N~—
Q
—
<
/\\;/
=
—
<
N~—

o x ~ x s a refieaive. If 1€ fig'f;(g) - |C(JZ)< |11§<g>, o |C(i)< |1¢;<g> _ |C(£2 |1>§<g> S
if x ~ 1 then ¥ ~ x is symmetric. If x ~ Y and ¥ ~ @, then x ~ ¢. We have CW =,
[C{9)l4(9) - CW@le9) 7y 1C9)IX(9) - COILG) s s~ i tramsitive.

¥(1) p(1) x(1) (1)
The equivalence relation gives equivalence classes (partitions). The corresponding equivalence
classes are called the p-blocks of G. X = Irr(G) = By U Bo U ... U B,. Where t is natural
number. B; is a p-block for all i =1,..,t. Now we can define the p-blocks of the group G by the
following definition, and we will mention some definitions related to this topic.

Definition 1.9. Let G be a group. Let x and v be an irreducible character. Let p be a prime
number. The p-blocks By, ..., By wheret € N of G are the equivalence classes which are given by
the equivalence relation on Irr(G) such that

C
~ <~ =
forall g € G.

Definition 1.10. Let G be a group. Let p be a prime number. The principal p-block is the
p-block which contains the trivial character, and will be denoted it by By.

Definition 1.11. Let G be a group. Let x € Irr(G). Let p be a prime number. The defect
number of x which is denoted by d(x) = d is a positive integer that achieves the relation
d _
px(1)p = |Gly,
where x(1), is the p-part of x(1) and |G|, is the p-part of the order of G.

Definition 1.12. Let G be a group. Let p be a prime number. Let B be a p-block of G. The
defect number of B which is denoted by d(B) is a maximal number of d(x), for all x belongs to
B. In symbols

d(B) = maxz{d(x) : x € B}.

Definition 1.13. Let G be a group. Let p be a prime number. Let B be a p-block of G. If x
belongs to B, then the height number of x which is denoted by h(x) is given by subtraction
d(x) of d(B). In symbols

h(x) = d(B) — d(x).

Remark. If we say an irreducible character of height zero that means d(B) = d = d(x).

Definition 1.14. Let G be a group. Let p be a prime number. Let B be a p-block of G. Let g be
an element of G. A defect group which is denoted by D is a Sylow p-subgroup of the centralizer
of g in G and the defect group D of p-block B is the Sylow p-subgroup of the order p™®).



Remark.

e The p-block of defect zero is the p-block which has the identity subgroup as a defect group.

e The p-block of defect zero has an unique irreducible character with a degree which contains the
whole p-part of the order of G.

We will give some examples of the p-blocks of the group G with respect to the chosen prime
number p.

Example 1.4. Let G =S4 and p = 3. The character table of Sy is given below:

conjugacy classes | (1) (12) (123) (1234) (12)(34)
IC(g)] 1 6 8 6 3
X1 T 1 1 1 1
o 1 -1 1 1 1
X3 2 0 -1 0 2
Y4 31 0 -1 -1
X5 3 - 0 1 -1

Table 1.1: The character of Sy.

By the relation M mod p, Vi=1,..,k(G),Y g € G. We can find the 3-blocks. If
Xi
9= (123). Then CO23)x2((A23)) _8-1 .o 5, CO23)x2((123)) _8-1 o 5.
x1(1) 1 x2(1) 1
12 12 -(—1 - 12 12 . ~
COBa((23) _8-(D) o o [COha((28) 80 o
x3(1) 2 xa(1) 3
12 12 . .
i ?;z')((i)(( 3)) = 80 mod 3 = 0, and the same way for all g € Sy. Then we have the new
5
table
|(7€izk§(g) (1) (12) (123) (1234) (12)(34)
X1 1 0 2 0 0
X2 1 0 2 0 0
X3 1 0 2 0 0
X4 1 2 0 1 2
X5 1 1 0 2 2

Table 1.2: The 3-blocks of Sj.

Thus Sy has three 3-blocks. By = B1 = {x1,X2,X3}, B2 = {x4} and B3 = {x5}. Where By U By
U Bs = Irr(Sy), and BiNB; =0, Vi # j ,i,j = 1,2,3. Therefore,

3%1(1)3 = |Gl
39(1=13%3 = (24)3
3930 =3
34 =3.

Then d(x1) = d(x2) = d(x3) =d = 1.
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3%4(1)3 = |Gl
34(3)3 = 3.

Then d(xs) = d(xs) = d =0, hence d(B1) = maz {d(x1),d(x2),d(xs)} = 1, d(Bz) = maz
{d(x4)} =0 and d(B3) = maz {d(x5)} = 0. x1, X2, X3, x4 and x5 of height zero. Moreover, the
defect group is

conjugacy class ) (12) (123)  (1234) (12)(34)
Ca(g) Sa ((12),(34))  ((123))  ((1234)) Hi
ICa(9)l 24 4 3 4 8
Sylow 3-subgroup(defect group ) | ((123)) (1)) ((123)) (1)) (1))
defect (3¢) 1 0 1 0 0

Table 1.3: The defect group of Sy, when p = 3.

where Hy = {(1), (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)}. If we take p = 2. Then
we have

|C(iz|1’§(g) (1) (12) (123) (1234) (12)(34)
X1 1 0 0 0 1
X2 1 0 0 0 1
X3 1 0 0 0 1
X4 1 0 0 0 1
X5 1 0 0 0 1

Table 1.4: The 2-blocks of Sj.

Thus Sy has one 2-block only By = {x1, X2, X3, X4, X5}. Therefore,

2%x1(1)2 = |Gz
24(1 = 2%)4 = (24),
2¢ = 93,

Then d(x1) = d(x2) = d(xa) = d(x5) =d =3
2%x3(1)2 = G2
24(2)5 = (24),

249 — 923,

Then d(xs) = d =2, hence d(By) = maz {d(x1), d(x2),d(x3), d(x4),d(x5)} = 3.
h(xs) =d(Bo) —d(x3) =3—2=1, x1, X2, x4 and x5 of height zero. Moreover, the defect group is

11



conjugacy class | (1) (12) (123)  (1234) (12)(34)

Calg) Sa ((12),(34))  ((123))  ((1234)) Hy

[Ca(9)l 24 4 3 4 8

Sylow 2-subgroup(defect group ) | H:  ((12),(34))  ((1)) (1) H,
defect (27) 3 2 0 0 3

Table 1.5: The defect group of Sy, when p = 2.

Example 1.5. Let G = S3 and p =2. The character table of S5 is given below:

conjugacy class | (1) (12) (123)
[C(9)] 13 2
Y1 T 1 1
Yo 1 - 1
Ya 2 0 1

Table 1.6: The character of Ss.

By the relation M mod p, Vi=1,...k(G),Y g € G. We can find the 2-blocks. If

xi(1)

_ C(12)[x1((12)) _3-1 _ o 1€(2)x2((12)) _ 3-(=1) -
g = (12). Then e == mod 2 =1, o) = mod 2 =1,
|C’(12)|>(<:13)((12)) = % mod 2 = 0, and the same way for all g € S3. Then we have the new table

X3
1C(9)Ix(9)
1 12 123
W) )
X1 1 1 O
X2 i i 6
X3 1 0 1

Table 1.7: The 2-blocks of Ss.

Thus S3 has two 2-blocks. By = By = {x1,x2} and By = {x3}. Therefore,

29x1(1)2 = |Gls
24(1 = 2%)4 = (6)
2490 = 9
24 = 2.

Then d(x1) =d=1.
2%x2(1)2 = |G)2
24(1 =23 = (6)2
2020 — 9
2¢ — 9.

12



Then d(x2) =d=1.

29x3(1)2 = |Gla
29(2)2 = (6)2
249 = 2
24 = 2.

Then d(x3) = d =0, hence d(By) = maz {d(x1),d(x2)} =1 and d(Bz2) = maz {d(x3)} = 0.
h(x1) =d(B1) —d(x1) =1—-1=0, h(x2) =d(B1) —d(x2) =1 -1=0 and
h(xs) = d(Bz2) —d(x3) =0—0 =0, thus x1, x2 and x3 of height zero. Moreover, the defect group

8

conjugacy class (@) (12)  (123)
Ca(g) Sz ((12))  ((123))
[Calg)l 6 2 3
Sylow 2-subgroup(defect group ) | ((12)) ((12))  ((1))
defect (2%) 1 1 0

Table 1.8: The defect group of S3, when p = 2.

If we take p = 3. Then we have

Table 1.9: The 3-blocks of Ss.

Thus S3 has one 3-block only. Bg = By = {x1, X2, x3}. Therefore,

31 (1)s = |Gls
37(1=3%3 = (6)3
3930 =3
39 =3.

Then d(x1) = d(x2) =d(x3) =d = 1. Hence d(By) = maz {d(x1),d(x2),d(x3)} = 1.
h(x1) = h(x2) = h(xs) = d(Bo) —d(x1) =1—1=0, thus x1, x2 and x3 of height zero. Moreover,
the defect group is
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conjugacy class (1) (12) (123)

Cal(g) Sz ((12))  ((123))
|Ca(g)] 6 2 3

Sylow 3-subgroup(defect group ) | ((123))  ((1))  ((123))
defect (3%) 1 0 1

Table 1.10: The defect group of Ss, when p = 3.

Example 1.6. Let G = GL(3,2) and p = 7. The character table of GL(3,2) is given below:

conjugacy class |1 2 3 4 TA 7B
1C(9)] 1 21 56 42 24 24
Y1 T 1 1 1 1 1
—14++vV-7 —-1—-+/-7
o 3 .1 0 1 2 5
—1—+/-7 —=14+/-7
X3 3 -1
2 2
X4 6 2 0 0 -1 -1
s 701 1 -1 0 0
Y6 8 0 -1 0 1 1

Table 1.11: The character of GL(3,2).

By the relation C(@B{;(g) mod p, Vi=1,...k(G),Y g € G. We can find the 7-blocks. If g € 2.
Xi
IC(g)lx1(g) _21-1 = 1C9)Ixalg) _ 21-(=1) = 1C(9)Ixs(9)

Then = mod 7 =0, = mod 7 =0, —————"= =
0" e 22 e 2

= A g9)1Xa\9g : A g9)IXs\g = 7
———= mod 7 =0, = mod 7 = 0, = mod 7 = 4,

3 xa(1) 6 xs(1) 7

[C9)Ixe(g) _ 21-0

X6 (1) 8
table

mod 7 = 0, and the same way for all g € GL(3,2). Then we have the new

TA 7B

—
[N
w
S

[ B M et e B B
Ol =l O O OI O
Ol = O O Ol O
= O O O O
WI DI W WI Wi W
WI Dl Wl Wi Wi W

Table 1.12: The 7-blocks of GL(3,2).

Thus GL(3,2) has two 7-blocks. By = B1 = {x1, X2, X3, X4, X6} and Ba = {x5}. Therefore,

71 (1)7 = |Gz
741 =177 = (168);
7470 = 7.

Then d(x1) = d(x2) = d(x3) = d(xa) = d(xe) =d = 1.
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7xs(1)7 = |Gz
797 =1.

Then d(X5) =d= 0, hence d(BO) = d(Bl) = max {d(Xl)a d(XQ)a d(X?))a d(X4)7 d(X6)} =1 and
d(Bs2) = maz {d(x5)} = 0. x1,X2, X3, X4, X5 and xe of height zero. Moreover, the defect group is

conjugacy class 1 2 3 4 TA 7B

Calg) GL(3,2) @1 Q2 Q3 Qi Q4

[Calg)l 168 8§ 3 4 7T 7

Sylow 7-subgroup(defect group ) Q4 (Is) (I3) (I3) Qi1 Qs
defect (7%) 1 0 0 0 1 1

Table 1.13: The defect group of GL(3,2), when p = 7.

Where Q1 = Dg, Q2 = (s, Q3 = Cy and Q4 = C7.

Lemma 1.7. Let p be a prime number. Let G be a p-group. Then G has one p-block only the
principal one.

Proof. Let G be a p-group, then |G| = p®, o € N. By Definition 1.9 we have for all x, 1 € Irr(G)
and g € G,

NSO [C9)Ix(9) _ CW)I¥(9)
x(1) ")
hence we have only one orbit, which is clearly the principal p-block containing the trivial
character. 0O

We give examples for this lemma.

Example 1.7. Let G = Dg and p =2. The character table of Dg is given below:

conjugacy class | 1 a? {a,a®} {b,a®b} {ab,a®b}
1C(9)l T 1 2 D) D)
) T 1 1 1 1
o 11 1 1 1
3 11 -1 1 1
4 11 -1 1 1
s 2 2 0 0 0

Table 1.14: The character of Dg.

By the relation W mod p, Vi,....k(G),Y g € G. We can find the 2-blocks. If g = a®.
Xi
2 2 . 2 2 2 2 2 2
then ICE@a(@) 101 (C@)he@) _ IC@)hal@) _ [Ce)ale?)
2Xl(l) , 1 x2(1) x3(1) xa(1)
=1 M =1, and the same way for all g € Dg. Then we have the new table

x5(1)
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Cxta) || 2 {a,a®} {b,a?} {ab,ad’b}
x(1) _ _ : =
X1 I 1 0 0 0
X2 1 1 0 0 0
Xs I 1 0 0 0
X4 11 0 0 0
X5 11 0 0 0

Table 1.15: The 2-blocks of Dsg.

Thus Dg has one 2-block only By = {x1, X2, X3, X4, X5}. Moreover,

29x1(1)2 = |G
24(1=2%, = (8)2
2490 — 23,

Then d(x1) = d(x2) = d(x3) = d(x4) =d = 3.

29x5(1)2 = G2
27(2)2 = (8)2
249 = 93,

Then d(X5) =d= 2) hence d(BO> = max {d(X1)7d(X2)7d(X3)7d(X4>7d(X5)} = 3.
h(xs) = d(Bo) —d(xs) =3 —2 =1, x1, X2, x3 and x4 of height zero.

Example 1.8. Let G =V, = Cy x Cy and p = 2. The character table of Vy is given below:

conjugacy class | 1 a b ab
Cl |1 1 1 1

X1 1 1 1 1

X2 1 -1 1 -1

X3 1 1 -1 -1

X4 1 -1 -1 1

Table 1.16: The character of V.

By the relation CW mod p, Vi, ... k(G),Y g € G. We can find the 2-blocks. If g = a.
|C(a)|x1(a) 11 - Cla)|x2(a) _ - |Cla)lxs(a) 5 |C(a)lxala) _
Then ——>+-—~2 = — mod 2 =1, —>--"+% =1, =1, =1, and
x1(1) 1 x2(1) x3(1) x4(1)

the same way for all g € Vy. Then we have the new table
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C

IC(g)|x(9) 1 a b ab
x(1)
Y1 1 1 1 1
X2 1 1 1 1
X3 1 1 1 1
u i1 1 1

Table 1.17: The 2-blocks of Vj.

Thus Vy has one 2-block only By = {x1, X2, X3, X4}-
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Chapter 2

Relative Commutativity Degree

In this chapter, we will present three sections, in the first section; we will study the definition of a
probability that two elements of a group commute, and state theories which give us an equivalent
definition and upper boundary of this concept. In the second section, we will study some examples
of the probability that two elements of a group commute, and in the third and last section, we will
study the definition of a probability that a randomly chosen commutator is equal to a given
element of a group G, state a theorem which gives us an equivalent definition via character theory
with some examples, and mention some recent investigations into this concept. The basic

references of this chapter are [2],[3],[5],[10],[11],[12],[15],[15],[17] and [24].
2.1 Probability of commuting elements in group theory

In this section, we will study the probability that two elements of a group commute.

Probabilistic method is the concept used to deal with random experiments whose outcomes can be
predicted beforehand which statisticians employ to help them to know the extent of simple random
representations. Let X = {A, M, ..., L} be a set of events, so the event A has a probability P(A),
which is calculated by the probability function P : X — R given by the following equation:

P(A) = Number of events classifiable as A

Total number of possible events (2.1)
Taking into consideration that the previous equation has to fulfil three conditions. The first
condition to be fulfilled is that the value of every probability has to be between zero, which
indicates the impossibility of the event, and one, which indicates that the occurrence of the event
is confirmed. The second condition is that the sum of all probabilities has to equal one. The third
condition is for two disjoint subsets A and M of X, we have P(AUM) = P(A)+ P(M). With the
advancement of science it became possible to apply the concept of probability in several areas,
including group theory.

In this section, we will calculate the probability of commuting pairs of two subgroup elements of
G, in the sense that, if H and K subgroups of G and from equation (2.1) then we have

Number of ordered pairs (h,k) € H x Ksuch that hk = kh
Total number of order pairs (h,k) € H x K
_ H(h,k) € Hx K : hk = kh}|
|H x K|

P(H,K) =

since |H x K| = |H||K| and if hk = kh that is mean [h, k] = 1g. Therefore,

hk)eHx K :[h k] =1}
|HI K|

P(H,K) = 1 (2.2)

we can generalize it as follows: if n,m € N then the probability that a randomly chosen
commutator of weight n+m of H x K is equal to the identity element of G
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‘{(hl, ...,hn,kl, 7km) e H" x K™ : [hl, ~~~ahn7k17 ,km] = 1g}|

p(n,m)(H’ K) = R

(2.3)

where [ha, .o, b, ki, ooy k] = Wit Rtk by tha bk ki, hay e hy € Ho ke Ky,
€ K. So that equation (2.2) is a special case whenn =m =1 (PUOY(H,K) = P(H,K)). Now
we can define the relative commutativity degree of the group G by the following definition.

Definition 2.1. Let G be a group. Let H and K be subgroups of G. We define d(H, K) as the

relative commutativity degree of H and K such that

{(h.k) € Hx K : [h,k] =16} _ Yonen |Cr(h)]
|HI K| |H||K|

d(H,K)=P"V(H,K) =

Where Ck (h) is the centralizer of h € H in K.

Remark.
DIf H=K = G, then
d(H,K) = d(G,G) = d(G) = PLY(G,G) = P(G)

such that

{(z,y) € G X Gz, y] =1}

1= ar

(2.4)

2)The generalization of d(G) is

{(h1s.o hpyz) € HY X G [hys ... by 2] = 16}

H (n) _
4H,C) Vil

3)Obviously if G abelian, then d(H,K) = d(G) = 1.

The following theorem gives us the equivalent definition of the probability of G by a number of
conjugacy classes of G, as noted in [2],[3],[11],[12],[17, Lemma 1.1] and [24].

Theorem 2.1. Let G be a group which acts on a finite set {(z,y) €GXG : [z,y] = 1g} by
conjugation. Then

{(z.y) €GxC: [r.9] = 16}| _ K(C)
GP @

d(G) = P(G) =

Proof. Let C(x1),...,C(zr(q)) be distinct conjugacy classes of G, where x; € G for all
i =1,..,k(G). From (2.4) we have

{(z,y) €GXG : [z,y) = 1a}|
Ik
_ H(z,y) €GXG : a2y = yai|
GI?
_ 2eec|Ce@)]
GP?
o Zfﬁ) Z:pEC(:pi) |Ca ()|
G?
_ 216 Co@))|Ca(w)]
GP?
P
GP?
_ k(GG
GI?
k(G)

d(G) =

|Gl
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thus

k(G)
d(G) = —=.
|Gl
O
In the same way we get the following corollary.
Corollary 2.1. Let G be a group. Let H and K be subgroups of G. Then
{(h,k) € Hx K : [h, k] =1g}  kx(H)
d(H,K) = =
|HI K] |H|
where ki (H) is the number of K-cojugacy classes that constitute H.
The following lemma gives us the relation between the number of conjugacy classes of group G
and the number of a conjugacy classes of group G/N such that N is a normal subgroup of G.
Lemma 2.1. Let G be a group. Let N be a normal subgroup of G. Then
k(G) < k(N)kE(G/N).
Proof. The proof can be found in [11, Lemma 1, (ii)]. O

The following lemma gives us the relation between the probability of group G and the probability
of group G/N such that N is a normal subgroup of G, as noted in [11, Lemma 2, (ii)] and [17,
Lemma 1.4].

Lemma 2.2. Let G be a group. Let N be a normal subgroup of G. Then

d(G) < d(N)d(G/N).
In particulars we always have d(G) < d(G/N).
Proof. By Lemma 2.1 we have

k(G) < k(N)k(G/N)

therefore k(G) 1 |N|
Tl < T ORE)
hence k(G) _ k(N)k(G/N)

<

|Gl — INT |G]/IN]

by Theorem 2.1 we have
d(G) < d(N)d(G/N).

The following basic theorem will be helpful to prove the next theorem.
Theorem 2.2. Let G be a group. If G/Z(Q) is cyclic, then G is an abelian group.

Proof. Let G/Z(G) be a cyclic group, then there is « € G such that G/Z(G) = (xZ(G)). Let
a,b € G, then for all n,m € Z we have

aZ(G)=a2"Z(G) and bZ(G)=12"Z(G),

hence

for some ¢,d € Z(G), therefore,

ab = (x™c)(x2"d) = 2" (ca™)d = 2™ (z"c)d = 2™ "cd = "™ cd

=2"(x"d)c = 2" (dx™)c = (2"d) (2™ ¢) = ba.

Since ¢,d € Z(G). Thus G is an abelian group. O
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The following theorem gives us the upper boundary of the probability of a non-abelian group G, as

in [2],[11],[13] and [24)].

oo | Ut

Theorem 2.3. Let G be a non-abelian group. Then d(G) <
Proof. Since G is disjoint union of conjugace classes then

Gl = [C@1)| + .. + [Clare);

for all z; € G, i = 1,...,k(G), if z € Z(G), then |C(z)| = {y € G : g~ txg = y}|
=|{y € G:z=y}| |[{z}| =1, therefore,

Gl =1Z(G)|+|C(z1)] + ... + [Clan)],

where n = k(G) — | Z(G)|. Since C(x;) is non-trivial, hence for all ¢ = 1, ...,n, we have

2 < |C(wy)]

then

2n < |C(z1)| + ... + |C(zn)]
since |G| — |Z(G)| = |C(z1)| + ... + |C ()|, hence

2n < |G| - 12(G)|

. < el -1z©)
o 2
n+|Z2(G)| < W +12(@) = W
wa) < 19+ 12

by Theorem 2.2 we have: if G is non-abelian, then the factor group G/Z(G) is not a cyclic group,
and by the fact that the smallest group is not cyclic it is of order 4, therefore |Z(G)| < |G|/4.
Then

_1G1+12(6)] _ |61+ (6l/) _ 5l

k(@) 2 2 8
5|G
k(G) < %
k(G) < 5
[
by Theorem 2.1 we have
5
d < -.
@) <+

Remark. d(G) = g iff the factor group G/Z(QG) is isomorphic to the Klein four-group V.

The following lemma gives us the upper boundary of the probability of a non-abelian p-group G,
as in [12] and [18, Lemma 1.5].

Lemma 2.3. Let G be a non-abelian p-group. Then

2 _
<p7+p 1.

a6 < P
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Proof. Since G is p-group, hence there is n € N such that |G| = p™ and |Z(G)| = p™ where
m <n, m € N then m <n — 2. Therefore,

> wec |Ca(@)]
d(G):TG#
GI?d(G) =) |Ca(x)|
ze€G
(p")?d(G) = > |Ca@)|+ Y. |Calx)|
z€Z(G) ze(G—Z(Q))

since for all z € Z(G) we have xg = gz for all g € G, hence Cg(x) = G for all x € Z(G), then
Yowez(e) |Cal()] = Xsez e |Gl = |Gl Z(G)| = p"p™. Therefore,

=p"p" + (|G| - |Z(G)])
_ pnpm + (pn _ pm)
<p"p" " " - ™)
— pn+m _|_pn—1(pn _pm)
_ pn+m +p2n—1 _pm+n—1
— pernfl(p _ 1) _|_p2n71
sincem <n — 2
< pn72+n71(p _ 1) +p2n71

_ 2n-=3 p— 1) +p2n—1p—2p2

(
(
= (p—1)+p™%p?
(
(

thus

The following theorem gives us the probability of the direct product of two groups, and we can
apply that to more than two groups, provided that the direct product is limited, as noted in [12].

Theorem 2.4. Let G and H be groups. Let | G |=n,| H |=m and g.c.d(n,m) =1 for all
n,m € Z*. Then d(G x H) = d(G) - d(H).

Proof. Since | G x H |=| G |- | H |, hence (| G x H )2 = (| G |)?- (| H |)%. Then we have for all
(z,y) € G x H,

Coxu((z,y)) ={(g:h) € G x H : (z,y)(g,h) = (9, 1) (z,y)}
={(9,h) € G x H : (xg,yh) = (9z,hy)}
={g9€G:xg=gzr} x{heH:yh=hy}
= Cg(z) x Cu(y).

Hence | Caoxu((z,9)) |=| Ca(x) x Cu(y) |=| Ca(x) | - | Cu(y) |, and by definition of d(G x H)

we have
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d(G x H) = [{((z,9),(g,h)) € (G x H) x (G x H) : (z,y)(g,h) = (9,h)(x,9)}]

1
“TGxHP Z | Coxn((@,y)) |
(z,y)EGXH

ZW > [Ca(@) || Culy)|

zeG,yeH

:m.zzwwxmcf{(y)\

zeGyeH
:W2|CG(5C)|'Z | Cu(y) |
zeG yeH
1 1
= (w;|CG($)|)' (WP%'CH@) |)

= d(G) - d(H).

2.2 Exampels

In this section, we will study some examples of calculating the probability of commuting pairs
elements of G.

Example 2.1. Let G = S5 = {(1), (12), (13), (23), (123),(132) }. Then

d(S3) = P(S3) = H{(x,y) €85 xS : [x,y]= (1) }|

|52
@ Ta2) [ a3y [ (23) [ (123) | (132)
(12) | *
(13) * *
(23) * *
(123) | *
(132) | *

Table 2.1: Commute Elements in Ss.

{(z,y) €55 %55 - [ry)= (1) } = {((1), (1)), (1), (12)), (1), (13)), (1), (23)), ((1), (123)),
((1).(132)) , ((12).(1) ) » ((12), (12)) ,((13),(1)), ((13), (13)) ,((23).(1)) , ((23),(23)),
((123),(1)) ,((123),(123)),((123),(132)), ((132),(1))1,g(1321),(123)),((132),(132))}. Therefore,

{(x,y) €S53 xS83 : [x,y]= (1) }| =18. So, P(S3) = 36 = 2 and by Theorem 2.1 we have

P(S3) = —Z=.

Example 2.2. Let G = Dg = {1,a,a?,a,b,ab,a®b,a’b}. Then
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. 1lalaZlas|[b|ab|a% [ a’
1 [ * [ * [ = * | % | * 3 *
N EREREE *
aZ | * [ % | * * | % | * 3 *
23 x | X * *
b | * * * 3
ab * * X *
22b | * * * 3
230 | * X x *

Table 2.2: Commute Elements in Dsg.

xay) EDB XD8 ; [Z’,y]:.l }|

(Ds) = P(Ds) = HEDEDY

{(z,y) € Ds x Ds : [z,y] =1} = {(1,1), (1, ), (1 ,a?), (1, : :
(a?,1),(a®,1),(b,1), (ab, 1), (b, 1), (a®, 1) (b,0) (a,a ), (a,a?), (a,a), (a% a), (02 a’), (a?,a?),
(a,b), (a?, ab) (a?,a%b), (a?,a?b), (a3, a), (a® ) a3 3), (b,a?), (b, azb) (ab a?), (ab,ab), (ab, ab),

a®), (1 b)( (1, ab), (1 a?b), (1,a3b), (a, 1),
a (
(ab,a?), (ab,b), (a®b, a®b), (a®b, a?), (a®b, ab) ( 3b,a%b)}. Therefore, |{(z,y) €Ds xDs : [1,y]=1

} =40. So, P(Dg) = 6—4:2, and by Theorem 2.1 we have
k(Dg) 5

P(Dg) = = -.

(Ds) |Ds| 8

Satisfies the Remark Dg/(a?) =V (mentioned earlier on page 21).
Example 2.3. Let G =Sy4. Then

{(z,y) € Sa x84 : [2,y] = (D}

d(Ss) = P(Ss) = 1542
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120 )
Therefore, |{(x,y) €Ss XS4 : [r,y/= (1) }| = 120. So, P(Ss) = 576 = 21 and by Theorem 2.1

we have

k(S 5
P(S) =g =51

Example 2.4. Let G = As. Then

H{(z,y) €As xAs : [x,y]= (1) }]
|As|?

d(As) = P(45) =

1
From Table 2.4 we have |{(z,y) €A5 x A5 : [r,y/= (1) }| = 300. So, P(A5) = % = % =13

and by Theorem 2.1 we have

k(As 5 1
m@:&5==.

~—
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2.3 Probability of a commutator that is equal to a given
element

In this section, we will study the probability that a randomly chosen commutator is equal to a given
element of G.

Given two subgroups H and K of G and two natural numbers n and m, where h € H and
k € K. If the commutator [h,k] = g such that g € G then the probability that a randomly chosen
commutator of weight n +m of H X K is equal to a given element of G is defined as follows:

|{(h1, ...,hn,k‘l, ey km) c H" x K™ : [hl, ...,hn,k‘l, ceny km] = g}|
|H | K™

Pm™ (H,K) = (2.5)

is clearly a generalization of P"™ (H,K), when g = 1g. The case n = m = 1 is called
generalized commutativity degree of G which d,(H,K) = Py(H,K).

The following proposition gives us the relation between the probability of a commutator that is
equal to a given element g from G and the probability of a commutator that is equal to the inverse
of g, as in [3, Proposition 2.4].

Proposition 2.1. Let G be a group. Let H and K be subgroups of G. Then

n,m _ p(m,n)
P{™(H,K) = P\ (K, H).

Proof. From (2.5) we have

|{(h1,...,hn,]€1,...,km) e H" x K™ : [hl,...,hn,kl,...,km} = g}‘
[H[" K™
|{(h1,...,hn,k‘1,...,km) c H" x K™ : [hl,...,hn,k‘l,...,k‘m]_l = g_l}‘
| H[" K[

Pm(HK) =

g )

by the commutator rules we get
_ H(Emy ooy 1y By ooy h1) € K™ X H™ 2 [k ooy K1y By ooy 1] = g7 L}
[K ™ H["

= P (K H).
O

The following theorem gives us the significant restriction of the P_é"’m)(H, K), as in [2, Theo-
rem 1.1] and [3, Theorem 3.3].

Theorem 2.5. Let G be a group. Let H and K be subgroups of G. Let p be the smallest prime
divisor of |G|. Then

nm 2p™ -2
(i) Py (1, ) < 2P 22,

m—+n

C m (1= )|Yan | +plH"| (K| +p)|Cr(K)|"
(ii) P{"™ (H, K) > - ;
I |HP[K™] [H[[K™|

where Ygn = {[21, ..., xn] € H" : Cx([21,...,2]) = 1}

Proof. The proof can be found in [3, Theorem 3.3].
O

The following corollary comes from achieving equality in Theorem 2.5 (i), as in [2, Corollary
1.2] and [3, Corollary 8.4].
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20" +p—2

Corollary 2.2. If Pé”’m) (H,K) = -
pm n

and p # 2. Then

cpl/
p-p
H:Cy(K) < ——F—.
12 () < 2
Proof. The proof can be found in [3, Corollary 3.4].
O

The following theorem comes from exercise (3.9) page 45 in [15] which will be helpful to proof
the next lemma. We shall study and investigate the coefficients a;j, fori,j,v =1,...,k(G) in more
details in Chapter 6.

Theorem 2.6. Let G be a group. Let C(g1),...,C(gr)) be the distinct conjugacy classes of G

where g; € G foralli=1,--- [ k(G). Let g; € C’(gz) be a representatives and let a;;,, be the integers
defined by

k(G)

KK = Za”v

Then
|C(9:)]1C(g5)] x(gi)x(g5)x (g, ")
aijv = Z .
‘G| XE€Irr(G) X( )
Proof. We have
k(G)
Kin = Z aijth
t=1
k(G)

Kj) = wy(aiiKy)
t=1

since, wy, is an algebra homomorphism

k(@)
wy (Ki)wy (K) = aijuwy ()

since, wy (K;) = [Clg))Ix(g) for all I = 1,...,k(G), then for each x € Irr(G) we have

x(1)
1C(g:)|x(9:)|C(g;)|x(g5) 1C(g0)Ix(g¢)
x(1)? Z >
) . ) (G)
|C(gZ)|X(g;)(|S(gJ)X(gJ Z a”t|c gt)|X(gt>
. _ , _ —1 ’f(G)
|C(gz)|X(gz)|c>;((glj))|X(gJ)X(gv ) _ Z aijt|C(gt)|X(gt)X(g;1)~

Summing over all x € Irr(G), we have
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k(G)
x(gi)x(g;)x (g, ") -
ClanliClonl Y ( ) = > > aiilCe)x(g)x (g, ")
x€Irr(G) X x€Irr(G) t=1
k(G)

= aijlCla)l Y. x(g)x(g,")

x€lrr(G)

by the Second Orthogonality Relation Theorem
k(G)
= Y aiju|Clg)lICalgy)]
t=v=1

= aiju|G]

gz g] X gz g'u
Qijjp = ———F—(=— .
! ‘G| X( )

x€lrr(G)
O]

The following lemma comes from exercise (3.10)(a) page 45 in [15] which will be helpful to proof
the next lemma.

Lemma 2.4. Let G be a group and g € G. Fiz x € G. Then g ~ [x,y] for some y € G iff

)3 Ix(x)*x(g™") 40,

x€Irr(G) X(l)
Proof. Let g ~ [z,y] for some y € G. Then there is h € G such that g" = 2=y~ lzy, ie., 29" ~ 2.

By Theorem 2.6, if z € C(g;) and g € C(g;), then a;;; # 0 since zg" = 2¥ € C(g;). We have
aiji # 0.
From Proposition 1.1(2) we have
)||C( !
IQICI;QJ T x(x x(g( )7é0
| | x€Irr(G)

since x(g) = x(¢g7!) for all g € G, then

x€lIrr(G)

2., (1
Conversely, let erlw(g) |X($)X(>1<)(9) # 0, then a;j; # 0 where z € C(g;) and g € C(g;).

So, for some h, k,l € G we have
2hg® = hlehgt = 2!
zhg® = ha!
zhg*h™t = ha!h™t

-1 -1
e —

if we take z = kh™! and y = [h™!, then

xg® =¥

g =¥ = [x,y]
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therefore, there is z € G such that g% = [z, y]. Thus g ~ [z,y].
O

The following lemma comes from exercise (3.10)(b) page 45 in [15] which gives us the sum of
x(9)/x(1) is not equal to zero when the element g belongs to the derived group which will be helpful
to proof the next theorem.

Lemma 2.5. Let G be a group and g € G. Then g = [z,y] for some x,y € G iff

> 0

xX€E€Irr( G)
Proof. Let g = [z,y] for some z,y € G. By Lemma 2.4 we have
2.0 —1
> x()] >1<)(g ) 20
x€Irr(G) X(
by Theorem First Orthogonal Relation Theorem we have

|G| > Ix(2)

zeG
then

~—

z“ﬁ;z(m )§

x€lrr(G) XEITT(G) z€G
Ix(=)*x(9)
Ly v kb

2€G xelrr(G)

For each z € G,

Ix(2)[*x(9) aj1|G]
xeg;(c) x(1) ~ [C(a)l|C(gy)]

where z € C(g;) and g € C(g;) is non-negative since by that if K;K; = leg) ;1 Ky, then the
multiplication constants a;;, are non-negative integers. Therefore,

Z @ £ 0.
GITTG) )

Conversely, let - <7, ¢ E ; # 0. Then

IIZZ|X(|

x€Irr(G) z€G

So, > ea |X(l;)(|;)X(g) # 0, for some w € G. Then by Lemma 2.4 we have for some y € G
g~ [wyl
then there is h € G such that
9" =[w,y]
g9=[wy"
g=[w"" Y]

so that g = [z,y" '] where 2 = wh .
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The following theorem comes from exercise 3 page 183 in [5] which is the most important theo-
rem that will help us convey the concept of probability and its calculation method via the character
theory.

Theorem 2.7. Let G be a group, and let’s define the function

v:G—C
given by
¥(g) = H(z,y) € G x G :[x,y] = g},

G
for all g € G. Then (g) = 219 X|i(1|)xz-(g).

Proof. Since g € G’ then by Lemma 2.5 we have Z G) XIE ; # 0, and since |G| = |Ca(9)||C(9)],
xi(1

for all g € G, hence we have

k(G)

IGI

k(G)

¥(g) = Z ng)

k(G

xi(9)

=1Cal(yg

since |C((gl))xl(g) =wy, (K) forall i =1,..., k(G), where K is class sum ( K =3 -, 9 ). Then
Xi
k(G)
|CG | Z wX'L
k(G)

=[Ca(yg |Z

On the other hand, we have
Plg) = {(z,y) € G x G [2,y] = g}
U(g) = H(z,y) € Gx G:a™ly oy = g}|
¥(g) = H(z,y) € G x G : zy = yag}|
P(g)={z € G and y € Cg(z) : vy = yzg}|
¥(g9) ={z € G and y € Cq(x) : zy = zyg}|
¥(9) = {zy € Fiza(g) and y € Ca(z) : 2y = zyg}|

P(9) = {Fizg(g) x Ca()}| = [Ca(r)| - [Fiza(g)].
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Corollary 2.3. Let G be a group. Then the function
v:G—C

given by
¥(g) =H(z,y) € G xG:[x,y] =g},

is a character.

Proof. Since % is a class function and ¢ (g) € N for all g € G. Thus, ¢ is a character.
O

The following theorem gives us the method for calculating the probability of a commutator that
is equal to a given element of G by the character theory, as in [2] and [3].

Theorem 2.8. Let G be a group and g € G. Then

Pg(G):‘iclTvl Z

x€lrr(G)

(9)
x(1

=

~

Proof. By definition of P,(G) we have

{(z,y) € G x G : [z, 9] = g}
GI? ’

Pg(G) =

and by Theorem 2.7 we have

thus

gl

x€Irr(G)
L]

The following are some examples in character theory which calculate Py(G) for all g € G. Since
the conjugate elements of a group G have the same character, then the conjugate elements have
the same probability of a commutator that is equal to a given element from G.

Example 2.5. Let G = S3 and by Table 1.6 we have
1)When g = (1), then

P1y(83) = @ Z( )X((l)) = %k(&%) _3_
xXEIrr(Ss

2)When g € C((12)), then

1 X (g 1
Py(S3) = 1o > 9) =(1-1+0)=0.
| 3| xX€Irr(Ss)

3)When g € C((123)), then

1 x (9) 1 1 1
X€E€Irr(Ss)
Therefore, Uges, Py(S3) = 1.

33



Example 2.6. Let G = Dg and by Table 1.14 we have
1)When g =1, then

Py(Ds) = L > x@) _ %k(Dg) _2

1Dsl | fipy X () [ Ds] 8
2)When g € C(a?), then
_ 1 x(g) 1 2, 3
P,(Dg) = D > Mok g1 +l+1-5) =2
x€Irr(Ds)
3)When g € C(b), then
1 x(g) 1 _
P,(Ds) D > Mo c1-1+1-1+0)=0.
XEITr(Ds)
4)When g € C(a), then
1 x(g) 1 _
P,(Ds) D > Mo c1+1-1-1+0)=0.
XEIrr (D)
5)When g € C(ab), then
1 x(g) 1 _
P,(Dg) = D > Mok 1—-1-1+140)=0.
X€Irr(Ds)

Therefore, Uge pg Py(Dg) = 1.

Example 2.7. Let G =S4 and by Table 1.1 we have
1)When g = (1), then
1 Y ((1 1 5
Puy(S) === > (1) (5 = 2

|S4| x€Irr(Sa)

2)When g € C((12)), then

1 x (9) 1 11
Py(Sa) = == Y, =—(1-14+0+=—2)=0.
|S4] PN x((1) 24 3 3

3)When g € C((123)), then

4)When g € C((1234)), then

1 x (9) 1 1 1
Py(S4) = 7o Z =—1-1+0-5+5)=0.
S| PN x((1)) 24 33

5)When g € C((12)(34)), then

Therefore, Uges, Py(S4) = 1.
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Chapter 3

Relative Tensor Degree

In this chapter, we will present three sections; in the first section, we will introduce definitions of
a compatiplity action and non-abelian tensor product of normal subgroups H and K of G, establish
some basic properties that describe the main calculus rules in the non-abelian tensor product, explain
the relation between the non-abelian tensor product group H @ K and the derived group [H,K],
and state the proposition which gives us the isomorphism between H ® K and K ® H. In the
second section, we will study the definitions of tensor centralizer and tensor center which have been
developed in the previous section, the algebraic structures of these concepts, the definition of the
relative tensor degree, and explain the relation between the tensor centralizer and the tensor degree,
and in the third and last section, we will study the relation between the relative commutative degree
and relative tensor degree. The basic references of this chapter are[4],[6],[19] and [23].

3.1 Compatiplity Action and Non-abelian Tensor Product
We will study the compatiplity action and non-abelian tensor product.

The following definition we will state the act compatibly as in [4], [6] and [19, Definition 1.2.1].

Definition 3.1. Let G be a group. Let H and K be normal subgroups of G. We say that H and K
act compatibly on each other if:

(s ) = ()™ and (ko ) = (00,

for all hy,he € H and k1,ky € K. When the action is given by conjugation.

Example 3.1. Let G = Dg. Let H = (a) and K = {(a?,b) be normal subgroups of Dg. Consider
hi=ahs=a*>c Handk, =a* ke =be K. Then

(a2a2)a _ ((a2a3)a2)a — CL2 _ a2
(ba)a2 — ((baQ)a)a2 - a2b — a2b

the same way for all hi,ho € H and k1,ko € K. Thus, H and K act compatibly on each other.

Example 3.2. Let G = Sy. Let H = {(1),(12)(34), (13)(24), (14)(23)} and K = A4 be normal
subgroups of Sy. Consider hy = (13)(24), ha = (14)(23) € H and k1 = (142), ka = (234) € K. Then

((234)(13)(24))(142) 7& (((234)(124))(13)(24))(142) N (124) # (132)

Thus, H and K do not act compatibly on each other.
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We will state the non-abelian tensor product as in [4] page 1, [6] in page 178 and [19, Definition
1.2.4].

Definition 3.2. Let G be a group. Let H and K be normal subgroups of G which act on each
other compatibly. Let h € H and k € K. We define the group H ® K as the non-abelian tensor
product of H and K generated by the symbols h @ k such that

hihy @ k1 = (hh* @ kI )(hy ® ky) and hy @ kiks = (h1 @ k1) (R} ® k5),

for all hy,ho € H and ki,ks € K.

The following proposition gives us the action of normal subgroups on the non-abelian tensor
product in group G, as in [16, Proposition 1] and [6, Proposition 1.2.6].

Proposition 3.1. Let G be a group. Let H and K be normal subgroups of G which act on each
other compatibly. Then H and K act on the non-abelian tensor product group H @ K by:

(W @k)" = () o (k)" and (h@ k)F = (h)* @ (k)
for all h,h' € H and k, k' € K.

Proof. Let h,h' € H and k, k' € K. Then

(h/)h ® (kj)h _ (lH . h/)h ® (k)h _ 11;1 A h/h ® kh.
by Definition 3.2

= (™)) @ (k")) ) (1 @ ")
_ ((h’ YLt g 1Hh)(1h ® k)

= ((n)' ) (e ®k)"

= [((M) W) (n k)"

by Definition 3.2
[(1gh @ k)"
= (W @ k)"

Thus, (W ® k)" = (h')" ® (k)*, and the same way to prove (h ® k')* = (h)* @ (k')*.
O

The following lemmas describe the main calculus rules in H® K, as in [6, Proposition 3.], [19,
Proposition 1.2.8] and [23] page 1.

Lemma 3.1. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. If h € H and k € K. Then

lpg®k=h®1x =lggk

in the non-abelian tensor product group H @ K.
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Proof. Let h,h; € H and k, k1 € K.

If k =k = 1k, then (h® kk1) = (h@k)(h @ k1)"
(h@lg) = (h®@1g)(h® 1x)'x
(h@lg)=(h®1g)(h® 1K)

(h®1x)™*

lpex = (h®1k) — (1)
and if h = hy = 1, then (hhy @ k) = (hy ® k)" (h ® k)
(lg®k)=(1g k)" 1y k)
(lg®k)=(1g®@k)(1g @k)
(g @k)~?
lugr = (ln @ k) — (2)
by (1) and (2) we have
lp®@k=h®1x = lggxk.

O

Lemma 3.2. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. If h € H and k € K. Then
(he@k)t=h"'ek)"=heok )"
in the non-abelian tensor product group H @ K.

Proof. Let h,hy € H and k,k; € K.

If ky = k=L, then (h® kki) = (h @ k)(h ® k)"
(h@lx)=(hok)(hek )"
lpgr = (h@k)(h@ k™ )k

(he@ k)=t
(h@ k)™ =1lgex(h@ k)"
(h@k) ' =(hok ) = (1)
and if hy = A1, then (hhy @ k) = (hy @ k)" (h @ k)
(lg@k)=(h"teok)"(heok)
lpex = (W@ k)" (hek)

(h®@k)™*
(_

(hek) ' =r"ok)"— (2
by (1) and (2) we have
(hek)t=h"'ek)"=(hek )"

O

Lemma 3.3. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. If h,hy € H and k, k1 € K. Then

(h @ k)(h1 @ k)™ = (hy @ k1) (h @ k)

in the non-abelian tensor product group H ® K.
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Proof. by Definition 3.2 of hh; ® kk; we have

hhy @ kky = (hy @ kky)"(h ® kky)
= ((h @ k)(hi @ k)" (h @ k)(h @ k1)*)
= k)" (h k)" hek)(he k)" — (1)
and
hhy ® kky = (hhy ® k)(hhy @ kyp)F
= (M @k (h@k))((h @ k)" (h®k))*F
=(h @k)"(h®k)(h1 ® k1)" (h ® k1)* — (2)
by (1) and (2) we have

(h1 @ k) (hy @ k)" (h @ k) (h @ k1)F = (h1 @ k)" (h @ k) (hy @ k1) (h & ky)F

(mewr)
S

(rekt)
<__—

thus

(h @ k)(h1 @ k)" = (hy @ k1)*"(h ® k).

O

Lemma 3.4. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. If hyhe € H and k, ko € K. Then

(ha ® ko)"®F = (hy ® ko) MF]

in the non-abelian tensor product group H ® K.

Proof. By Lemma 3.3 we have for all h,h; € H and kk;€ K
(h1 ® k) " (h @ k) = (h® k) (hy ® k)™

(h®@ k)™t
_—

(h®@ k) ' (h1 @ k)" (h @ k) = (b1 © k1)"™*

Ehh~ 'kl =1
_—

(h @ k)" (h1 @ k) (h @ k) = ((hy @ ky )0 W10k
(h @ k)" (" @ kM) (h @ k) = ((h§" @ kyh))h ™k Ak
((h5" @ k) PER) = (P @ k) oK)
and let hy = h¥" ko = kP, thus

((he ® kz))(h®k) = ((ha® k2)>[h,k].
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Lemma 3.5. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. If h € H and k, k1 € K. Then

(h(h 1)@k =

(h@k)((h@k)~')"

in the non-abelian tensor product group H @ K.

Proof.

(A(h™ ") @ ky =

(
(
(
= (

= (
(

by Lemma 3.2

(
(
(
hlek
[<h

h™
(h ® k™

(h® k)"

YR @ k) (h @ k)
e (k) ) (h @ k)
Y @ (k )

(@ k)
k) (h @ ky)

T @ kk)E T ] (@ k)
)kh(h @ kik)"(h @ ki)
DR (R @ ke k) (h @ k)

YR @ kik) (b @ k)

=(h@k) (M @k)(h " @k)" ]"(he k)
=hek)(h " ®@k)"(h " @k)""(h® k)

by Lemma 3.2

=(h@k)(h®k)™

by Lemma 3.3

=(h@k)(h k) "™ (h@k)”

Y=t @ k)" (h @ k)

Yh @ k)

= (h@k)(h @k
= (h@k)((h tak)Mk

by Lemma 3.2

=((he@k)(hok)™"

O

Lemma 3.6. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. If h,hi € H and k, k1 € K. Then

[h@k,m@/ﬂ

= (h(h™ ") @ (k" ki)

in the non-abelian tensor product group H @ K.

Proof. 1f we take (k" = hkh™! and [h, k] = hkh™ 'k~

(h(h™ M%) @ (K} ki)

by Lemma 3.4

= (h@k)((h®k)~

=(h®k)

= (h®k)
(h & k)
(h® k)
[

1), and since by Lemma 3.5 we have

= (R k)(he k)~ h
= (h@k)((h@ k)~ kh kb
= (h@k)((h@k)~h)hkl

) (h1®k1)

) (h1®k1)

(
(he
(h k)@
(

= (h@k)((h @ k1) (h @ k)(h1 ® ki)~ 1)~
=(h@k)(h @ki)(h@Fk)~
=[h®@k hi @k ]

Yhy @ k)t
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The following theorem gives us the relation between the non-abelian tensor product group H ®
K and the derived group [H, K].

Theorem 3.1. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. Let h € H and k € K. The map

HH,K:H(X)K—) [H,K}

given by
kg x(h®@k)=[h k] =h 'k~ hk = h'hF.

Defines a group epimorphism, whose kernal ker kg x = J(G,H,K) is central in H® K.

Proof. The well-definedness of kg k is clear. To prove that kg g is a group homomorphism, it
suffices to show that

) -1 LI
() k(s @ k(') ki (@ k) = (h*) ™ (R5*)™ (hy 'Ry
-1 —1 o p kM
= (hl h2h1) (h2 ) (hl hl )
hitkiha o 1k,
= (hy'hy ' ha)(h5Y) (hi'hiY)
= (hyhy ha) (ha)™ " B (h R
= By thy tha (ho) " vy
= by hy (o)) B
= g ()
= hythy thoFrpk
= (hoh1) " (hahy)™
= kp i (heh1 ® k1)
= I€H7K(h1h2 X kl)

.. _ _ ko
(1) K (h1 @ k1) ke (B @ K5Y) = (hy 'R (RY) M (RYY)

_ _ k2
= h; 1h’“<h’“> Y(rt)

11<h’“>

k k‘gk‘l
=hi ()"
— byl (hy)Rikr ek

= ()
= ki, k(h1 ® kak1)
= ki, ik (h1 ® k1ks).

Thus, kg k is a group homomorphism. Since for all h='h*k € [H,K] thereis h®@ k € H ®@ K.
Hence, Kk k is a group epimorphism. Furthermore,

ker kpx ={h®@kec HOK : kg r(h®@k)=1g}
={h@kec HRK :[hkl=h"1k'hk =15}
={h®ke H® K : hk =kh,Yh € HVk € K}
=Z(HQK).
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The following proposition gives us the isomorphism between H @ K and K ® H, as in [19,
Proposition 1.2.7].

Proposition 3.2. Let G be a group. Let H and K be normal subgroups of G which act on each
other compatibly. Then H R K = K ® H.

Proof. Suppose the map a : H® K — K ® H given by a(h®k) = (k®h)~!. The well-definedness
of a is clear. « is a group homomorphism since

—1
alhihe @ k) = (k@ hihy) ! = [(k ® h) (k™ ® h’;l)}
= (K" @hy ) M (k@ k)"t = alhy @ KM)a(h @ k)

and
-1

a(h @ kyks) = (kiky ® )~ = [(k’;l ® B (ky ® h)]
= (ky @ h) " (KS @ B~ = a(h @ ky)a(R* @ K5,

for all h, hy,he € H and k, k1, ks € K. « is an injective since if a(hy ® k1) is equal to a(hs ® ka)

in K ® H, then (k1 ® hy)~! is equal to (ko ® hg)~!, thus, by ® k1 is equal to hy ® ky in H ® K,

and « is a surjective since for all (k® h)~! € K ® H there is (h® k) € H® K. Then « is a group
isomorphism. Thus, H@ K 2 K ® H.

O

Special case. If H = K = G. We denote by G ® G the non-abelian tensor square of G. With
considering the map kg.c: G G — [G,G|=G', given by kg.c(z®y) = [x,y]. for all z,y € G
such that kg, s a group epimorphism, and ker kg,.c = J(G,G,G) = J(G).

3.2 Tensor Centralizer and Relative Tensor Degree

We will study the tensor centralizer and the relative tensor degree, and explain the relation between
them.

We will state the tensor centralizer as in [23].

Definition 3.3. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. We define the set C}%(H) to be the tensor centralizer of H with respect to K such
that

CR(H)={keK:h®k=1lygk,Yh € H}.
We see that C2(H) = NpenCi(h).

We will state the tensor center as in [23].

Definition 3.4. Let G be a group which acts on itself compatibly. We define the set Z%(G) to be
the tensor center of G such that

7%(G)={geG:2®g=1ggq,Vr € G}.
We see that Z%(G) = CH(G) = NyecCg ().
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We will explain below some algebraic structures for some concepts, as in [4] page 2.

Lemma 3.7. Let G be a group. Then Cg(x) is a subgroup of G for all xz € G.

Proof. The subgroup conditions are verified as follows: Cg (z) is not an empty set since by Lemma
3.1 we have z ® 1¢ = lggqg, hence 1g € C’g(w) for all z € G, and consider any two elements g;
and go € C§(z). Then

T®g192 = (2 ® 1) (2 ® 92)" = (lesc)(leee)” = lesc
hence g192 € Cg (z). Thus Cg (z) is a subgroup of G. O

Lemma 3.8. Let G be a group. Then Z®(G) is a subgroup of G.

Proof. Since Z®(G) is equal to ﬂzegCg (z), and C’g(m) is a subgroup of G, for all x € G. Then by
the fact that intersection of subgroups is a subgroup hence, mxegcg) (z) is a subgroup of G, thus
Z®(G) is a subgroup of G. O

Lemma 3.9. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. Then C%(H) is a subgroup of K.

Proof. The subgroup conditions are verified as follows: C?;(h) is not an empty set since by Lemma
3.1 we have h ® 1 = lggk, hence 1 € Cj‘?(h) for all h € H, and consider any two elements ki
and ke € C%2(h). Then

h®@kiky = (h@k)(h® k) = Qner)lrex)™ = luek

hence kiky € C2(h) for all h € H. Thus, C%(h) is a subgroup of K for all h € H, then
NhernCs(h) is a subgroup of K. But NpepCi(h) is equal to C5(H), thus C5(H) is a subgroup

of K.
O

Lemma 3.10. Let G be a group. Let H and K be normal subgroups of G. Then C%(h) < Ck(h)
forall h € H.

Proof. Let ¢ : Cx(h) — J(G,H,K) = ker kg x given by ¢¥(k) = h® k, where h®@ k €
J(G,H,K). 1 is a group homomorphism since for all k, k' € Ck (h) we have

P(kk') = h @ kK
=(hek)(hak)k
=(h@k)(hek)
= P(k)p(K)

then
ker(v) ={k € Cx(h) : ¥(k) =h®k =1;G,nK) = lHek}
:{kGCK(h) gK:h@k:].H@K}
:{kEK:h®k:1H®K}
= C2(h).
Therefore, by the fact that if ¢ : G; — G2 is a group homomorphism then ker (¢) < G;. Thus,

C2(h) < Ck(h) for all h € H.
O
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We will state the relative tensor degree as in [23] page 3.
Definition 3.5. Let G be a group. Let H and K be normal subgroups of G which act on each other
compatibly. We define d®(H, K) as the relative tensor degree of H and K such that

hik) € Hx K :h®k=1gox}l _ Znen|CR(M)]
[HI K] |HI K]

4 (H, K) = {(

Remark. If H = K = G, then d®(G,G) = d®(G) of G.

The following lemma deals with different aspects and correlates the tensor centralizers with the
tensor degree, as in [4, Lemma 2.1.] and [23, Lemma 2.2.].

Lemma 3.11. Let G be a group. Let H and K be normal subgroups of G. Then

ki (H)

x(H ®
1 | Ck(hi) |
d®(H,K) = —— i taSEVA
H] 2 [Clho]
Ck(hi) . . . | Cx(hi) |
If G = HK, then is isomorphic to a subgroup of J(G,H,K) and ———— < |
Cie (i) | CR(Ri) |

J(G H,K) | foralli=1,...kx(H).

Proof. Since H is a normal subgroup of G, we consider the distinct K-conjugacy classes C'(h1), ..., C(hi, (#r))
where h; € H for all i = 1, ..., kg (H), that constitute H. Therefore,

® _ Yhen |CR(M)
R = =K

kx(H
S Yo
AR

_ K < Cre(h) | CR ()|
H[K]|

CR(h)]

ki (H)
O (hi)]
Z |Cx (hi)|”

1
A=

Let G = HK. Consider the map

Ck (hy)
CR(hs)

v — J(G, H, K)

given by
Y(KCE(hi)) = hi @ k.

Where h; @ k € J(G,H,K), for all i = 1, .., kg (H). v is a group homomorphism since
U(kikaCi(hi)) = hi @ kiks = (h; @ ky)(h; ® ko)™

= (hi @ k1)(laex)™ = (hi ® k1) (1ugk)
= (hi @ k1) (hi @ k) = (k1O (hs)) (k2 C (Ri)),
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for all k1, ko € Ck(h;). ¥ is a group monomorphism since

ker) = {kC(h;) : p(kC(hi)) = lne Kk}
={kCZ(hi) i hi @k = lpgK}
= {1k CR(hi)} = CR(hs),

Cr(hi) . . : | Ck (hi) |
hence is isomorphic to a subgroup of J(G,H,K) and -————— < | J(G, H, K) | for all
Ci (ha) | Ci(hi) |
i=1,.., kx(H).

O

The following lemma gives us the relative tensor degree of group G. It will be 1 when the tensor
center of G is G itself, and vice versa as well.

Lemma 3.12. d®(G) =1 iff Z®(G) = G.

The following theorem gives us the relative tensor degree of the direct product of two groups,
and we can apply them to more than two groups, provided that the direct product is limited.

Theorem 3.2. Let G and H be groups. Let | G |=n, | H |= m and g.c.d(n,m) = 1 for all
n,m € Z*. Then d®(G x H) = d®(GQ) - d®(H),

Proof. Since | G x H |=| G |-| H |, hence (| G x H |)2 = (| G |)?- (| H |)?>. Then we have for all
(z,y) € G x H,

CE u((x,y) ={(g,h) € Gx H: (x,9) ®(9,h) = LaxmoGxm)}
={(g,h) €eGx H:(z®g,y®@h) =Lgxmeaxn = (lesc, luen)}
={9geG:zQg=1ggc} x{h€eH :y@h=1ygnu}
= Cg(x) X C?}(y).
Hence | CF, ;((z,y)) |=| CE(x)xCRH(y) |=| C&(x) | - | CH(y) |, and by definition of d® (G'x H)

we have

PG = g X | Cal@y)]

(x,y)eGXH
1 &® ®
=Tz o2 Z |CG($)\'\CH(ZU)\
|G| |H| zeG,yeH
|G|2 |H|QZZ|CG |C§(y)\
zeGyeH
z€G yeH
C®
(|G|2§;' ) (|H|2yez;;' )
= d®(G) - d®°(H).
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3.3 Results and Boundary of Relative Tensor Degree

In this section, we will study the relation between the relative commutativity degree and the
relative tensor degree.

The following theories and definition give us the relation between the notion of relative tensor
degree with that of relative commutativity degree.

Theorem 3.3. Let G be a group. Let H and K be normal subgroups of G. Let p be the smallest
prime divisor of |G|. Then

d(m.K) |ICR(H) <1 B |J(1> < d®(H, K)

|J(G, H, K))| |H| G.H,K)|
and
H)| - |C8(H
d®(H,K)§d(H,K)(11)(|CK( )| = [CR( )I>'
p |H|
Proof. The proof can be found in [4, Theorem 1.1]. 0

The following theorem describes a special case of Theorem 3.3 when H = K = G.

Theorem 3.4. Let G be a group. Let p be the smallest prime divisor of |G|. Then

i) |z°@) (1 i
REREE <1 |J2<G>|>Sd(G)

and

1 (12(0)] - |22(G))
d@(G)s«G)—(l—p)( = )

Proof. The proof can be found in [23, Theorem 2.3].
The following theorem is a consequence of Theorem 3.3, as in [4, Theorem 1.1.].

Theorem 3.5. Let G be a group. Let H and K be normal subgroups of G such that G = HK.
Then

d(H, K)

—— < d®%H,K)<dHK).
| J(G,H,K) | — (H, K) < d(H, K)
If J(G,H,K) is trivial, then d®(H,K) = d(H, K).

Proof. From Lemma 3.11 we have

1 k(i) | Ci(hi) |
® = — 4K —_—
PHE) = T 250 [ G|

and for all i = 1,....kg (H), we have

hence
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[CR(h)| 1
|CK(h1)| N |J(G7H7K)|

then

kx (H) ®
| | C2(hy) |

Q _ K

FHE) =7 2 ()]

=1
kx (H)

1 1
>
C I H| 2 | J(G, H,K) |

i=1

1 1 ki (H)

“TE TTeER] & !
! 1

TH| TIGHE)
ki (H) 1

~ [H[ [J(GHK)|

kx (H)

from definition of d(H,K) we have

thus
d(H, K)
SR NS

Since the map ¢ : Cx (h;) — J(G, H, K) is a group homomorphism, which ker (1)) = C(h;)

d®(H, K)

k
for all i = 1,....,kx(H). But ker (¢p) < Ck(h;), hence | ker(¢))| < |Ck(hi)|, then m <1
K (Mg
Again from Lemma 3.11 we have
ki (H) ®
1 | Cie(hi) |
d®(H,K) = K
(LK) =77 2 TGy
kx (H)
1
< 1
| H | i=1
_ kx(H)
| H |
— d(H,K)
Thus
d®(H,K) <d(H,K). — (2)
From (1) and (2) we have
d(H,K)
T < d®(H,K) < d(H,K).
|J(G7H7K)‘— (? )—( ? )
It is easy to see if J(G,H,K) is trivial (i.e. J(G,H,K) = lpgk) then | J(G, H,K) |= 1. Since
d(H,K)
T < d®H,K) <d(H,K
G x| =R S AL
hance
d(H, K) < d®(H, K) < d(H, K)
thus

d®(H,K) = d(H, K).
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The following corollary gives us the bounded when the group is abelian.

Corollary 3.1. Let G be an abelian group. Then

1 -1 1 -1
o1t Talgeal < CO< 1)
where p is the smallest prime divisor of | G |.
Proof. Since G is an abelian group, then Z(G) = G and each conjugacy class is a set con-
taining one element (k(G) =| G |), then d(G)= k|;(GG|) = :G = 1, Z9(G) is trivial, and
J2(G) = ker(kgee) ={tQy€EGRG  kgac(t®y) =1} ={z @y € GRG : [z,y] = 1¢}, but
G is an abelian, hence J5(G) = {r @y € G ® G} = G® G. From Theorem 3.4 we have

aG) |, 12°0))

(1- ary) =@ <d@) - - ) (HALZZE)

RGN @) ’ G|
| G%G+|(1;|(1‘|Gée|)§d®(G)51‘“‘;)<1‘|é>
Gealt Gl [aTeea] <T@ <1 1‘|c1:‘zla+p|1G|}
o1t Telesal SO a1t e
Tt el eaa SCO, i

We will state the left unidegree as in [23] page 6.

Definition 3.6. Let G be a group. If d®(G) = d(G), then we call G a left unidegree.
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Chapter 4

Relative Exterior Degree

In this chapter, we will present three sections; in the first section, we will define a non-abelian
exterior product of normal subgroups H and K of G, and explain the relation between the non-
abelian exterior product group H A K and the derived group [H,K]. In the second section, we will
study the definitions of exterior centralizer and exterior center which paved by the constructing of
the previous section, algebraic structures of these concepts along with the previous concepts, and
the definition of the relative exterior degree. In the third and last section, we will study the general
relation among the relative commutative degree, relative tensor degree and relative exterior degree.
The basic references of this chapter are [4],[19],[22] and [23].

4.1 Non-abelian Exterior Product
We will study the non-abelian exterior product.

The following definition we will state the non-abelian exterior product as in [4].

Definition 4.1. Let G be a group. Let H and K be normal subgroups of G. We define the group
H A K to be the non-abelian exterior product of H and K such that

(H®K)
HANK = —— 2
v(HNK)’
where
VHNK)={(g®g:9€ HNK),
and

HAK=(hAk:hke HNK)={(h®k)v (HNK):h ke HNK).

If G = H = K, and if all actions by conjugation, then we denote by G A G the non-abelian
exterior square of G.

Remark. s7(H N K) is a central subgroup of H ® K.

The following theorem gives us the relation between the non-abelian exterior group H A K and
the derived group [H, K].
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Theorem 4.1. Let G be a group. Let H and K be normal subgroups of G. Let h € H and k € K.
The map

Kgx HANKv+— [H K]

given by
Ky (W Ak) = [h,k] = h~'hF

defines a group epimorphism, whose kernal ker r'y o = M(G,H,K), which calls M(G,H,K) the
Schur multiplier of the triple (G,H,K). If G = H = K, then we call M(G,G,G) = M(G) the Schur
multiplier of G, and M(G)= Hy(G,Z) is the second integer homology group of G.

Proof. The well-definedness of £ j is clear. To prove that s j is a group homomorphism, it
suffices to show that

(1) Kl e (REY A KM Wy (i A k) = (RED) TN ((RE) )y tak
= (hy hohy) " ((RE)M R
= hy 'y ha (hg) R B R

= (hahy1) " hy(ho) ™ hi Y

e G S T G S R e A A R (U b

= (e
_ h71((h)k1)k;1k2k1
_ h71(h)k1k;1k2k1
— B (h)k2ks
= Ky g (h A\ kaky)
= KJ/H’K(h A kiks).

Thus, £ x is a group homomorphism. Since for all h='h* € [H,K] there is hAk € H A K.

Hence, Ky i is a group epimorphism.
O

/ . . . . . . . .
We have ki (Kp i) as a group epimorphism function, a; (az2) is inclusion function, which

means monmorphism. Furthermore, Im (a1)= ker kg x = J2(G,H,K) (Im (az)= ker /{}{’K =
H,(G, H, K)), then by definition of short exact sequence we have

0— Jo(G.HK) S Ho K % [H K]— 0
0 — Hy(G, H,K) 2% HAK 255 [H K]— 0

and since, § : {0} — {1} and #~! as isomorphism, thus
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1— LG HK) “SHoK S [H K)]—1
1 — Ho(G, H, K) 2% HAK 225 [H K|— 1

when (G = H = K), then

1— LA S e ™S @ —1

1 — Hy(G) 2% GAG 5 6r — 1
G ® G is finite if G is finite. We can see that the structure of G is influenced by that of G ®
G and viceversa, as in [4] pages 1 and 2, and [23] page 2.

The following lemma gives us the relation (h A k) = (kA h)~!, when h,k € HN K in a non-
abelian exterior product group H A K.

Lemma 4.1. Let G be a group. Let H and K be normal subgroups of G. Let H A K be the non-
abelian exterior product group. Let h € H and k € K. If h,k € HN K. Then (h A k) = (kA h)~L

Proof. Since kh A kh = 1Ak, then we have

Lanx = kh ANkh = (W AKR)E(k AKR) = (R AK)(RAR)E)E (kA K) (R AR)F)
= (R AE)Qar)™)* (Laax)(EAR)E)= (R AK)*(E A R)E.

The remaining part of the statement follows easily.

4.2 Exterior Centralizer and Relative Exterior Degree

In this section, we will study the exterior centralizer and the relative exterior degree.

We will state the exterior centralizer as in [4] page 3.

Definition 4.2. Let G be a group. Let H and K be normal subgroups of G. We define the set
CR(H) as the exterior centralizer of H with respect to K such that

CMH) = (ke K :hAk=1gng,Vh € H).
We see that Cje(H) = NpeuCr(h).

We will state the exterior center as in [4] page 3.

Definition 4.3. Let G be a group. We define the set Z"(G) as the exterior center of G such
that

ZMNG)={9g€G:xNg=1gprg,Vx € G}.
We see that Z"(G) = CA(G) = NpecCo(x).

We will explain below some algebraic structures for some concepts, as in [4] page 3.

Lemma 4.2. Let G be a group. Then C{(x) is a subgroup of G for all z € G.
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Proof. The subgroup conditions are verified as follows: C&(x) is not an empty set since we have
zAlg = lgag, hence 1¢ € C4(z) for all z € G, and consider any two elements g1 and go € C4&(z).
Then

rAgige = (A g1)(x” Ags') = (x A gi)(z A g2)” = (laaa)(lene)” = lanc
hence g192 € C&(x). Thus Cj(x) is a subgroup of G.

Lemma 4.3. Let G be a group. Then Z™(G) is a subgroup of G.

Proof. Since Z"(G) is equal to NyecCH(x), and C)(x) is a subgroup of G, for all z € G. Then by
the fact that intersection of subgroups is a subgroup hence, NyecC4(x) is a subgroup of G, thus
Z"(@) is a subgroup of G.

O

Lemma 4.4. Let G be a group. Let H and K be normal subgroups of G. Then Cp(H) is a subgroup
of K.

Proof. The subgroup conditions are verified as follows: C%(h) is not an empty set since we have
hAlg = 1gak, hence 1 € CR(h) for all h € H, and consider any two elements k1 and ko € C%(h).
Then

hAkiks = (h Aki) (A A K2)* = (Lak)(Laar)®™ = luak

hence kiky € CR(h) for all h € H. Thus, Cx(h) is a subgroup of K for all h € H, then
NheuCr(h) is a subgroup of K. But NpegCR(h) is equal to CR(H), thus C%(H) is a subgroup

of K.
O

Proposition 4.1. Let G be a group. Let H and K be normal subgroups of G which act on each
other compatibly. Then
Cg(h) € Ck(h) € Ck(h),
for all h € H.
Proof. For all k € C%(h) we have

hAk=(hok)v(HNK)=1gegr V((HNK)=vV(HNK) =1k
Then k € Cy (h). Therefore, C%(h) C Cp(h). Suppose the map

¥ : Cr(h) — M(G,H,K) = ker ky

given by
(k) =hANk

where h Ak € M(G, H, K), ¢ is a group homomorphism since for all k, k" € Ck (h) we have

W(kE') = h A KK
= (ho kk') v (HNK)
= (h@k)(hao k)" v (HNK)
= (h@k)(hek) v (HNK)
(h/\k)(h/\k)

Pk (k).
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Cy(h) is a subset of Ck (h) since
ker(¢) = {k € CK(h) : ’(/J(k) =hAk= 1M(G,H,K) = 1H/\K}
:{kGCK(h) CK:hNEk= 1H/\K}
Z{kEKih/\kle/\K}
= Cg(h).
But ker(v) is a subgroup of Ck (h), then C%(h) is a subgroup of Ck (h) hence C%(h) C Ck (h).
Thus for all h € H we have

C2(h) € C(h) € Cxe(h).

O
Remark. If G = H = K, then CZ(x) C CA(x) C Cg(z) for all z € G.
Proposition 4.2. Let G be a group. Then
Z%(G) C ZMNG) C Z(G).
Proof. Since for all z € G and by Proposition 4.1 when G = H = K, hence
Cg(x) € Cg(x) € Co(x)
then
NeecCE (2) € NeecCE(x) € NuecCal(x)
thus
Z%(G) C ZMNG) C Z(G).
O

Lemma 4.5. Let G be a group. Let H and K be normal subgroups of G. Then Cy(h) <Ck(h) for
all h € H.

Proof. Let ¢ : Cx(h) — M(G,H,K) = ker I*i/H)K given by ¥(k) = h Ak, where h Ak €
M(G,H,K). v is a group homomorphism since for all k, k¥’ € C'x(h) we have

P(kk') = h N kK
= (h®kk)v (HNK)
= (he@k)(ho k) v (HNK)
=(hok)(hek)v (HNK)
(h/\k)(h/\k)
Pk (k).
Then

ker(¢) = {k € CK(h) : ”L/J(k) =hANk= ]-M(G,H,K) = ]-H/\K}
:{kGCK(h) CK:hNEk= 1H/\K}
Z{kEK:h/\k‘ZlH/\K}
= Cr(h).
Therefore, by the fact that if ¢ : Gy — G2 is a group homomorphism then ker (¢) < G;. Thus,

CR(h)<Ck(h) for all h € H.
O
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We will state the relative exterior degree as in [4] page 3.

Definition 4.4. Let G be a group. Let H and K be normal subgroups of G. We define d"(H, K)
as the relative exterior degree of H and K such that

[{(h k) e Hx K :hAk=1gn} | _ Ynen | Cr(P) |

dMNH, K) =
(H, K) HK] HIK

Remark. If G = H = K, then d"(G,G) = d"(G) of G.

The following lemma deals with different aspects and correlates the exterior centralizers with
the exterior degree.

Lemma 4.6. Let G be a group. Let H and K be normal subgroups of G. Then

kr (H)
1 | CR(ha) |
d"(H,K) = —— N SLEEL
| H | ; | Ck (hi) |
Ck(hi) . . . | C(hi) |
If G = HK, then is isomorphic to a subgroup of M(G,HK) and —————— < |
Cx (hi) | O (i) |
M(G,H,K) | foralli=1,.. kx(H).
Proof. Such as the method to proof of Lemma 3.11, page 43 in this work. O

The following lemma gives us the relative exterior degree of the group G. It will be 1 when the
exterior center of G is G itself, and vice versa as well, as in [4] and [23] page 2.

Lemma 4.7. d"(G) =1 iff G = Z"(G).

The following theorem gives us the relative exterior degree of the direct product of two groups,
and we can apply them to more than two groups, provided that the direct product is limited, as
in [22, Lemma 2.10].

Theorem 4.2. Let G and H be groups. Let | G |=n, | H |= m and g.c.d(n,m) = 1 for all
n,m € Z*. Then d"(G x H) = d"(G) - d"(H),

Proof. Since | G x H |=| G |-| H |, hence (| G x H |)2 = (| G |)?>- (| H |)?>. Then we have for all
(z,y) € G x H.

CéxH((xay)) = {(ga h) €EGxH: (xay) A (ga h) = 1(G><H)/\(G><H)}
={(g;h) €eGX H:(xNg,yNh)=Laxmnraxu) = (lerc, luam)}
={geG:xNg=1lgrg} x{h€ H:yANh=1gpu}
= Cg(z) x O (y).
Hence | C% y((2,9)) [=| C&(2) x Chi(y) |=| C&(x) | - | C(y) |, and by definition of d* (G x H)

we have

53



NExH) = g 2 | Coa(@) |

(z,y)EGxH

:ﬁ > 1C@) -1 Chw) |

zeG,yecH
reGyeH
zeCG yeEH

yeH
= d\G) - dA(H).

4.3 Results of Relative Exterior Degree

In this section, we will study the general relation among the relative commutativity degree, the
relative tensor degree and relative exterior degree.

The following theorem gives us the fundamental relation between commutativity, tensor and
exterior degrees.

Theorem 4.3. Let G be a group. Let H and K be normal subgroups of G. Then

d®(H,K) < d"(H,K) < d(H, K).
If J(G, H, K) is trivial, then d®(H,K) =d"(H,K) =d(H,K).

Proof. Since we have

1 my [CE (i)l 1 b () |C (hi)|
d®(H, K , d(H,K o =
(1.5 = 1 S5 ey @50 = 1 S )
1 k () O (hi)|
d(H, K K
LR = 1 2=t (et B
By Proposition 4.1, for all h; € H,i =1, ..., ki (H) we have
CR(hi) C CR(hi) C Cre(hs)
hence
ICR(hi)| < |CR (hi)] < [Ck(ha)l-
Thus
ko (H ke (H ke (H
s z‘:)w@( DI i)m( DI 2‘:’|0K<hi>|
|H| [Cxc(ho)| ~ [H| |Ck (h )| |H| — |Ck(hi)|

d®(H,K) < d"(H,K) < d(H, K).

If J(G, H, K) is trivial, then by Theorem 3.5 we have
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d(H,K) < d®(H,K) <d(H,K)
then
d(H,K)=d®(H,K)
thus
d®(H,K) =d"(H,K) =d(H,K).

O
Example 4.1. Let G = Dg. Then
d®(Dg) < d™(Dg) < d(Dg).
) 5 5
2 <2<
16 — 8 — 8
Theorem 4.4. Let G be a group. Then
d(G) | 127G ( 1 > A <P—1> (lZ(G)l—le(Gﬂ)
+ 1-— <d™(G) <d(G) - .
uE @ ) =@ =195 @
Proof. The proof can be found in [22, Theorem 2.3.].
O

We will state the unicentral and right unidegree as in [23] page 6.

Definition 4.5. Let G be a group. If Z"(G) = Z(G), then we call G an unicentral.
Definition 4.6. Let G be a group. If d"(G) = d(G), then we call G a right unidegree.

Corollary 4.1. Let G be a group. If G is right unidegree, then G is unicentral (Z"(G) = Z(G)).
Proof. Let G be a right unidegree. Since Z®(G) C Z"(G) C Z(G), and by Theorem 4.4 we have

. =1 126) | -1 26|
4(@) < (@) — () ()

since d"(G) = d(G), then
p—1,12G)[-12"(G)]

d(G) <d(G) —( p ) e )
p—1.1Z(G)|-12Z"G)|
(-1)
p—1 1Z(G)|-|Z"G)|
0> ( ) ) el )
(I%)IGI
_
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02| Z(G)|-12"G) |

| Z7NG) 1] Z2(G) | -
But Z7(G) C Z(G). Thus, Z(G) = Z(G).

Corollary 4.2. Let G be a group. If G is left unidegree, then Z®(G) = Z(G).

Proof. Let G be a left unidegree, then d®(G) = d(G). From Theorem 3.4 we have

p—112(G)[—12%G) |

)
since d®(G) = d(G), then
p—1 12(G)|-12°(G) |

4(G) < d(6) = (=) G )
o p=1 1 Z(G)| -] Z°(G) |
0< —( » ) G| )
(-1
p—1.12(G)|—|2%(G) |
0> ( » ) G| )
0> @=D(12(G) | —12°(G) )
= p|G|
_plGDh,
0= (p-1)(2(G)]-12%G) )
po1

0>Z(G)|-12%(G) |
| Z2%(G) || 2(G) | -

But Z%(G) C Z(G). Thus, Z%(G) = Z(G).

Remark. If G is left and right unidegree, then Z"(G) = Z®(G) = Z(G).
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Chapter 5

Probabilistic Methods In Block
Theory

In this chapter, we will present three sections; in the first and second section, we will study the
notion of a probability of p-block and give examples, and in the third and last section, we will
study few facts about the probability of irreducible ordinary character x and of By, by Brauer-Feit
theorem as in [25, Theorem 2.4]. we will show the relation between the probability of the principal
p-block in group G and the order of Irr(G), and some current conjectures in this concept. The
basic references of this chapter are [1] and [25].

5.1 Probability of p-blocks

In this section, we will study the definition of a probability of the p-block.

Let G be a group and p be a prime number, then from the definition of p-block one will have
an equivalent relation. By dividing the irreducible ordinary characters to t of equivalent classes in
which B; N B; = 0 and Irr(G) = By U...U By for i,j = 1,...,t. Using the equation (2.1), one can
calculate the probability of selecting the irreducible ordinary characters x from Irr(G). Moreover,
based on the definition of p-block, x belongs to a specific p-block based on the choice of p, which is
given the symbol B, so that x € B. Therefore, one can calculate the probability of the irreducible
ordinary character y using the equation (2.1) along with p-block’s definition; considering Irr(G)
as the sample space and presuming that the event containing B is the Irr(B), as follows:

KB)
P = k@) TXEF
0 ifx ¢ B.

Since it is assumed that y ¢ B, then the occurrence probability of x in p-block B is impossible,
so its probability value equals zero. Therefore, we have a probability value equal to one which is
certain to occur, and this is achieved in one case only, when the group G has an unique p-block,
which is called the principle p-block By, so that k(Bg) = k(G). Therefore, for all x € Irr(G) we
have

k(Bo) _ k(G)
P(x) = = =1
W=%@ T ke
Similarly, we can define the probability of the p-block B of the group G of the mathematical
k(B)

definition of probability and we will get P(B) = ——=-

k(G)
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Since B is an equivalent class, then B; N B; = ), for all ¢ # j and from the characteristics of
probability we find that P(B; U B;) = P(B;) + P(B;) and based on that we can say that

and

If x € B, then P(x) = P(B) and if x ¢ B, that means P(x) = 0. Then we can write

> Pwm=Y Y PB-L

xEIrr(G) i=1 xelIrr(B;)

Now we can define the probability of the p-block B of the group G by the following definition,
as in [1, Definition 3.1.].

Definition 5.1. Let G be a group. Let p be a prime number. Let S* be a set of all p-blocks of G
of order t, t € N. Let B be a p-block of G with defect group D. The probability of the p-block
B of the group G is the real number

where 0 < P(B) < 1, for all B € S* and Zle P(B;) =1.

5.2 Examples
In this section, we will give examples for calculating a probability of the p-blocks.

We will give some examples of the probability of the p-block B of the group G with respect to
the prime number p.

Example 5.1. Let G = Ss.
(1) When p = 2. Then S3 has two 2-blocks By = By = {x1, x2} and Bs = {x3}. Therefore,

P(By) = ’Z(fg; =2 and p(3y) = M2

kG) 3

(2) When p = 3. Then S3 has an unique 3-block By = {x1, x2, X3} Therefore,

k(Bo) _ 3 _
KG) 3

P(Bg) =
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Example 5.2. Let G = Dg and p = 2. Then Dg has an unique 2-block By = {x1, X2, X3, X4, X5}
Therefore,

5
P(Bo) = =2=1

Example 5.3. Let G =V = CoxCy and p = 2. Then'V has an unique 2-block By = {X1, X2, X3, X4}
Therefore,

P(By) =

Example 5.4. Let G = S4.
(1) When p = 2. Then Sy has an unique 2-block By = {x1, X2, X3, X4, X5}- Therefore,

K(Bo) 5

PB) =3 =5~

(2) When p = 3. Then Sy has three 3-blocks By = B1 = {x1, X2, X3}, B2 = {x4} and Bs = {x5}.
Therefore,

P(By) =

3
=—,P(By) =
5’ ( 2)

Example 5.5. Let G = GL(3,2) and p = 7. Then GL(3,2) has two 7-blocks By = By =
{x1,x2, X3, X4, X6} and By = {xs}. Therefore,

k(B1)
k(G)

P(By) = :%mmpwg:k 1

5.3 Relations with some current conjectures

In this section, we will study facts and some current conjectures in this concept.

Write S* to mean the set of all p-blocks of the group G relative to a fixed prime number p.
Then the correspondence for all 4,5 =1, ..., ¢t.

B; — P(B))
e s” € [0,1]

which 0 < P(B;) <1 and Zle P(B;) = 1, in this direction which gives us the opportunity
to construct finite probability space which is associated to the sample space consisting of all
irreducible ordinary characters of the group G. The following theorem is an observation in this
direction, which gives us the probability of the irreducible ordinary character y which will be 1
when G has an unique p-block, and vice versa as well.

Theorem 5.1. Let G be a group. Let p be a prime number. Then G has an unique p-block iff
P(x) =1 for all x € Irr(G).
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Proof. Assume that G has an unique p-block B, then B has all irreducible ordinary characters of
G, hence k(B) = k(G). By Definition 5.1 we have

(B) = k(B) _ k(G) _
k(G KG)
By the definition of the probability of irreducible ordinary character we have
P(x)=P(B) =1,

for all x € B, since B has all irreducible ordinary characters of G, hence
P(x) =1,

for all x € Irr(G). On the other hand, assume P(x) = 1, for all x € Irr(G) and since
P(x) = P(B), for all x € Irr(B) we have

P(B;) =1,
for all B; € S* and 7 = 1,...,t. By Definition 5.1 we have

(Bo) = 2B _
R(
That means k(B;) = k(G) hence B; has all irreducible ordinary character of G for alli = 1, ..., ¢.
But B;NB; = {0} for all i # j (such that ¢,j =1, ...,¢.) then B; = ... = B;. Thus G has an unique

p-block the principle one.
O

The following corollary gives us the probability of the irreducible ordinary character in group
G which will be 1 when group G has a p-subgroup Q in which the centralizer of Q is Q itself.

Corollary 5.1. Let G be a group. Let p be a prime number. Let @ be a p-subgroup of G. If
Ce(Q) = Q, then P(x) =1 for all x € Irr(QG).

Proof. The proof can be found in [1, Corollary 3.5.].

Example 5.6. Let G =S5 and p = 3. Ag is the 3-subgroup of Ss such that Cs,(As) = As. Since
S3 has an unique 3-block the principle one, hence for all x € Irr(G) we have
k(Bo) _ k(G)

PO=%@ THe T

Example 5.7. Let G = Sy andp = 2. H; = {(1),(12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)}
is the 2-subgroup of Sy such that Cg,(Hy) = Hy. Since Sy has an unique 2-block the principle one,
hence for all x € Irr(G) we have

k(Bo) _ k(G)

POO= T = He =

~

Remark. The p-block B of defect zero has an unique irreducible character, then the probability of

1 1
. B wi ) . e b '
this p-block B will be given by TG), and will be denoted by & (i.e. & 7]@((?))
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The following theorem will be helpful to prove most of the theories in this subject.

Theorem 5.2 (Brauer-Feit). Let G be a group. Let p be a prime number. Let B be a p-block of G.
Let d(B) be a defect number of B. Then we have k(B) < 1+ ind(B). If B contains an irreducible
character of positive height, then even k(B) < 1/2 p?¥(B)=2,

Proof. The proof can be found in [25, Theorem 2.4]. O

The following proposition and corollaries give us the relation between the probability of the
p-block in group G and the order of Irr(G).

Proposition 5.1. Let G be a group. Let p be a prime number. Let B be a p-block of G with defect

} p2d(B)
roup D, |D| = p*(B). Then k(G) < —————-
group D, |D| = p*(B) (G) PB)—¢

Proof. By Theorem 5.2 we have

k(B) <1+ ip%(B)
1 sam)
kB) _ 1T gP
k(G) —  k(G)
by Definition 5.1 we have
1 p2d(B)
< -
PB) < v+ wriey
since £ = %)
p2d(B) p2(B)
P(B)§£+4k(G) <&+ O
p2d(B)
P(B) —¢ 1
@ S k(G)
p2d(B)
k(GQ) < PB)—¢

Corollary 5.2. [1, Corollary 3.7.] Let G be a group. Let p be a prime number. Let B be a
p-block of G. Then the probability of any B of G with defect group D, |D| = p?(B) satisfies
P(B) < £(1+p**P)).

Proof. By Theorem 5.2 we have
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by Definition 5.1 we have

1 de(B) 1 de(B)
PB) =t @ T @ KGR G

1
since £ = ——, then

k(G)

P(B) < £ +£(p*17)
P(B) < £(1+p*P)).

(1 + p*i®))

Corollary 5.3. [1, Corollary 3.8.] Let G be a group. Let p be a prime number. Let B be a p-block
of G with defect group D, |D| = p(B). If B contains an irreducible character of positive height
B

p2d( —

Proof. By Definition 5.1 we have

by Theorem 5.2 we have

thus

The following conjecture is Brauer k(B)-conjecture.

Conjecture 5.1. [1, Conjecture 3.9.] Let G be a group. Let p be a prime number. Let B be a
p-block of G with defect group D. Then P(G)-[G: D]-P(B) < 1.

Example 5.8. Let G = S3 and p=2. Then
P(S3) - [93: ((12))] - P(B1) =

P(S3) - [ ()] - P(Bo) = 5 - = - % —1<1.
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Example 5.9. Let G = S3 and p=3. Then

1 6 3
. . . —_—.2.2-1<
P(S3) - S5 : As] - P(By) 5°3°3 1<1
Example 5.10. Let G = GL(3,2) and p="7. Then
6 168 5 5
P(GL(3,2)) - |[GL(3,2) : -PBj)=— - —-—-==<1.
1 1
P(GL(3,2)) - [GL(3,2) : I5] - P(Bs) = %? s=1<1
Example 5.11. Let G = Sy and p = 2. Then
5 24 5 5
. M . :7,7,7:7<
P(S4) - [Sy: H1] - P(Bo) 21 8 5 8*1
Example 5.12. Let G =S4 and p=3. Then
5 24 3
. : . —- — . — . — = < 1.
P(Sy) - [S4:((123))] - P(By) 51 3 % 1<1
5 24 1
P . {(1)]-P(By)=—-—-—-=1<1.
(5[5 () P(Ba) = -2 L1 <
5 24 1
. : . = — — . — = < .
P(S4) - [Sa:((1))] - P(Bs) o1 1 5 L=l
Example 5.13. Let G = Dg and p = 2. Then
58 5 5
P(Dg) - |Dg:Dg|l-P(By)==-=--—==-<1
(Ds)-[Ds: Dy P(Bo) = 5+ < 5 == <
Example 5.14. Let G=V and p =2. Then
4 4 4
VeV — .. 2 -1<1.
P(V)-[V:V]-P(By) 111 1<1

The following corollary gives us the probability of the principal p-block in group G which will
be 1 when the group G is a p-group or G has a p-subgroup Q in which the centralizer of Q is Q
itself.

Corollary 5.4. [1, Corollary 3.10.] Let G be a group. Let p be a prime number. If G is a p-group
or G has a p-subgroup @ such that C(Q) = Q. Then P(By) = 1.

63



Proof. Let G be a p-group, then from Lemma 1.7 G has one p-block only the principal one.
Therefore, P(By) = 1. If G has a p-subgroup Q such that Co(Q) = @, then from Corollary 5.1 we
have P(x) =1 for all x € Irr(G). Therefore, from Theorem 5.1 G has an unique p-block By, thus
P(By) = 1.

O

Example 5.15. See Examples 5.6 and 5.7, on page 60.

Example 5.16. Let G = Dg. Let p = 2. Then Dg has an unique 2-block the principle one, hence

k(Bo) _ KG) _ |

PB) =3 @ ~ ke

~
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Chapter 6

The Structure Constants and
Probabilistic Methods

In this chapter, we will present three sections; in the first section, we will study the definition of
algebra over a field F and from it we derive the definition of structure constants of this concept.
In the second section, we will study the definition of the group algebra G over F which is denoted
by F[G] with mention the basis for it, the definition of the center of F[G] which is denoted by
Z(F|G]), and the important theorem in this section which explains the basis for Z(F[G]), and in
the third and last section, we will present theories and examples that demonstrate the theorem of
the probability that two elements of a finite group commute by the concept of structure constants.
The basic references of this chapter are [5], [15] and [20].

6.1 The Structure Constants of an Algebra

We will state the algebra over a field F, as in [5] page 114, [20] page 155 and [15, Definition 1.1].

Definition 6.1. Let (A,+, x) be an algebra over a field F', denoted by F-algebra. This means
that A is

(1) (A, 4+, X) is a ring.

(2) (A,+) is a vector space over F.

(8) (Aa)b = A(ab) = a(A\b) for any A € F and a,b € A.

Let us assume that A is finite dimensional over the field F. Consider a basis of A such that
B =A{z1,....,x,} when n = dimp(A) € N. This means that 8 spans A and S is linearly independent
over F.

Since the product z;z; is a well-defined element in the algebra A, we have the motivation of
the following definition.

Definition 6.2. The structure constants of A with respect to the basis B = {x1,...,x,} are the
scalers a;j, € F with i, j,v € {1,...,n} which are defined by the product:

v=n
Tilj = E Qi jyTy-
v=1

Remark.

(1) The number of a;j, is n3 scalers.

(2)All a;jy (i,5,v=1,---,k(G)) belonging to the field F.

(8) The structure constant of A are with respect to the basis (3.
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(4) The knowledge of the structure constants of the algebra A with respect to the basis 8 completely
determines the multiplication in the algebra A with coefficients from the field F.

6.2 Center of Group algebra Z(F[G])

In the following definition, we will state the group algebra, as in [15] page 2 and [20] page 261.

Definition 6.3. The group algebra of a group G over a field F, denoted by F|G), is the F-algebra
whose elements are all possible finite sums of the type EgeG r99, g € G, vy € F, the operations
being defined by the formulas:

r+r = ngg+ Zr’gg: Z(rg—l—r’g)g,

geG geG geG
! ! / / /
' = reg > g | =)0 (rgrh)gd =D (E (Tquk—1)> a,
geG g'eG geG g’'eG qeG \keG

for all r,v" € F[G).

The following lemma gives us the basis of F[G], as in [15] page 2.

Lemma 6.1. Let G be a group. Let F be a field. The group algebra F[G] is an algebra over F
with basis G.

We will define the center of a group algebra F[G].

Definition 6.4. Let G be a group. Let F be a field. Let F|G] be the group algebra of G over F.
The center of the group algebra F|G] is the set of elements that commutes with every element
of F|G], which is denoted by Z (F[G]). In symbols

Z (F[G])={z € F|G] : qz = zq for all ¢ € F|G] }.

The following theorem gives us the basis of Z(F[G]), as in [15, Theorem 2.4].

Theorem 6.1. Let G be a group with distinct conjugacy classes C(g1),--- ,C(gr)) where g; € G
foralli =1,--- k(G). Let F be a field. Let K; = ngC’(gi)g € F[G], for all i = 1,--- ,k(G).
Then Ky, -+, K forms basis for Z (F[G]).

Proof. 1t is clear that the K1, -+, Ky liesin Z (F[G]). Ki,--- , Ki(q) are linearly independent
over F since C(g;) N C(g;) = 0 for all i # j, such that 4,5 = 1,--- ,k(G). If 2 = 3" ;a49 €
Z (F|G]) and h € G, we have ‘

hz=zh
z=h"1zh
EgEG Ag9= EgeG aggh
by comparing the coefficients of ¢" on both sides, we obtain
agh = agy
that means the coefficients a, have the constant value a; for all g € C;, then

k(G)

z = E aiKZ-
=1

thus
Kla T 7Kk(G) span Z(F[G] )
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Remark.
(1) The elements K; (1 <i < k(G)) are called class sums.
(2) We shall use the multiplication K; - K; to define a;j,.

(3) We shall use the matriz [a;;,] which represents the multiplication table of the basis {aijv}izk(G).

6.3 Application of Probability Methods with examples

In this section, we present a new application of this direction by using the structure constant.
We use matrices and the sum over the required constants. We give theories and examples of our
discovery.

Example 6.1. When G = S3, we have

S S S a1
A(85) = P(Sy) = =g = g

With matrix:

a a a a a a a a a
111 112 113 121 122 123 131 132 133

[w- } — a a a a a a a a a
v 211 212 213 221 222 223 231 232 233

a a a a a a a a a
311 312 313 321 322 323 331 332 333

O = O
= o O
S w o
N O =
S Ww o
N OO
SN O
— o

Example 6.2. When G = Dg, we have

k(Ds) x~k(Ds) x~k(Ds)
i— i 1 Qijo
d(Dg) _ P(Dg) _ Zz—l Zj_l Z'u_l J _ §

| Dg|? 8
With matrix:
a a ... a
111 112 155
a a ... a
| 211 212 255
laijo] = | 77 . .
a a ... a
511 512 555
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Example 6.3. When G =S4, we have

k(S (s k(S4)
d(54):]3(‘574):z(4)Z 4)2(4 . :5.
|S4/? 24

With matrix:

a a ... a

111 112 155

a a ... a

| 211 212 255

laijo] = | 77 . .
a a ... a
511 512 555

Recall that, for the group algebra F [G] the definition of the structure constants a;;, comes
from the multiplication K; - K; Z - a,]UK,

The following theorem is the main discovery and contribution of the thesis.

Theorem 6.2. Let G be a finite group. Let k(G) be the number of conjugacy classes of G. Then

E(G) k(G) k(G)
> Zawv—k |G-
= =1 =1

=1 j

Proof. Let C(x1),...,C(zy(q)) be the distinct conjugacy classes of G where z; € G for all i =
1,---,k(G). Then by using the definition a;;,, we have

™
~
Q
NS
bl
~
Q
NS
ol
BN
Q
N

aijo = [{(z,y) €Gx G : [z, 9] = 1a}|

ﬁ
Il
-
<.
Il
-
e
Il
-

= {(z,y) €GXG : vy = yx}|

k(G)
=Y [Ca@)| =) > [Calx)

zeq@ i=1 zeC(x;)
k(G)

=Y [G: Co(2:)]|Co(xs)]

i=1

—ZIGI—k )IG|
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thus

>
P
Q
N
>
P
Q
NS
>
P
Q
N

Qi = k(G)|G|

&
Il
_
<.
Il
_
S
I
—

Our next main theorem is the following:

Theorem 6.3. Let G be a finite group. Then

k(G k(G k(G
Zii1) Zj(:1) Zv(:1) QAijo

d(G) = P(G) = o7

Proof. By Theorem 2.1 and Theorem 6.2 we have

k(G k(G k(G
k(G) _ k@)G] _ 2R S 5 aij
(e GP? ’

d(G) = P(G) =

thus K(G) k(G) k(G)
D1 Zj:l Dot Gijo

d(G) = P(G) = o
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