We have carefully wrote this book for those interested in concepts of
topology for different branches of Mathematics that are used in a variety
of applications in other scientific fields. What distinguishes this book from
authors is contains a very simple proofs and many new examples. This book
introduces the topological concepts by a very simple method such as
separation axioms, compactness, connectedness and metric spaces.
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Preface

In this book, my aim is to provide the reader with a
foundation in general topology that will adequately prepare him
for further work in a broad variety of mathematical disciplines.
The arrangement of the material is such that the book can also
serve as a reference for the more advanced mathematician.

The reader is assumed to have a background of at least
one semester of rigorous analysis; for such  persons, the
treatment herein is self- contained and the material can easily
be covered in a two-semester course.

Chapters I, provide an introduction to the axiomatic
foundations of set theory. This chapter consists of four articles and it
can consider being an introduction to the general topology which needs
some mathematical concepts. One of the most important concepts is
the mathematical logics and how to use its facilities in proving different
problems. The second is the theory of sets and all related concepts like
relations, functions and classification of sets into finite, infinite,
countable and uncountable. Some concepts of the mathematical
analyses like differentiation and integration must be studied before.
Chapters 1I-V, are devoted to general topological structures; the
emphasis is on the mapping, and an extended treatment of
identifications is given. Separation axioms, Compactness,
Connectedness and product spaces are introduced in Chapters
VI-VIIIl. Finally, by imposing increasingly more  severe
conditions on the topology, the development proceeds down the
hierarchy of topological spaces to the metric spaces.

A. S. Farrag and S. E. Abbas
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General Topology Introduction

Chapter |
Introduction
Topics:

e Set Theoretic Preliminaries.

e Cartesian product, relations and functions.
e (Classification of sets.

e Topology on the real line.

This chapter consists of four articles and it can consider being an
introduction to the general topology which needs some mathematical
concepts. One of the most important concepts is the mathematical
logics and how to use its facilities in proving different problems. The
second is the theory of sets and all related concepts like relations,
functions and classification of sets into finite, infinite, countable and
uncountable. Some concepts of the mathematical analyses like
differentiation and integration must be studied before. In the first article
we gives a glance about sets, cartesian product of sets, relations and
functions also we gives some problems which help the reader to
understand these fundamental concepts. In article two we gives an idea
about the kinds of finite, infinite, countable and uncountable sets. A
proof is given that N xN where N is the set of the natural numbers
and the rational set Q are countable sets also a proof that the interval
(0,1) is an infinite uncountable set and it is equivalent to the set R of

the real numbers. In the last article we give a glance about the topology
on the real line i.e on the set R where the general topology is an

abstract concept or a generalization of the concepts of the topology on
R.

1.1 Set Theoretic Preliminaries.

Definition 1.1.1 A set is a collection of objects, called the elements or
members of the set. The sets will be denoted by the capital letters
A,B,C,...X )Y, Z,... and the elements of the sets will be denoted by

the small letters a,b,c,....,x,y ,z,.... Let A be aset
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General Topology Introduction

x €A means x is an element of 4
x ¢ A means x is not an element of 4

Definition 1.1.2 Let A and B be sets. Then, 4 is a subset of B,
denoted A4 c B, if every element of Ais also an element of B. In
notation, A cB is x€ed =>x e€B.

Remark 1.1.1 We accept as an axiom from set theory the existence of a
set @={} that has no elements. J is called the empty set or null set.

Remark 1.1.2 Let A be any set. Then & — A . Notice that & satisfies
the definition of subset vacuously, there no elements of & that must be
contained in the other set.

Definition 1.1.3 Let 4 and B be sets. Then 4 =B if and only if
AcB and B c A .Innotation, Then 4 =B iff AcB and B cA

A=B < AcB and B cA
Remark 1.1.3

% AcB means Vx €A,x €B
% AcB means AcB or A=B.
® AGCB means AcB and A+B.

Definition 1.1.4 If 4 C B, then A iscalled a proper subset of B .
Lemma 1.1.1 Every set is a subset of itself.
Proof: Let A beasetandlet x €4 .Then, as
xed=>xecAd, ACA.
Lemmal.l2 If AcB and BcC, then AcC.

Proof: Suppose 4 B and B cC. Let x €A. Then as
AcB,xeB. Now as BcC,x eC. Hence, Vx €ed,x eC. Thus,
AcC.So AcBcC.

Definition 1.1.5 Let 4 and B be sets. The union of 4 and B is the
set which contains elementsin A4 orin B or both,

2 A.S. Farrag and S. E. Abbas



General Topology Introduction

AUB ={x €X :x €4 or x eB}.

It is clear that, A c4AUB and B cAUB. Further, if 4 =B, then
AUB =B .So, U4 =4.

Definition 1.1.6. Let 4 and B be sets. The intersection of 4 and B

is the set containing those elements that are simultaneously in both A4
and B ,

ANB={xeX :x €4 and x eB}.

It is clear that, A(N\B<A and A(\B cB. Further, if 4 cB, then
ANB =A4.50, N4 =3.

Definition 1.1.7. Sets for which their intersection is & are called
disjoint.

Definition 1.1.8. Let 4 and B be sets. The difference between A4
and B isthe set

A-B={xeX :xed and x ¢ B}.

If all sets under consideration are subsets of a whole set X then the
complement of a subset 4 of X is the difference between X and 4

denoted through this book by A ie A =X -4.
Theorem 1.1.1. Let A — B andlet C be any set. Then

1) 4AUC cBUC.
2) ANC <cBNC.

Proof: 1) Let x €4 UC . Then x €4 or x €C . Suppose x €4 , then as
AcB, xeB. So xeBUC . Now suppose x€C. So x eBUC.
Hence, in either case 4 UC < B UC.

2) Let x €AC. Then x €4 and x €C. Suppose x €4, then as
AcB,xeB.Sox eB[\C .Hence, ANC <cBC.

Theorem 1.1.2. (Distributive Laws) Let A,B and C pe sets. Then

1) AU(BNC)=(4UB)N(AUC).
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2) AN(BUC)=(4NB)U(4NC).

Proof: 1) Let x eAU(BNC).Then x €4 or x e B(1C . Suppose x €4
,then x e4UB . Itisalso true that x e4 UC . So x (4 UB)ﬂ(A UC)

Now suppose x e B(1C . Then x €eB and x eC . As x eB,x cAUB.
Asx eC,x €eAUC .So x e(A UB)ﬂ(A UC).Hence

AU(BNC)c(4UB)N(4UC).

Conversely, let xe(4UB)N(A4UC). Then xe(4UB) and
xe(AUC).Asxe(AUB),xeA orxeB. Asxe(AUC),xeA or
x €C .Suppose x €4 ,then x €4 U(B ﬂC). Now suppose x ¢4 , then
xe€B andx eC .So, x eBNC .Thus x €4 U(B ﬂC). Hence in either

case

(4UB)N(4UC) <4 U(BNC).
~AUBNC)=(4UB)N(4UC).

2) Llet x €4 ﬂ(B UC). Then x €4 and x eBUC .As x eBUC,x €B

or x eC. Suppose x €B.Then x e4N\B.So x e(A ﬂB)U(A ﬂC).

Now suppose x €C , then x e4(1C . So x e(A ﬂB)U(A ﬂC). Hence,

in either case

ANBUC)c(4NB)U4NC).
Conversely, let x €(4 B )U(4NC).Then x e(4NB) or x €(4NC).
Suppose x e(A ﬂB),then xed and xeB.AsxeB,xeBUC.

So, x €A(BUC) . Now suppose x €4\C .Then x €4 and x eC .
Asx eC,x eBUC .Sox €4 ﬂ(B UC). Hence in either case

(4NB)YANC)caN(BUC).
~ANBUC)=(4NB)U(4NC).
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General Topology Introduction

Theorem 1.1.3 Llet A =B <X . Then
1) B-A=B ﬂ(X —A).
2) X -BcX -A.

Proof: 1) Let xeB—A4.Then x €B and x ¢4 .Asx ¢Ad,x €eX —A.
Sox eBN(X —A4).

Conversely, let x €eB()(X —4). Then xe€B and xeX —4. As
xeX -A,x¢gA.SoxeB-4.

S B-A=B(X -4).
2) let xeX —B.Then x ¢B.As AcB,x¢A.S0 x €eX —A. Hence
X -BcX—-A4.

Theorem 1.1.4 Let X be the whole setand A, B and C are subsets of
X . Then

(1) (4-B)-C=(A4-C)-B=(A4-C)-(B-C).

(2) A-(4—-B)=ANB.

(3) (4uB)—-(BuC)=(A4-B)ud-C)u(B -C).

4 A-C)yn(B-C)=An(B-C)=(A4nB)-C.
Proof: We prove (1) and (4), (2) and (3) left to the reader.
Proof of (1) using (4) from Theorem 1.1.3 (1) and the distributive law

(A-B)-C=(ANB°)YNCE =(ANB)n (4 NCC)
—(A-B)n(4-C)
=(ANC)YNBE =(4-C)-B

Also

(A4-C)—(B -C)=(4 nCE)n(BE UC)
=[(A NCE)YNBC U4 NCE)NC]
—[(4 NCE)NBE]UDB =(4 —C)-B

Proof of (4) using (4) of Theorem 1.1.3 (1) and associative law

ANB-C)=AN(BNC)=(ANB)NCE =(4 NB)-C

5 A.S. Farrag and S. E. Abbas
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Definition 1.1.9. The symmetric difference or the squads between A4
and B is defined by the equation

AAB =(4-B)U(B-4)
And we remarks that
(1) x€eAAB & (x€edArx ¢B)v(x eBax gd).
(2) x 2AAB < (x €eArx €eB)v(x gAnx ¢B).
Theorem 1.1.5. Considering the sets A and B we haves
(1) AAB=(AUB)—(4NB).
(2) AN(BAC)=(ANB)AANC).
(3) AAB=BAA.
(4) AABAC)=(AAB)AC .

Proof: Directly from the definition we prove the statements (1), (2)
and (3) at follows:

Firstly (1)

AAB =(A "B )U(B nA)
=[A VB NA)N[BS UB NA)
=[(AUB)N (A VADN[B UB)N (B LA
=(AUB)N(ANB) =(A4UB)—=(4NB)

Secondly (2) by using the statement (4), the distributive and
associative laws and Theorem 1.1.3.
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AN (BAC)

=4 [BUC)-(BNC)]

=AN[BUC)N (B UC)]

=[4 (B UO)IN[ANB uC)]

=[(4 NBYUANONN[ANB YU NC)]

=[(4 NB)UANCO)A[A4-B)u(4-C)]

=[(ANB)YUUNO)A[A—(ANB)UU-(ANC))

=[(4 NBYUANONN[ANANB))UANANC))]

=[(A NBYUUNO)NN[AN{ANB) UANC)}]

=[{(4 "B)U NC)}NA]N[A NB) U NC)]
Since (A NB)u(A NC)cA4 we gets

ANBAC)=[(ANB)UuANC)]N[ANB)YNANC)F
=[A nB)u NnC)]-[(ANB)N (A NC)]
=(A NB)A(A NC)

Thirdly (4) using Definition 1.1.9 gets

x € (AAB)AC

=) (x e AAB Ax ¢C)v(ii) (x eCArx ¢ AAB)

Then from (i)

x € AAB Ax ¢C
=[x edrx ¢B)v(x eBax g A)|rx ¢C
=>xedrx ¢Bax ¢C)v(x eBax gArx ¢C)

=((x €edrx ¢ BAC)v(x e BACAx ¢ 4)
=xe€(d-BAC)vx e (BAC -4)

=x €[(4 -BAC)U(BAC —4)]

=x e AABAC) ()

7 A.S.Farrag and S. E. Abbas
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from (ii)

x eCAx ¢AAB =
=>xeCA[(x €edrx eB)v(x g4 rx ¢B)]
=>xedrxeBrxeC)vix gBarx eCarx gA)
=[x edrx g(BAC)]v[x e(BAC)Ax ¢A]
=[x ed-(BAC)]v[x e(BAC)—-A4]
= x €[(A-BAC)U(BAC —4)]
=x €AABAC) ()

From (/) and (/)
(AAB)AC cAANBAC) (III)

By using the commutative property (3) of this Theorem and the result
(Ill') we gets

AABAC)=(BAC)AA =(C ABYAA cC A(BAA)=(BA4)AC
=(AAB)AC

So AANBAC)c(AAB)AC (V1)

Therefore from (/Il') and (/7' ) we obtains the required result
AABAC)=(AAB)AC .

Definition 1.1.10 Let ' be a non-empty set, called the indexing set

such that Vi €I" there corresponds a set Ai . The family {Al. i eF} is

called an indexed family of sets.

Definition 1.1.11 Let {Al. 3] eF} be an indexed family of sets. Then,

(1) The arbitrary union over i €I is the set

U 4. :{x :x €A, for at least one i el"}.
iel ! !
(2) The arbitrary intersection over i €I is the set

N 4. :{x x €A, fordli eF}.
iel ! !

8 A.S. Farrag and S. E. Abbas



General Topology Introduction

Remark 1.1.4 (1) If [[|=N, then | A = U A and is called a
eF i=l

countable union. Similarly, A = ﬂ A and is called countable
iel i=1
intersection.
(2) If |T|=n, then A = U A. and is called a finite union.
iell i=l i
Similarly, N A. = ﬂ A and is called a finite intersection.
iel | =l
Theorem 1.1.6 (Demorgan's Laws)

Let {Ai e F} be an indexed family of sets such that A, c X, Vi 1.

Then
(1) X—['ﬂ AiJ:-U X _Ai)'
iel’ iel’

(2) X - [U A J N.(X —4,).

iell ie

Proof (1)Llet x eX — { N 4. J Then x ¢ A .So Ji e’ such that
iel’ iel

xeA..Soxe(X —A.) forthis i eI’. Thus,x € J (X — A ). Hence
! ! iel’

[ﬂA]CU(X —4.).

iel’ iel’

Conversely, let x € U (X A ). Then x e(X —A. )for at least one
ie

i €l So, xeA forthisi €T". So, x ¢ N A .Thus x €X — [ﬂ A.J.
iel iel !

Hence

U X A)CX [ﬂA]
iel’ iel !

9 A.S. Farrag and S. E. Abbas
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(2) LetxeX—[ U A.].Then xg U A4..S0 xeAd. foralliel. So
iel ! iel ! !
e(X —A.) foralliel. Thus, x € | (X A ). Hence
! iell
X—[UA.]C n «x A)
iel ! iell

Conversely, let x € | (X A ). Then x e(X —A. )for alli el’. So
iel

erA foranyiel.So,x ¢ |J 4. .Thusx €X — [U A. J.Hence
iel’ J iel’

N (X -4,)cx [UA ]
iel’ ! iel’ i

Remark 1.1.5 Let {Ai i el“} be an indexed family of subsets of X
Recall that arbitrary union is

U 4. A {x:xeA.foratleastoneieF}
= !

If the indexing set T =Z ™+, we have a countable union

Ai ={x Ix eAl. for at least one i eZ+}
1

.......

|, we have a finite union
UA_UA_AUAU ......... U4,
iel ' i=l

There are two degenerate cases

e Case(1): I'={l}

1
Y 4;=UA
iel’ i=l
[ )

Case (2): T =

A.S. Farrag and S. E. Abbas
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U 4. :{x :x €A, for at least oneieg}.
i ! !

Since Aied, x A, foranyindexied.so U 4, =@.
ied

The degenerate case (2) is called the empty union.

Note that
U 4, =®©[X— U A.]:X —Fe N (X—A.):X,
ie ! ie ! ied !

ie, N Ai =X and is called the empty intersection.
ied

Definition 1.1.12 Let 4 be a countable set. The power of 4 is the set
of all subsets of 4 .

It is clear that, if |[4|=n, then |P(4)|=2". If |4|=K,, then

\P(A)\=2N° =c. Also if TcP(X)-{J} such that U{4:4eT }=X,
D eT and ANB = for each two members 4 and B of T then T is
said to be a partition of X .

Example 1.1.1. Let 4 ={a,b,c}. Then,
P) =B {a}{b).{c}.{ab) fac) fb.c} 4],
Notice [4|=3 and |P(4)=23=8.
Example 1.1.2. Let X ={1,2,3} Then
(1) PX)={{1},{2},{3},{1,2},{1,3},{2,3}.X .}

(2) T ={{1},42},{43}}, To ={{1,2}, {3}}, T3 ={{1}.,{2,3}},
T4={{2},{1,3}} and T'5 ={X }are partitions of X and
{T1.T2,73,T4.,T5} is the family of all partitions of X .

11 A.S. Farrag and S. E. Abbas
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Example 1.1.3. lLet 4, B, A—B, B—-A4 and A NB be nonempty
sets. Then {4 —B,B — A} is a partition of AAB and
{4 -B,ANB,B—A} isa partition of4 UB .

1.2 Cartesian product, relations and functions:

Definition 1.2.1 If X and Y are nonempty sets, then the cartesian
product of X by Y denoted X xY is the set of all ordered pairs
(x,y) suchthat x eX and y €Y thatis

X xY ={(x,y)xeX,yeY}
and it could be remarked that

(1) X xY =@ iff X =T or Y = since X xY #O iff there is an
element (x,y)eX xY iff there are two elements x €eX and
yeY iff X 20 andY #J.

(2) If (a,b),(x,y)eX xY then (a,b)=(x,y) iffa=x and b=y .

(3) If X and Y are nonempty set then X xY =Y xX iff X =Y . For
if X #Y then there are two points x e X —Y and y €Y which
implies that x #y which implies that (x,y)eX xY and
(x,y)2Y xX or there are two points y €/ —X and x €X which
implies that (x,y)eY xX and (x,y)eX xY which implies that

X xY #Y xX . Conversely if X xY #Y xX then here is an ordered
pair (x,y) such that (x,y)eX x¥ —=Y xX which means that either

xe€X -Y or yeY —X which implies that X #Y or there is an
ordered pair (y,x)eY xX —X x¥ which leads also to the result
X #Y .

The following Theorem gives us some properties for the cartesian
product of sets.

Theorem 1.2.1 Consider the sets X ,Y , Z and W and let A — X
and B <Y , Then,

()X x¥ UZ)=WX xY U xZ).

12 A.S. Farrag and S. E. Abbas
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(i) X x( NZ)=(X xY )N(X xZ).

(i) X x(Y =Z)=(X xY )= (X xZ).

(iv) (X =Y )xZ =(X xZ)—(@ xZ).

W)X xY NZxW =X NZxY N .

vi) (X ¥ YU(Z xW )= (X UZ)x¥ UW).

Wii) X xY —AxB =((X —4)xY )U(X x(¥ —B)).
Proof: The proof is left to the reader.

Definition 1.2.2 Let X and Y be nonempty sets i.e, X #& and
Y # . Then any family S c X xY is called a relation from X to Y the
elements of S are ordered pairs, x eX and y €Y such that (x,y)eS

means that x is related to y by the relation S this is written also in the
form xSy . Through this book we uses (x,y)eS if x isrelatedto y and
(x,y)eS if x isnotrelatedto y by S .

If X ,Y and Z are nonempty sets, S cX x¥ and T <Y xZ are two
relations then

(1) fY =X then the relation S X xX is called a relationon X orin
X and the relation V={(x,x):x €X} is called the diagonal relation on

X .
(2) s—1= {(y,x):(x,y)eS} Isthe inverse relation of S .

(3) T oS Is defined to be a relation from X to Z such that (x,y)eS
and (y,z)el impliesthat (x,z)eT oS i.e.

(x,y)eS A(y,z)eT = (x,z)eT oS
The relation 7' oS is called the compositionof S and T .
The relation S on a nonempty set X is called

(1) Reflexive if (x,y)eS foreach x eX iff VcS.

13 A.S. Farrag and S. E. Abbas
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(2) Symmetric. if (x,y)eS implies that (y,x)eS for each two
points x,y € X iff s7l=s.

(3) Transitive if (x,y)eS and (y,x)eS implies that (x,z)eS for
eachpoints x,y,z € X iff SoS cS.

(4) Is an equivalence relation if it is reflexive, symmetric and
transitive relation.

(5) If S is an equivalence relation on a nonempty set X and x e X
then the set [x ]={y €X :(x,y)eS} is called the equivalence class
of the point x by the relation § .

Example 1.2.1 Consider the set of the real numbers R and let
S cR xR bearelationin R suchthat (x,y)eS if y =</x then

(1) S is not reflexive since x #+/x for each number x R —{0,1}

which implies that (x ,x) ¢S , for example (2,2) ¢ S .
(2) S is not symmetric since for example (4,2)eS while (2,4)¢S .
(3) S is not transitive since (16,4),(4,2)eS while (16,2) S .

Example 1.2.2 Let X ={1,2,3,4} and S be a relation on X such that
S ={(11), (1,2), (2,1),(2,2),(3,3)(3,4),(4,3),(4,4)} . Clearly S is an
equivalence relation on X because it is reflexive, symmetric and
transitive. The equivalence classes of the points of X are
[1]=[2]={1,2} and [3]=[4]=1{3,4} the family {{1,2},{3,4}} of these
equivalence classes forms a partition of X and this is generally valid
as it is given by the following Theorem.

Theorem 1.2.2 Let S be an equivalence relation on a nonempty set
X . Then,

(1) x €[x ] For each pointx €X .
(2) (x,y)eS <x]=[y]

(3) For each two points x ,y €X , [x ]1=[y] or [x N[y ]=9.
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Proof: The proof left to the reader.

Definition 1.2.3 Let X and Y be nonempty sets. Then the relation
f <X xY is called a function or a map if for each point x €X there

is a unique point y €Y suchthat (x,y)ef orequivalently
(1) x eX =3y Y :(x,y)ef .
(2) (x,y), (x,z)ef =y =z foreach y,z €¥ and

(a) f <X xY is a function from X to Y written in the form
X -Y .

(b) (x,y)ef written in the form y =f (x) thatis (x,y)ef and
y =f (x) are equivalent and f (x) is called the image of the point x
by the function f .

If we consider that f (x) is the set of all images of X by f then [ is

a function if

(1) f (x )= for each point x eX and

(2) y,zef (x)= y =z Equivalently f(x) is singleton for each
point x €X .

Example 1.2.3 The relation f <R xR such that y =f (x):x2 for

each x eR is a function from R to R and is written f :R - R .

Example 1.2.4 Consider the set of the natural numbers N and the set
Y ={1,2,3} then /' :N —Y suchthatf ()=1, f(2)=2 and f (n)=3
for each n e N such that n >3 is a function from N toY .

Example 1.2.5 Consider the set N and the set
Y ={3,6,9,...... }=3n:neN} then /¥ >N such that

f (m)=%m for each m €Y is a function fromY to N .

Definition 1.2.4 Let / : X —Y be a function, A cX and BcY .
Then,
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(1) The image of the set A by the function £ is
fA)={f (x):x €4}
If x eX we write f ({x})=f (x) which is unique.

(2) The inverse image of the set B by f is
flB)=tr eX if (1) eB).

If y ¥ wewrite f ~1({y )=/ T1(»).

(3) f (X)={f (x):x X} is called the range of /.

Clearly f (X )<Y and f 17 )=X .

Theorem 1.2.3 Let f : X —Y be a function, A, B c X, g:Z ->W,
CcZ and f xg : X xZ =Y xW be such that

(f xg)x.z)=(f (x)g(z));V (x,z) €X xZ . Then,
(1) AcB=fA)cf(B).

(2) f (AUB)=f(4)Vf (B).

(3) f (A "B)<f (4)f (B) but not equal.

(4) f (4)—f (B)<f (A —B) but not equal.

(5) (f xg)AxC)=f(4)xg(C)

Proof: We shall prove (2) and explain by examples that the equalities
in (3) and (4) are not generally true.

(2)yef(AuB)=3x €e(4UB):y =f (x) then
xe(AuUB)y=xedAvx eB=>yef(d)vy €f(B)=>
ye(fd)ufB)=fAuB)cf(d)uf(B) )

Conversely, y e(f (A)Vf (B)=y ef (A)vy €f (B),
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yefA)=3Ixed:y =f(x)
=>xe(duUB)=yef(4AuUB)

Similarly y ef (B) = y €f (A UB) and so
f)yuf(B)cf(4UB) (1)
From (/) and (I ) we gets f (A UB)=f (4)uf (B).

To explains the inequalities in (3) and (4) let X ={1,2,3},Y ={x,y}
and f :X —>Y besuchthat f ={(1,x),(2,x),3,y)}, if 4 ={1,3} and
B={23 then AnNnB={3, so fA)=fB)={x,y} and
f (A NnB)={y} which implies that f (4 "B) #f (A)Nf (B) this

proved the inequality in (3). Also using this example clearly
fA)-f(B)=BAA-B={l}=f(4-B)=1ix}

Then the none quality in (4) is valid.

Theorem 1.2.4f f :X —Y and A,B <Y then

(1)acB=f"Yacr ),

2) f laus)=r luyur s,

3)f NanB)=r l)nr ),

(4) f “Ya)-r LB)=f "l -5),

(5) (f xg) LA xC)=f Tyxg L),

Proof: It is an easy proof and is left to the reader.
Remark 1.2.1 let f:X —Y be a function. Then, the family

P:{f_l(y):y €f (X )} is a partition of X .

Proof: Clearly U{f_l(y):y ef (X)}=X andif y,z €f (X) such that
y #z then

17 A.S. Farrag and S. E. Abbas



General Topology Introduction

xef Moy Tle)y =y ==z =77 M) =r"le)
The contra positive of this result completes the proof which is
oy ey =l e =2.
Definition 1.2.5If /' : X —Y is a function then it is called

(1) An injective or one to one function if two distinct points of X have
two distinct images this is

XX o eX X EX, :>f(xl)¢f (xz)
Or equivalently its contra positive
XXy eX :f(xl):f(xz) =X =X,

We remarks that if XX €X such that X #X, and y €Y then

x5 € M) =S () =y =/ (x,)

Which implies that /* is not injective, the contra positive of this result is

the function f is injective iff f_l(y) is empty or singleton for each

y €Y thisis another definition of the injective function.

(2) A surjective or onto function if for each point y €Y there is at least a

point x € X such that y =f (x) equivalently /(X )=Y equivalently
7 ~1(») =@ for each point y €Y .

(3) A correspondence or bijective if it is both injective and surjective. In

such case the function f_l 1Y > X given by f_l(y)zx €X for each
y €Y where f (x)=y is called the inverse function of f . Clearly f_l is

a bijective function and f(f_l(x N=x =f _10’(x ).
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Example 1.2.6 The function f :R —> R suchthat y =f (x):x2 for each
x €R is not injective since for example —=2,2e R while f (-2)=4=f (2)

and not surjective since -3 =f (x) =x 2 implies that x is not real.

Example 1.2.7 The function in Example 1.2.4 is a surjective and not
injective function and the function in Example 1.2.5 is a bijective
function.

Theorem 1.2.5 If f:X->Y, ABcX and E cY then
Acs @y, £ YE)<E and
(1) f (Anf WE)=f U)NE,
(2) f(ANB)=f(A)Nf (B) iff [ is injective,
(3) f is injective iff f ~L(f (4))c 4,
(4) f is surjective iff E —f (f "W(E)).
(5) f is injective iff / (A—B)f (4)~f (B).
(6) £ (A€) and Y —f (4) are not comparable.
(7)Y —f(A)f (AC) iff s surjective.
(8) f(AC)YCY —f (A) iff f is injective.
Proof: (1) Firstly / (f "{(E))c E implies that
f s ¢ N EYf (DnE

And from (3) of Theorem 1.2.3 we gets

fns\ENef ar (¢ E)<f W)nE 1)
Secondly y €f (A)NE = y ef (A)Ay €E from which

yvef(A)=3Ix ed:y =f(x) andso
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yeE=f(x)eE mxef YE)>xednf UE)
=y efUnfIE)
= f (A)NE <f (dnf "HE)-—)
From (1) and (I1) f (4 ~f " (E) =f (4) NE.
(2) From statement (3) of Theorem 1.2.3,
fAnB)Cf ()N (B)——()

Also yef(A)nf(B)=y ef (A)Ary €f (B) and we find that

yefA)y=3xyed:y =f(x1),
yef(B)=3xygeB:y=f(xy)
If the function 1 is injective then f (x1) =y =f (x9)=>x| =x9 =x
which implies that y =f (x).So x € 4 N B and
xeAdnB=y=f(x)ef(AnNnB)
=>fA)nfB)cf(AnB)--I)
From (/) and (I') wegets f (ANB)=f(A)Nf (B).
Secondly Suppose that f (4 "B)=f(4)f (B) for each 4,B c X . If
xl,xzeX then
x1#x) >0 =f(D) =1 ({x1}n{xy})
=f xS/ Wxa) =7/ () =) (x3)

Therefore 1 is injective.

(3) Let y €Y be such that f _1(y )= then there exists x €X such that

y=f(x) so if f_l(f(A))cA for each subset A4 of X then
rief TN (fx ))cix ) which implies that £~ (y)=f N(f (x ))={x }

is a singleton set. Hence f is an injective function.
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Conversely, let f be an injective function and 4 be a subset of X' . Then
x ef _1(f (A)=f (x)ef (4) and if there exists a point x1€4 such

that f (x )=f (x1), the function £ is injective implies that x =x{ which

implies that x €4 and therefore /L (f (4))cA .

(4) Firstly Let E cf(f_l(E)) for each subset £ of Y , if £ =Y then
Y cf(f_l(Y N=X)=>fX)=Y and so fis surjective.

Secondly suppose that f is surjective and y € E then there is a point
x €X suchthat y =f (x) and we find that

f)eE=xef WEY=>y=f@)ef ¢ TVEN=Ecr (Y E)
This is the end of the Proof.

(5) Firstly suppose that f* is an injective function, if y €f (4 —B) then
there exists a point x € 4 —B such that y =f (x) and

xed-B=>xed,x eBS = f(x)ef (A).f (x)ef (BS)

Since f is injective then by the definition f_l(y):{x} from which
f(x)ef(B) implies that y=f(x)ef(A)-f(B). So,
fA-B)cf(d)-f(B).

Conversely suppose that f (4 -B)cf (4)—f (B) and x,,x, €X then

"2

fUx D =fxaH)=>f{x1H)-f{x}) =9
=fUxpt-ohaf (x)—f(xph) =9
=>f({x1}—{x2}) =@ ={x1}-{xp}=F=x1=x»

Therefore, f is injective.

(6) Consider the function f :R —R which is given by f(x):x2 for
each xeRand A4=1{-2,3} then [ (4)={4,9} which implies that
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R —f(4)=R —{4,9} while f(4)=f (R —{-2,3)= R =[0,50) which
implies that R —f (4)zf (4°).

On the other hand 4,9 €f (Ac )—(R —f (4)) which implies that

fADLR =] (4)).
(7) ye¥ —f (4) =y ¢f (A4) And since f is surjective then there exists
x €A such that y =f (x) which implies that y ef (Ac) which implies
thatY —f (4)cf (4°).
Conversely If Y —f (4)cf (Ac) then by setting 4 =X we gets
Y -f(X)cf (D)=0=Y - f (X )= =Y =f (X).
Therefore £ is a surjective function.

(8) From (5) by replacing 4 by X and B by A we gets

[ U= (X —A)cf (X)—f (A)cY —f (4)
Another way: y €f (4€) = 3x €4€ :y =f (x) and f is injective implies

that f_l(y):{x} from y ¢f(4) which implies thaty €Y —f (4).
Then 7 (A€)cY —f (4).

Conversely suppose that / (4€)cY —f (4) for each subset A of X and

y €Y be such that f_l(y);t@ then there is a point x € X such that
y=f(x) then 4 ={x ¢ implies that
y=f @)=/ ()Y U ) =y ef (Ux))
=770 =)

Therefore, f is an injective function. In fact (8) is a special case of (5).
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Definition 1.2.6 Consider the functions /' : X —Y and g:¥ —Z such
that /(X )=Y one can define the function gof :X —Z called the
composition of g and f such that gof (x)=g(f (x)) for each point
xeX .

Remark 1.2.2 from the Definition 1.2.6 one can remark that

(1) gof (X)=g(f (X ))=g )from which if gof s surjective then g
is also.
(2) If g of s injective then for each two points X% eX

fa)=f @)= &)= ()= gof (x)
:gof(xz):wcl:x2

Which implies that f is also injective.

Theorem 1.2.6 Consider the functions f:X =Y , g ¥ —>Z and
gof :X >Z such that £ (X)=Y , if zeZ such that g~ }(z)#@
then

o) 'er=r e o= e e
Proof: Firstly

xe(@ef) @) mz=g(f @) =3y e¥ 1y =f (x)

=z=g(y)=xef l)ry eg i)
But yeg lz)=7/lo)cr e lz)) which implies that
xef (g7 l(z)) and so

gy lener e e n-—-w)

secondly, x e(fog) lz)=f"le 1) but g7 lz)=@ which
implies that there is a point y €Y such that y eg_l(z)cY and there
isa point x e X suchthat y =f (x) so,

z=g()=g(f (x)=gof (x*)=>x e(gof ) \(x)

=/ log ey (o) ) )
From (/) and (/I ) we gets the required equality.

If /£ and g are bijective then f_l, g_1 and (g of )_1 are bijectve and

(g Of)_l(Z):f_1 og_l(z) foreachz € Z .
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At the following we define some special and interesting functions.

(1) The constant function /' : X —Y such that f (x)=c for each point
x €X where ¢ isapointofY .

(2) The inclusion function i :X — X is defined on a nonempty set X
and written in the form i :X <X , it is defined such that i(x)=x for
each x € X . Clearly i is one to one and onto i.e. it is a correspondence

and clearly i 1 =i where i ! is the inverse function of i .
(3) If f:X Y and 4 c X, the restriction function is defined to be
f/A:4A—Y such that f/A(x)=f (x) for each point x €4 . The

restriction function of the inclusion function i on Ais i /A:AcX
such that i /4(x)=x for each x €4 and we may write it i :4 c X . If

f:X oY thenf/A=foi.If f:X Y suchthat g=f /A then f
is called the extension function of the function /' where g =f oi .

(4) The function x :N =X where N is the set of the natural numbers
is called a sequence of points of the set X where x(n)=x, €X for

each n €N , usually we write the sequence in terms of their values in
the form x :{xl,xz,x3, ...y and shortly we write it in the form <x,, >.
(5) The indexed family of subsets of a non empty set X, if Vis
nonempty, the function f :V — P(X') such that f (a)=4, € P(X) for
each @ € V where

f={4,eP(X):aeV}
is said to be the indexed set.
(6) Let X be nonempty and 4 — X , the function which is defined by
1if xed
0if xed

And is called the characteristic function of A4 and it satisfies the
conditions:

(1) X 4B (x)=;cA (X);(B (x),
(2) Xyop@)=x, )ty (-2, (g (x)and

1A(x)=

Bz, _p )=z, (-7, ()]
We shall prove (3) and left (1) and (2) to the reader. For
X4 _p (x)=leoxed-B<xecdnrx ¢B

<2y (X)=1/\ZB (X)=OC>;(A (X)[I—ZB (x)]=1
Also

24 A.S.Farrag and S. E. Abbas



General Topology Introduction

Z4_p x)=0=x¢d-B<ox¢eAdvx eB
= 7, () =0v g, () =12 7 (-7, ()] =0

1.3 Classification of sets.
In this article a number of an interesting properties and rules of
the sets of real numbers will be given like the bounded and unbounded,
the finite and infinite and the countable and uncountable sets which are
important for the study of the topology. To define the bounded and
unbounded sets we needs firstly to define the order relation which
define as follows:
Definition 1.3.1 If X is a nonempty seti.e. X #J then the relation "<"
is called antisymetric if for each two points x,yeX , x <y andy <x
impliesthat x =y i.e. x <y Ay <x =x =y And we say that
(a) The relation < is called a partially ordered relation if it is reflexive,
antisymetric and transitive. In this case The ordered pair (X ,<) shortly
The set X is a partially ordered set by the relation "<"
(b) The relation < is called a linearly or totally order relation on X if it is
a partially order relation and for each two points x,y €X either x <y
ory <x . In this case the set X is said to be totally or linearly ordered
and is called a chain.
Example 1.3.1 The usual relation " < "on the set of the real numbers R
is a totally order relation and so R is a chain by this relation.
Example 1.3.2 If X is a nonempty set then the inclusion "<" is a
partially order relation on P(X) and P(X ) is a partially ordered by
"<".
Example 1.3.3 If X is a partially ordered set by the relation "<" and
A cX suchthat 4= then 4 is partially ordered by the same relation
"<"onX.
Example 1.3.4 If X is the set of the complex numbers and "<" is a
relation on X such that for each two points 7P

‘zl‘g‘zz‘ then this relation is a partially order relation on X since

Z5 eX, ZISZ2 iff

{‘z‘ 1z € X } © R and R is partially ordered by the relation "<".
Remark 1.3.1 If X is a nonempty partially ordered set by the relation
"<" then for each points x,y €X (1) if x<y and x #y we write
x<y. (2) If x<y we say that x precedes or weaker than y
equivalently y follow or greater than x and we may write y > x .
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Definition 1.3.2 If X is a nonempty partially ordered set by the relation
"<" then

(1) aeX is called the first element of X if x > a for each point x € X
and is called the minimal element if x <a for any point x € X implies
thata=x .

(2) b €X is called the last element of X if x <b for each point x e X
and is called the maximal element if x >b for any point x € X implies
that b=x .If A cX suchthat 4 #J then

(1) aeX iscalled alower bound of 4 if a<x foreach x €4 .

(2) b €X is called an upper bound of 4 if x <b foreach x €4 .

The set 4 is said to be

(1) Bounded above if it has an upper bound.

(2) Bounded below if it has a lower bound.

(3) Bounded if it is bounded above and bounded below i.e. if it has an
upper and lower bounds.

Example 1.3.5 considering the set N of the natural numbers, the set Z
of the integers and 4 ={-2,0,3,4} as subsets of R which are partially
ordered sets by the relation "<" then

(1) 1eN is the minimal element and a lower bound of N which has no
maximal element and no upper bounds. So N is bounded below,
unbound above and the set of their lower bounds is (—o,1].

(2) The set Z is unbounded it has no lower and no upper bounds.

(3) =2 is the minimal element and a lower bound for the set A4 and the
set of all lower bounds of 4 is (—0,—2] . Also 4 is the maximal element
and an upper bound of 4 and the set of all upper bounds of A is [4,00).
Definition 1.3.3 Let X be a partially ordered set and 4 X be such that
A#J then

(1) The upper bound a of the set 4 is called the least upper bound of
A denoted sup.4 if it is the minimal element of the set of the upper
bounds of 4 . Thatis a=sup.4 iff a is an upper bound of 4 and a<c for
each upper bound cof 4.

(2) The lower bound b of the set 4 is called the greatest lower bound of
A denoted inf .4 if it is the maximal element of the set of the lower
bounds of 4 . That is b =inf .4 iff b is a lower bound of 4 and b>d for
each lower bound d of 4 .

(3) The set X is said to be complete if there exist a sup.4 for each
bounded above subset 4 of X or there exist an inf.4 for each
bounded below subset 4 of X .

Example 1.3.6 inf.N =1 and sup.N does not exist.
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Remark 1.3.2 The real set R is a complete set, any bounded above
subset of R has a suprimum and any bounded below subset of R has
infimum.
Theorem 1.3.1 (Archimedes's axiom) If aeR such that a>0 then there
exists n, €N such that nya>1 ie.

aeR:a>0=3n, eN :n,a>1
Proof: Suppose that na<1 for each neN then A={am:neN} is

bounded above so by Remark 1.3.1, there exists L €R such that
L =sup.(4) then an <L foreach neN .But
neN =>m+1)eN

=an+1)<L;VvneN =>an <L —-a;VneN

This means that L —a is an upper bound of A which implies that
L —a>L which is impossible this impossibility because of the incorrect
assumption that na<1 for each neN and then there exists n, eN
such that n,a>1.

Remark 1.3.3 There are two equivalent forms of Archimedes's axiom

(a) a,beR™ =dn, eN :nya>b.

(b) x eR+:>EIn0 eN :n,>x.

The proof is easily and left to the reader.

Proposition 1.3.1 If A cR and a=sup.A then by the definition of sup.4,
any number less than a can not be an upper bound of A that is if c <a

then there exists x € A suchthatc <x <a.
Similarly if b=inf .A and d € R such that d > b then there exists x € A

suchthat b <x <d.
Proposition 1.3.2 [faeR and A ={x €Q :x <a} then a=sup .4 .

Proof: By using Archimedes's axiom we gets
b<a=a-b>0,20>0=>3IneN :n(a-b)>20
= na > nb +20

This means that na lies greater than 20 units on the right of nb that is
there are 20 natural numbers between na and nb then

k
JkeN nb<k<na=b<—<a=b<g<a
n
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k
where — =g €Q . Clearly a is an upper bound of 4, ¢ <a implies that
n

q € Aand b <q implies that b is not an upper bound of 4 . Therefore
a=sup.4 .

Proposition 1.3.3 a,b e R :a<b =3q €@ :a<q <b ie. the set of
the rational numbers is dense in R i.e between any two real numbers

there is a rational number.

a+b

Proof: Clearly a,b€Q:a<b=a< <b and generally by using

Proposition 1.3.2, we gets 4 ={x €Q:x <b}=>b=sup.(4) and by
using Proposition 1.3.1, if a <b there exists ¢ € A such hat a <g <b
butg €4 and b ¢ A implies that a<g <b.

Proposition 1.3.4 From Proposition 1.3.3, and Archimedes's axiom we
finds

a<b=3qeQ:a<q<b=b—q S0P 0=

V2
b—q

1 2
=dn, eN : >—=b-q>—=>b>qg+—=
\/E }'ZO no I’ZO

=a<q <q+—2<b =>a<p <b:p=q+—2ch
no 1o
The two Propositions 1,3,2 and Proposition 1.3.3, say that between any
two real numbers there exists a real number. This property is also
common well known to be Archimedes's axiom.
Theorem 1.3.2 If {(a,,b,,):a € A} is an indexed family of open intervals

such that p €(Y(ay,by) €A} then A =U{(a,,by) €A} is an open
interval containing the point p .
Proof: Clearly p €A and A can be in one of the following cases:

(1) Bounded below and above,

(2) Bounded above and unbounded below,

(3) Unbounded above and bounded below and

(4) Unbounded above and unbounded below.
We prove that 4 is an open interval in (1) and (2) and we left the cases
(3) and (4) to the reader.
Case (1): Since A4 is bounded above then there exists b€ R such that
b=sup.4 and we finds b ed =3JaeA:be(ay,b,)=a, <b<b, and

from Proposition 1.3.3, there exists x eQ such that a,, <b<x <ba and
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so x €A4,b <x which contradicts that b is an upper bound of 4 which
means that b ¢4 from which p <b . If x € R such that p <x <b then
x 2b,;VaeA=x >y;Vy eA which implies that x is an upper bound
of Aimplies that x >bbecause b=sup.A this contradicts the
assumption x <b which implies that there exists €A such that
p <x <bp <b.Therefore x eR,p <x <b=x €A .Since 4 is bounded
below then there exists ae R such that a=inf4 and in a similar way
agA ,a<p and x eR,a<x <p=x €4 .Hence 4 =(a,b)
Case (2): Since A is bounded above then similar to that in case (1)
where b =supA4 andx eR,p<x <b=x €4 .If A is unbounded below
then x eR, x <p implies that x is not a lower bound of 4 implies that
there exists y €4 such that y <x . But

yed =3aeclA:a, <y <by=a, <y <x <b,

=x €(ay,by)=>x €A

Therefore, A =(—x,b)
Definition 1.3.4 The two sets 4 and B are equivalent if there is a
correspondence function between them i.e. an injective and surjective
function f :4 > B .
Example 1.3.7 The set of the positive integers N and the set
A={2n—-1:neN }are equivalent, the function f:N — A4 given by
f(n)=2n-LVneN is1l-1andontoi.e.is a correspondence. Also the
sets A ={1,2,3} and B ={a,b,c} are equivalent where f :4 — B given
by f ()=a, f (2)=b and f (3)=c is a correspondence.
Definition 1.3.5 A set A4 is finite if 4 = or if it is equivalent to the set
B={1,2,3,..... ,n} where neN equivalently if the cardinal number of
Ais either |4 |=0 or |A|=neN The cardinal number of a set is the
number of its elements if it is finite. The set A4 is an infinite set if it is not
finite i.e. if there is no any correspondence between the set 4 and the
set B equivalently if |4 [>n;VneN .
Remark 1.3.4 since R is complete then any finite subset A of R can be
written in the form A ={a ,az,a3,...,an} such that a <ay<..<ay.
Remark 1.3.5 Another definition of the infinite set as follows: A set A is
infinite if there exists a correspondence between A and a proper subset
of A. Equivalently Ais infinite if there is an injective function
f A —>f(A) such that f(A) is a proper subset of Aie. f(A)#A.
According to this definition and by Example 1.3.7, N is an infinite set.
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Definition 1.3.6 A set A is countable if it is finite or there exists a
correspondence between A and the set of the natural numbers N in
this case A4 is infinite countable otherwise it is uncountable.
Remark 1.3.6 In fact a set A is countable if there exists a surjective
function f :N — A by this definition A can be finite or infinite and the
cardinal number of A less than or equal to the cardinal number of N .
For example the set A ={a,b,c} is countable because of the function
f :N —> A which is given byf ()=a, f(2)=b and f (n)=c for each
neN —{1,2}.
Example 1.3.8 Clearly (i) N is countable and the set 4 given in Example
1.3.7, is also.
(i) The set Z of the integers is countable, since the function f :Z > N
{Zn; n>0
which is given by f (n) = is bijective.
1-2n; n<0
(iii) The set N *=N u{0}={0,1,2,......} is countable because of the
correspondence f :N*—> N which is given by f (n)=n+1 for each
neN *. Also the set N *xN * is countable because of the
correspondence f :N *xN *— N which is given by
f(n,m)=2"2m +1);V (n,m)eN *xN *.
Theorem 1.3.3 A subset of a countable set is countable. Equivalently any
set contains uncountable set is uncountable
Proof: Let X be an infinite countable set and 4 be a subset of X, if
A= then it is countable. Suppose that 4 #& and nleN be the

smallest positive integer such thata1 €A, if A —{al};t@ let 1, eN be
the smallest positive integer such that azeA—{al}. Continue these
processes, the set 4 may be of the form 4 ={a,,a,,......} and if the set
B :{nl,nz, ...... } is bounded above then Ais finite and if B is

unbounded then 4 is infinite in both cases 4 is countable.

Corollary 1.3.1 From Example 1.3.8(iii) and Theorem 1.3.3, the set
N xN s a countable set sinceN xN c N *xN *,

Remark 1.3.7 A subset of a finite set is finite. Equivalently any set
contains an infinite set is infinite".

Theorem 1.3.4 If A is a countable set and f :A —B is a correspondence
i.e. Aand B are equivalent then B is countable.
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Proof: If Ais a countable set then there exist a correspondence
g:N >4 and f og:N —B is correspondence which implies that B is
countable.
Theorem 1.3.5 An infinite countable union of infinite countable sets is
countable.
Proof: Let {4, :neN} be a family of infinite countable sets then for

each neN, 4, ={a, ,a, ,..}. Then f:NxN — |J 4, given by
1 "2 neN

f,j)=a.€A ;V(i,j)eN xN is a correspondence. Hence U 4,
ij i
neN
is a countable set.
Corollary 1.3.2 A finite union of finite or infinite countable sets is a finite
or infinite countable set.
Corollary 1.3.3 The set of the rational numbers is a countable set.
Proof: The functions f:NxN —Q7 which is given by

n
f(m,m)y=—; VY(n,m)e N xN and g:N xN —Q~ which is given by
m

n
g(n,m)=——; ¥Y(n,m) e N xN are injective and surjective functions
m

and so QT,0 are countable sets. Hence by Theorem 1.3.5,

0 =0"U{0}UQ s a countable set.
Theorem 1.3.6 If Aand B are two countable sets then A xB is
countable.

Proof: Let 4 ={a ,a2,...}~ and B :{bl,bz,.

AxB ={(a ,bl),(a ,bz),(a ,b3),...,
(a ’bl)’(a2’b2)’(a ,b3),...,(a ,bl),(a ,b2),(a ,b3),...,...,...}
= gN (AxB), :(AxB), ={(a, ,bl),(an ’b2)""""}}

n

which a countable union of countable sets, {(4xB), :neN} anditis a

..} then

countable set.
Theorem 1.3.7 Any infinite set contains an infinite countable subset.
Proof: Let A4 be an infinite set then 4 #& and so there is an element

aj €4 such that 4 —aj #J since otherwise 4 ={a; } is finite. Then there
is an element ayed —{ay} such that 4 —{aj,ay }=0 since otherwise

A={ay,ap} is finite. One can continue these processes to choose

elements from the set 4 such that for each positive integern,
A—{a ,az,...,an};zt@ since otherwise 4 ={a ,az,...,an} is a finite set
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which means that there exists an+1eA—{a ,az,...,an} and so 4
contains a countable set {a ,az,a3,...}.

Theorem 1.3.8 Any family {(a,,b,):a €A} of pair wise disjoints open

intervals is countable.
Proof: From Proposition 1.3.3, {g €0 :q €(a,,b,)} #© and so for each

acA by selecting a rational number g, €(a,,b,) from which we
obtains the set 4 ={g, :a €A} which is a set of rational numbers i.e.
AcQ and so it is countable then there exists a correspondence
f :N —A4 . Now consider the function g:4 —{(a,.b,): €A} such

that ged =>3JaecA:q=q,=>g(q)=(a,,b,) where g, eAd is the
unique which is selected from the interval (a,,b,), this is a
correspondence function since

q1-92 €4 :q1 #2qr > Ja,feA:a* .91 =94-92 =4qp

=8q1)=gGg) =(ag:by).8lq2)=glqp)=(ap.bp)

and a¢,B3(aa,ba)ﬂ(aﬂ,bﬂ):®:>g(ql);tg(qz). This means that
g isinjective.

Secondly (a,,b, ) # D foreachaeA, implies that
dged:q=q,4<lay.by).glqg)=(ay,b,) This means that g is a

surjective  function. Therefore we gets the correspondence
gof :N —{(ay,by):a €A} see the figure this completes the proof.

Theorem 1.3.9 The intervals (0,1),[0,1),(0,1],(a,b),[a,b),(a,b],[a,b] are
equivalent and equivalent to the interval [0,1] that is they have the same
cardinal number.

Proof: Firstly £ :[0,1]—>(0,1) such that f(O):% , f(x)=x when

X eE{O,l:n eN} and f(x):L when x e{l:n e N} this functions
n n+2 n

injective and surjective.

Secondly f :[0,1]—>[0,1) given f(x)=x when xe{i:n eN} and
n

1 1 , o
f(x):? when xe€{—:ne N} this function is injective and
n n

surjective.
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Thirdly f:0,1]—>[a,b]l:a<b given by the rule
f (x)=a+(—a)x;Vx €[0,1] is a correspondence since

(1) xl,xze[O,l]:>f(xl):f(x2):>x1 =X, Which implies that f is

injective.

(2) yelabl=a<y <b:>x:g:ge[0,l]:f(x):y Which implies

that £ is surjective.
Theorem 1.3.10 The interval A =(0,1) is an uncountable set.

Proof: Suppose that A4is a countable set, it can be write as
A :{xl,xz,x3,...} where x, ZOX (X X 3K e for each neN
and x,,, €1{0,1,2,3,4,5,6,7,8,9};Vn,m € N . Now we construct the
number y:O.y1y2y3...yn... such that y, =3 when x,, =7 and
Y, =7 when x,, #7 foreach neN , clearly y €(0,1), y,, £10,9} for
eachneN and y, =x,;Vn eN thatis y €4 which contradicts that

A =(0,1) this contradiction because of the incorrect that A4 is countable

and hence 4 is uncountable.
Corollary 1.3.4 According to Theorem 1.3.9, the set R of the real
numbers is an uncountable set since (0,1)c R .

Proposition 1.3.5 The set R and the interval (-1,1) are equivalent
because of the correspondence f :(—1,1)— R which is given by

fx)=—2:vx e(-L1).

I=|x |’
Corollary 1.3.5 By Theorem 1.3.10, the intervals which are given in
Theorem 1.3.9, are equivalent to the set of the real numbers R .

Definition 1.3.7 The cardinal number of the set N denoted by ¥,

(aleph null) , the cardinal number of the set R denoted by c
(Continuums) and it should be remarked that

1<2<3<..<8, <c
Remark 1.3.8 We know that if the cardinal number of a set X is ‘X ‘:n

then the cardinal number of P(X) is ‘P(X)‘=2n. Generally the
cardinal number of P(X ) is ‘P(X)‘=2‘X‘ where ‘X‘ is the cardinal

number of X and the family P(X ) is denoted by 2 .
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Remark 1.3.9 If X is a nonempty set then the family of all characteristic
functions X is denoted by C(X) i.e. C(X)={f :f :X —{0,1}} that is
there exists A — X suchthat f eC(X ) andf =y, .

Theorem 1.3.11 If X is a nonempty set then 2X and C(X)are
equivalent i.e. they have the same cardinal number.
Proof: It is an easily, the function f X —>C(X) which is given by

f (A):;(A ;VA e2X (A < X)) is an injective and surjective function.

Theorem 1.3.12 The family 2N where ZNO =c.
Proof: From Corollary 1.3.3, the sets O and N are equivalent , then

consider the function f :R —>2Q given by f(x)={y €Q:y <x} for
each x e R then we finds X15X 5 €R Xy ¢x2:>(i))c1 <x2v(ii))c2 <x
and
X <X, =3dg €Q X <g<xy=q ef(xz),q ef(xl)
=1 @)% (xy)

Similarly one can show thatx2<x1:f(x1)¢f(x2). Therefore f is

injective which implies that ¢ < Z‘Q‘ = 2NO ————)
Secondly from Theorem 1.3.11, C(N)={f:f :N —>{0,1}} and so

|[C(N)|= ZNO . Consider the function g :C(N)—[0,1] which is given
by g(f)=0/ Q0)f ) (3)...;Vf €C(N) from which we finds that
fify €CIN)if #f,=34,B 2N 4 2B,
fl =Xy /\f2 =2
But 4 #B =Xy *Xp :fl ¢f2:>g(fl)¢g(f2) which means that

is injective which implies that 2N0 <c-—(2).

From (1) and (2), ZNO = ¢ this completes the proof.

Definition 1.3.8 (Convergence of sequences) The real sequence <x, >
convergent to a point x eR or x is a limit point of the sequence,
written in the form nli_n)looxn =x or x, —>x if for each positive real
number & whatever may be small there is a natural number n, e N
such that |x,, —x |<& whenever n>n, i.e.

n2n, = |x,-x|<e=>x-e<x,<x+s

=>x,ex-&x+¢&)
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Example 1.3.9 The sequence <l> convergent to zero i.e. l—>0 by
n n
using Archimedes's property

e>0=13n,eN :¢9>i
U
So
nZno :>iﬁi<g:>i<g:>‘l_o
n n

n ng,

<&

which means that l—>0.
n

Remark 1.3.10 If the real sequence <x, > convergent to a point x i.e.
x, —x and a,b €R such that x (a,b) then for each £>0 there exists
ny, €N such that n2n, = x —e<x, <x +¢&. If e=min.{x —a,b—x}
then
nzn, =>asx —£<x,<x +&<b =x, €(ab)
Accordingly the Definition 1.2.7, of the convergence sequence <x, > to
X can be reformed as follows: For each numbers a,b € R such that
x €(a,b) there exists n, € N such that x,, €(a,b) whenever n 2n,, i.e.
nxn, =x, clab)

Then we can say that the sequence <x,, > convergent to x if each open
interval (a,b) containing x contains all except a finite number of
elements of the sequence <x,, > depended on the number &, whenever
& decreases the number of the outside elements of the interval (a,b)
increases.

1.4 The topology on the real line.

In this section the relation between the points on the real line and
the subsets of the real set R will be discuss then a classification of the
points into limit, interior and exterior points of the real sets according to
the relation between the points and sets. Also a classification of the real
sets into open and closed and studies some of their properties. This
leads us in the second chapter to define the general topology.

Definition 1.4.1 If 4 is a subset of R i.e. A R and x €4 then x is called
an interior point of A if there are two real numbers a,b€R such that
x €(a,b)cA . The set of all interior points of a set 4 well be denoted

either by 4° or by int(4), through this book we shall used the symbol

4% ie.
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xeAd’ < Ja,b €R :x €(a,b)cA.

Remark 1.4.1 Directly from the definition, A% c4 foreach AcX .
Definition 1.4.2 A subset A4 of R is called an open set if each point

x €A is aninterior pointof Ai.e.x € 4 = x ea?.

According to Definition 1.4.1, a subset 4 of R is an open set if for each
point x €4 there are a,beR such that x €(a,b)cA4 i.e.if

x€A = 3a,beR :x €(a,b)cA.

Theorem 1.4.1 A subset A of R is an open set iff A =4°.

The proof can be obtained directly from Remark 1.4.1, and Definition
1.4.1.

Example 1.4.1 The open intervals subsets of the set R of the real
numbers (i) (a,b), (ii) (a,%) and (iii) (—o0,a) are open sets where

x e(ab)c(ab)=x e(ahb)
x €(a,x +1)c(a,0)=>x € (a,oo)o and

x €(x —l,a)c(-w,a)=>x € (—oo,a)o .
Then x is an interior point of the interval in all cases.
Example 1.4.2 If a,b€R then the point a is not interior to the interval

[a,b]lie . ag [a,b]o since if c,d e R then

ae(c,d)y=>c<a<d = (c,a)c R —[a,b]
i.e. (c,d)z[a,b] and this means that each open interval containing the
point a contains other points outside [a,b]. Then [a,b] is not open.

Example 1.43 N%=0, Z° =0, 0° =@ and 0°° =@. We shall
prove the first and the forth and left the second and the third to the
reader.

(I)x eN :x €(a,b)cR=3p eQC :p €(a,b)=>(ab)z N .
Then x can not be an interior point of N for each point x e N i.e.
N =@.

(2) xeQ%:x e(@b)cR =3q€0:qge(ab)-{x}=(a,b)zQ¢. Then
x can not be an interior point of Q€ for each point x Q¢ i.e.
Qco g

Therefore according to Theorem 1.4.1, N,Z,Q,QC are not open sets.

Theorem 1.4.2 The family of the open subsets of the set R of the real
numbers satisfies the following axioms:
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(1) R and & are open sets,

(2) The intersection of two open sets is an open set and

(3) Arbitrary unions i.e. the union of any number of open sets is open.
Proof: (1) Clearly for each point x €R,

a,beR :x €e(a,b)=x €(a,b)c R =>x eRr?
=RcR’ =R’ =R
And there is no points in & which is not interior of & and so o’ =@.
(2) Let Gl’GZ c R be two open sets then
X eG1 ﬂG2 =X eGl,x eG2:>EIa,b,c,d X e(a,b)CGl,
X e(c,d)cG2:>x e(a,b)ﬂ(c,d)cGlﬂG2:

=xele,f)cGI NGy =x €(G1NGy)°
where x €(a,b)(c,d)=(e,f ). Hence
G,NG,) =G NG,).
(3) Let {Gy:axeA}cP(R) be a family of open sets then

xe( U Gy)=3aeA:x eG, andsince G, is open then
aeA

xeGy=3a,beR :x e(a,b)cG,

=>xe(@b)c(U Gy)=xe( U Ga)o

acA acA
=(U Gy’ = U G
aeA aeA

This completes the proof of the theorem.

Remark 1.4.2 By using the mathematical induction one rewrite (2) of
Theorem 1.4.2, to be The intersection of any finite number of open sets is
open that is if {Ul,Uz,...,Un :neN} is a family of open sets then

n
nu ; is open. The following example explained that the intersection of
i=l

o0

infinite sets may be not open, if ac R then () (a —l,a+l) ={a} which
n=l 7 n

is the intersection of infinite number of open sets (open intervals

(a—l,a+l)) is not open to prove this firstly
n n

e N L
n=l1 n n

Secondly x e R :x #a=Xx <a v x >a and we finds
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X <a=a-x >o0 :>Eln1 eN :x <a—i:>x e(a—i,a+i)

" neooon
® 1
>xég ) (@a-—a+—)————- )
=
X >a=>x—-a>o0=>3dn,eN :x >a+L
2 n
2
=>x é(a——,a+i)
y M
® 1
=x¢ ) (@-—a+—)————- 3)
n=
* 1 1
(1) and(3) =>x ¢ () (a——,a+—);Vx eR —{a}————(4)
I’l:l n n

From (1) and (4), ﬁ (a —%,a—i—%) ={a} which is not open.

n=
Theorem 1.4.3 Let G < R be a nonempty open subset of R and S be a
relation on G such that

(x,y)eS<3a,berR :x,y €(ab)cCG
Then
(i) S is an equivalence relation on G ,
(i) [x 1=U{(a,b):x €(a,b)cG} is the equivalence class of x for each
point x € G where [x]={y €G :(x,y)eS },
(iii) {[x 1:x €G} is a family of pair wise disjoint open intervals and
(iv) G =U{x]:x eG}.
Proof: (i)
(1) Since G — R is an open set then

Vx €eG;3da,beR :x €e(@b)cG=(x,x)esS

which implies that S is reflexive.
(2) x,y)eS =>3Ja,beR:x,y €e(a,b)cG=(y,x)eS
which implies that S is symmetric and
(3) x,y),(y,z)eS =3da ’aZ’bl’bZ eR:x,y €(a ,bl)cG AY,
z e(a ,bz)CG =x,z €(a,b))U(ap,by)=(a,b) cG
y e(al,bl)ﬂ(a by)=(a ,bl)U(a :by)=(a,b) is an open interval
which implies that S is transitive.
Therefore from (1), (2) and (3), S is an equivalence relation.
i)y e[x]=>x,y)eS =3Ja,berR :x,y €(a,b)cG =
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vy eU{@b):x eab)cG}i=

[x1cU{@b):x €(a,b)cG}————(1)
Also y eW{@b):x e(ab)cG}=
=3da,beR :x,y €e(a,b)cG=>(x,y)eS=>yelx]=>
U{(@,b):x e(a,b)cG}c[x]-——-(2)

(1) and (2) implies that
[x1=U{(@,b):x €(a,b)cG}.
(iii) Clearly from (ii) that x is a common point of all intervals the union
of which have the union [x]. So, {[x]:x €G}is a family of pair wise
disjoint open intervals .
(iv) Clearly
xeG=oxex]=xel{x]:x G} ()
tel{[x]:x eG}=>Ix eG:te[x]=Ta,berR:
te(@b)cG =teG ()
From (1) and (1), G =U{[x ]:x €G}.
Corollary 1.4.1 As a direct consequence of Theorem 1.4.3 and Theorem
1.3.8, a nonempty subset G of the set R is open iff it can be written as
a countable union of pair wise disjoint open intervals.
Definition 1.4.3 If A c R then x € R is said to be a limit point or
accumulation point of 4 if each open interval (a,b) containing x
contains at least another point of A different from the point x i.e.
abeR:x e(ab)=(ab)-{x}N4+D.
This definition can be rewrite equivalently in terms of the open sets as
follows: x € R is a limit point of a set 4 < R iff each open set G C R
such that x €G, contains at least another point of Ai.e.
(G—{x})NA #D. The set of all limit points of a set 4 — R denoted by
A" and is called the derived set of 4 and so
xed < (a,b)-{x}NA #D;Va,b eR :x €(a,b)
Remark 1.4.3 An equivalent definition of the limit point given in the
form
xeAd' < 3Ja,beR  x e ((a,b)/\(a,b)—{x})ﬂA =0
equivalently (a,b)NA ={x} or (a,b)NA=C. In this remark we can
replaced the open interval (a,b) by the open set G — R such that x €G
and the remark still valid.
Example 1.4.4 [a,b] =(a,b) =[a,b];Va,b € R since for each
x €(a,b) and  each c,d eR such  that x €(c,d),
((c.d)—{x})N(a,b)#@  which implies that (a,b)c (a,b). Also
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c,deR:ae(c,d) implies that (c,d)N(a,b)=[a,d) if d<b and
(a,b)N(c,d)=[a,b] if d>b which implies that a € (a,b)"and similarly
b €(a,b) .Hence (a,b) =[a,b].

Example 1.4.5 Q'=R and Qc' = R, we shall prove one of them and
left the other to the reader. For let x € R then
x€@b)cR=>3qeQ:a<qg<x <b=>

:>((a,b)—{x})ﬂQ £0=>xe€Q ' =>RcQ' =0 =R

We used Archimedes's axiom. In a similar way one can proved QC' =R.
Definition 1.4.4 A subset A of R is said to be a closed set if it contains
all of its limiti.e.if A’ 4 .

Theorem 1.4.4 A subset A of R is a closed set iffAc =R — A is open.
Proof: Suppose firstly that 4 is a closed seti.e. 4" = A4 then

xed  sxed=>xed
= 3a,b :x €(a,b), (a,b)—{x}NA =0
But x ¢ A4 implies that (a,b)(N4 =& which implies that

x e(@b)cA® =>x ed =4 c 4’ = 4“°

- 4€

which implies that Ais an open set.
Conversely suppose that A is openi.e. x ed’ =x 4 andso
xegd=>xed  =>xed° =3abeR:x e(a,b)CAc

= (a,b)NA=F=x ¢ A’
From which xg¢d=x¢Ad" equivalenty xed ' =xe4d
equivalently 4" = A which implies that 4 is a closed set.
Theorem 1.4.5 (The properties of the closed sets) The closed subsets of
the real set R satisfy the following properties
(1) R and & are closed sets,
(2) The union of two and so the union of any finite number of closed sets
is a closed set and
(3) Arbitrary intersection i.e. the intersection of any number of closed
sets is a closed set.
Proof: It is easily and it left to the reader.
Theorem 1.4.6 The singleton subsets of R i.e. {{x}:x eR} is a family

of closed sets.
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Proof: Let x € R be any point. Then (—,x ), (x,®) are two open sets

and so {x}¢ =R —{x}=(~o0,x )U(x,0) is an open set which implies by

Theorem 1.4.4, that {x}=({x°) is a closed set.

Corollary 1.4.2 Any finite subset A of R is a closed set.

Proof: If A is a finite subset of R then it can be written in the form
n

A :{xl,x2,...,xn} where n € N and we can write 4 = |J {xl.} which is
i=l

a union of finite number of closed sets then by Theorem 1.4.5 and

Theorem 1.4.6, A is a closed set.

Theorem 1.4.7 Let AcR, G R be an open set and p €G. Then

p € A' implies that G (A is an infinite set.

Proof: Suppose that G4 is finite then F =(GA4)—{p} is a finite set
and so by Corollary 1.4.2, F'is a closed set. Then by Theorem 1.4.2,
U =GN FCis an open set and p €U from which

U=Gn[Gnd)-{p}f =G G nAa) Uip}]

=>UnNnA4d=(GnA)Nn[(G mA)c U{ptl=(G nAd)n{p}

>U -{p}nd=0=pegd’
Therefore G (14 is finite implies that p ¢ A’ and its contra- positive is
p € A" implies that G4 is infinite.
Theorem 1.4.8 For each subset A of R, A' is a closed set.
Proof: According to the definition of the closed set we need to prove
that A" < A', forlet x € A", G < R be an open set such that x €G .

Then (G —{x})ﬂA’ # O but {x} is a closed set and Theorem 1.4.6,

implies that U =G —{x } =G N{x } is an open set and so
UﬂA'z(G—{x})ﬂA'i@:Ely eUNA'=>y eUnyed

and from Theorem 1.4.7, (G —{x})(N4 =U N4 is an infinite set which

implies that (G —{x })N4 # @& which implies that x € 4". Therefore,

xeAd"=>xed = A"c A’

which implies that 4’ is a closed set.

Theorem 1.4.9 Let A be a closed and bounded above subset of R and

p=sup.A.Then p e A.

Proof: Let 4 be a closed and bounded above subset of R , and a,b € R

such that p €(a,b). Then a<p <b and by Theorem 1.3.1, and

because p =sup.4, a < pimplies that there exists x € 4 such that
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a <x < p and either x =p which implies that p € 4 or x # p which
implies that a <x < p in this case
a<x <p<b=x e(a,b)-{p}

= (@b)-{p}))N4#B=>pecd =pecd
Since A is closed implies that A' — A4 .
Remark 1.4.4 If G c Ris an open set and x € G then there are
a,b € R such that x € (a,b) G according to which and the definition
of the convergence of sequences Remark 1.3.10, if a sequence <xy, >
convergent to the point x then for each open set G containing x there
exists a positive integer n, € N such that

nzn, =>x,c(@b)cG =x,ecqG
That is G contains all elements of the sequence <x,, > except a finite
number of them.

Exercises

(1) if {Xk :k eN,I<k <n} and {Yk :k eN,1<k <n} are indexed

families of nonempty sets where neN , Prove that

n n
() Xp cYp:Ve= 11 Xy c [1 Yy,
k=l k=l

n n n
@) (I X )NCIT Y )= I1 X NYg ) and
k=1 k=1 k=1

n n n
(i) (TT X )HUCTT Y ) =TT (Xj UYg).
k=1 k=1 k=l
(2)  Consider the families {4, :a €A} and {Bﬂ:[)’eQ} and let B be
any set then prove that
(i) BUCU 4,)= U (BUA4y,),
ael ael
(@)BN( N A4h)= N (BNA4,) and
aeA ael
i) (U 4)NCU Bp)= U (44 NBpg)and
ael e aeA,peQ)
) (N 4)UCN Bp)= N AgUBp).
ael e ael,feQ)
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(3) let f:X =Y be any function, {4,:aeA}cP(X) and
{Bg:aeAjc P ). Then prove that
@)U 4p)= U f(dy),

acA aeA

(@) f N (Ay)c N f(A,) and may be not equals,
aeA aeA

iy s U By = U £\ B,) and

aeA acA

. -1 -1
v)ysf N By)= NS (By)
aeA aeA
(4) Consider the function f : X —Y and prove that

() £ "V of =i=f of “Liff £ is bijective

(ii) If g¥ —>X suchthat gof =i then f isinjective.

(5) Consider the function f :R — R such that f(x):x2 and find
@3, faL2D, f(00), 200, £ 22)),
7 71(10,)) and 1 71(0,3)).

(6) Check that any of the functions injective, surjective or bijective:
(@) f :R >R such that

(i) f(x)=3-2x i) f(x)=x°.
(b) f :(=1,1) >R such that
X x V4
O f )= ) f(x)=——75 (i) f(x)=tan_x.
1-|x| 1—x 2
() f:N*xN*->N Such that f((n,m)=2"2m+1) fot each
n,m €N * where N *=N U{0}.
(7) Check that any of the given functions injective, surjective or neither
injective nor surjective
(a)f :R >R suchthat

(i) f()=x2+2 (i) f () =] (iii)f(X)={

(b) £ :[0,00) >R such that f (x)=~/x .

x+2; x <0

x: x>0

(8) Give an example of a family of finite sets the union of their members
is infinite set.
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(9) Prove that the union of two sets one of them is uncountable is
uncountable.

(10) Prove that the family of the intervals {(a,b):a,b €Q} is
countable.

(11) Prove that the intersection of sets one of them is finite
(countable) is finite (countable).

(12) Prove that if X is an infinite set and X =4 UB then either 4 or

B isinfinite and the converse is also true.
(13) Prove that if A cX is an infinite set, discuss the cases X —4 is

finite? X —A4 is infinite?.
(14) If A ={a,b,c,d e}, define a surjective function /' :N — 4 .
(15) Prove that (i) x,c =c (ii) X0 X=X (i) | (0, D |=c

(V) [ AxBHAB| W) |{f f :A—>B}|=|4 [P
a. IfANB =, provethat |AUB |=|4|+|B|.
(16)  Prove that (—o0,a)U(b,) is an open set for each a,b € R .

111
7 Fin an i ={l,—,—,—,...} and show that us
(17) Find 4%and A4' if 4 =1{1 d show that 4
234

neither open nor closed? Show that B =4 U{0}is a closed set.
(18) Find A" if A={a,b,c,d,e}cR.

(19) Show that ﬂ{(—%,%):neN} is not open? and

1
U{[a,b ——]:n € N} is not closed?.
n

(20) If A,U < R such that Uis open and A is finite show that
A —U is a closed set?.

(21)  If a,b € R, find two disjoint open intervals one of them contains
a and the other contains b .

(22) Give an example for two subsets 4,B — R such that A4 and
A — B are open while B is a closed set.

(23) Prove that if 4 €eP(R)—{R,J} then Aeu = A€ ¢u i.e. the
unique subset of R which are clopen i.e. both open and closed are R
and < only.
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Chapter Il
Topological Spaces
Topics:

e Topology on a Set.

e Comparison between topologies.

e Open and Closed Sets.

e Convergence of sequences in topological spaces.

In this chapter the topology is defined to be a family of subsets of a
nonempty set with some special conditions such subsets called open
sets which can be considered as a generalization of the topology on the
set of the real numbers. Some interesting examples of topologies will be
given.

2.1 Topology on a Set.

Definition 2.1.1 Let X be any arbitrary set. A topology on X js g
collection 7 of subsets of X such that

(01) X ,.Der.
(02) Given GI’GZ er, G1 ﬂG2 er.
(03) Given {G. er:i eA}, UGaG.er
! ieA !
Aset X together with a specified topology is called a topological space
and is sometimes denoted (X ,7).

Remark 2.1.1 From the above definition we can remark that:

(1) t<P(X) and 7eP(P(X)).

(2) the condition (O1) means that X and & are belongs to

(3) the condition (02) means that the intersection of any finite members
of 7 is a member of 7.

(4) the condition (O3) means that the union of any members of 7 is a
member of T.

(5) Axiom (02) can be generalized by using the mathematical induction
to be: The finite intersection of members of T is a member of T i.e.
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{G; :i=123,...njct=( (’% G;)er.
i=l
Example 2.1.1 If X ={a,b,c,d}, determine whether or not each of the
following collections of X is a topology on X :
(1) 7 ={X, @{ 1o{b}.{a.b).{b.cl}.
(2) 7o ={X . @.{a}, (b} a.b}, (b.d ) {ab.d ).
(3) 73={X, { bi.{a.c).{ab.cl).
(4) « ={ {a},{b,c}.{a,b,c}, {bcd}}
Solution: (1) 7, :{X,@,{a},{b},{a,b},{b,c}}.
(01) X,@erl.
(02)
N X %] {a} {b} {a,b} | {b,c}
X X @ | f{a | {p} |{ab} | {b.c}
%] (%) %] %] %) %] %]
{a} | {d} o |{d | @ | {4 | @
b} | {p @ @ | {p} | ) | {p}
{a.p} | {ab} | @ | {a} | (b} |{ab} ]| {b}
by} | {b.c %) %) {b} (b} | {b.c}
(03)
U X @ {a} b} | {ab} | {bc}
X X X X X X X
o | x @ {af | o} | {ab} | {boc}
g | x al {af | {ab} | {ab} |{absc]
by | x b} | b} | {p} | {ab) | {bc}
a,b} X {a,b} {a,b} {a,b} {a,b} {a,b,c}
Ne X {b,c} {a,b,c} {b,c} {a,b,c} {b,c}
Then 7 is not a topology on X, because

{a},{b.c} en but {alUlb,c}={a,b.c| 7).

46 A.S.Farrag and S.E. Abbas .A



General Topology Topological Spaces

(2) 7 = (X B.la} b} b}, b.d} fasbd )}

(01) X,0 €7,.
(02)
N X @ | {af | b} |{apb} | {b.d} | {ab.d]
X X @ | {af | b} |{apd} | {p.d} | {ab.d]
%) %) %) %) %) %)
{a} {a} o |{g | @ | {d | @ aj
{6} {6} @ o | fby | o} | b} | )
fab} | {ab) | @ | {ap | {b} [{ab)| {p) | {abd
{b.d} | {b.c} %) % {b} (b} | {
{a,b,d} | {a,b,d} 1% {a} {p} | {ab} | {b.d} | {a,b,d}
(03)
u |x | @ {a} {p} | {ab} | {pd} | {ab.d]
X X X X X X X X
%] X %] {a} {b} {a,b} {b,d} {a,b,d}
g | x | g {af | {ab} | {ab} |{abd} |{ab.d}
) x| b} | feb) | b} | {ab} | {p.d} |{ab.d]
{a,b} X {a,b} {a,b} {a,b} {a,b} {a,b,d} {a,b,d}
{bdy | x | {bd} |{abd}| {bd} |{abd}| {bd} |{ab,d}
{a,b,d} X {a,b,d} {a,b,d} {a,b,d} {a,b,d} {a,b,d} {a,b,d}

Then 5 is a topology on X .

(3) 73 ={X.D.fab} lac).{ab.cl}.

(01) X,@er3.

(02)
n X %) {a,b} | {a,c a,b,c
X X %] a {a,c} a,b,c
%) %) %) %)
{a,b} {a,b} %} {a b} {a} a,b
a,c {a,c %} {a} {a,c} a,c
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| {aboc) [{abe) | @ |{ab} ]| {ac) | {abe} |
Then 73 is not a topology on X, because

{a.c}{ab}e (3 but {a,c{\{a,b|={a} ¢ 7.

(4) 7 ={X,@,{a},{b,c},{a,b,c},{b,c,d}}.

(01) X,@er4.
(02)
n X %] {a} b,c {a,b,c} b,c,d
X X & {a} b,c {abc} | {b.c.d
%] %) %] %] %] %] %]
W [0 | 2 || o | a4 | o
{b,c} {b,c} %] %] b,c {b,c} {b c
{a,b,c} {a,b,c} %] {a} b,c {a,b,c} b,c
{b,c,d} {b,c,a’} (%} %} {b,c,d} {b,c} {b,c,d}
(03)
U X 4] {a} {b.c} | {ab,c) | {b,c.d}
X X X X X X X
& X & {a} {b.c} | {ab.c) | {bc.d}
W | x| | ) | labe} | fabe)| x
{b,c} X {b,c} {a,b,c} {b,c} {a,b,c} X
{a,b,c} X {a,b,c} {a,b,c} {a,b,c} {a,b,c} X
{b,c,d} X {b,c,d} X {b,c,d} X {b,c,d}

Then 7y is a topology on X .

At the following a number of common and interesting examples of
topologies will be given, these examples with other examples will be use
in future to explain the properties of the topological spaces.

Example 2.1.2. (Indiscrete topology) Let X be any set. Then
I ={X ,J} is the indiscrete topology on X .

Proof: 01) X ,Jel.
02) X NG=Del.
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03) X Ud=X el.
Then / ={X ,@} is a topology on X and is called the trivial topology.

Example 2.1.3. (Discrete topology) Let X be a countable set. Then
D =P (X ) is the discrete topology on X .

Proof: O1) Since JcX and X cX, X ,JeD.

02) For any G1 and G2 of subsets of X , then G1 ﬂGz is a subset of
X

03) An arbitrary union of subsets of X is itself a subset of X .

Then D =P (X ) isatopologyon X .
.. T isatopologyon X .

Example 2.1.4. (Particular point topology) Let X be any set and let
p€X . Then

Pp ={GcX :peGlU{T}

is the particular point topology on X .

Proof: O1) Since @e{@}gPp,QePp.

As X e{GcX :p eG}gPp, X eP,.

02) Let GI’G2 ePp . Given GI’G2 = or
Gl,Gze{G cX:p eG}c;Pp, suppose peGl,per then

peGlﬂGz.So GlﬂGze{G cX :peG}gPp.

Otherwise, G1 ﬂGZ =0 ePp. In either case, G1 ﬂGz ePp .

03) Let {Gi cX :ieA} be an indexed family of sets such that

Gi €P), Vi €A. Notice Gi = or Gi €{G <X : peG}. Suppose

peG. for at least one ieA. Then pe JG.. So
! ieA !

UG, elGcX :peGicP,.

ich P
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Otherwise, | G. =®6Pp. In either case, U G. ePp.
ieA ! ieA !

Pp is a topology on X .
Example 2.1.5. (Excluding point topology) Let X be any set and let

pe€X . Then
E, =GcX :peGiUX}

is the excluded point topology on X .

p,X eEp.

As DelGcX :peEG}ng, @eEp.

Proof: 01) Since X e{X |cE

02) Let GI’G2 ek Given Gl,G2 =X or

P
Gl,Gze{G cX :ng}ng, suppose peEGl. for at least one

i =1,2 then peGlﬂGz.So GlﬂGze{G cX:p eG}ng.
Otherwise, GlﬁG2 =X eEp. In either case, G1 ﬂGz eEp .

03) Let {Gl. cX :ieA} be an indexed family of sets such that

Gi eEp Vi €A. Notice Gi =X or Gi e{G cX :peG}. Suppose

p eG. for any i €eA. Then pe UG.. So
! ieA !

U Gi elGcX :peGicE

ieA P

Otherwise, U Gi =X eEp. In either case, |J Gi eEp.

ieA ieA

Ep is a topology on X .

Example 2.1.6 (Co-finite topology) Let X be a non empty set then
C={GcX :GC is finite +u{} is a topology on X .

Proof: 0O1) & eC by the definition, X € =@ is finite which implies
that X eC.
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02) G1,GHeC —{D} Implies that Glc and Gg are finite implies that

(G;NG, ¥ :Glc uGzc and G "D = for each G €C which implies
that (G1 mGz)eC foreach G1,GHeC .
03)If {G;:ieA} cC then

(U Gi)CZ( N G,-C)CGI-C;W eA:G; #D

ieA ieA
Then (U Gi ¥ is finite since Gl.c is finite for each ieA and so
ieA
U Gi eC.

ieA
Example 2.1.7 (Co-countable topology) Let X be a non empty set then

C={GcX :GC is countable yu{Q} is a topology on X .
Example 2.1.8. (Usual topology) Let R be a real number . Then

Gz{G CR:Vx eG 35>0 such that (x —5,x +§)gG}U{R,®}

is the usual topology on R .
Proof: O1) ltisclearthat R,JeO.

02) Suppose that GI,GZEU and x eGlﬂGz. Then x eGl and
X er . Then there exists 51,52 >0 such that

(x —0,,x +0,

b 1)gG1 and (x—5 X +0

yx +6,)G

5
If we choose 5=min{5l,§2} we have
(x —0,x +5)gG1 and (x —5,x +5)gG2.
Then,
(x =0,x +5)gGlﬂG2 Vx eGlﬂGz.

Thus G1 ﬂGz eO.
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03) Suppose that {Gi i eA}gG and x € | Gi . Then there exists
ieA
at least one G. E{G. :ieA} such that x eG. . Since G. €0,
i i iy, iy,
there exists 6>0 such that (x—d,x +5)gGl. . Also, since
o

G. c UGQg6., there exists 0>0 such that
lo " jen !
(x=0x+0)c UG.,Vxe |J G..Hence | G, €.
ieA ! ien ! ieA !

Example 2.1.9. (Right Ray topology) Let R be areal number . Then
r:{La =(a,») :aeR}U{R,@}

is the right ray topologyon R .

Proof: O1) ltisclearthat R,Jer.

02) Let La,Lb et fora,b €R . Then,

Lb , if a<b

LyNL, =
“ b {L if azb.

a’
So, LaﬂLb er.Also, L,NP=S and L,NR=L,.

03) Let {La. a; eR and ieA}g‘r. Then
i

L ] =infla.:i eA
UL, - a zfaln{alze}
ieA 1 R, Otherwise.
Hence U L, er.
ieA 1
Example 2.1.10. (Left ray topology) Let R be a real number . Then
t={L,=(-,a):acR}U{R,J}
is the left ray topologyon R.

Proof: O1) Itisclearthat R,Jer.
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02) Let La,Lb et fora,b €R .Then,

LAL - L,, if a<b
a’ p Ly, if a=b.

So, LaﬂLb er.Also, L,NDd= and L,NR=L,.

03) Let {La. a; €R and i e]}gz’. Then
i

R, Otherwise.

UL = Lg, if a:sup{al.:ieA}
ien i

Hence U L, er.
ieA 1

Example 2.1.11. Let N pe a natural numbers and 7 be the class
r:{An:{1,2,3, ....... ,n}:neN}U{N,@}.

Then, prove that 7 is a topology on N .

Proof: O1) Itisclearthat N ,Jer.

02) Let 4,,,4,, €t for n,m eN . Then,

A4, N4, :Ak ={1,2,3,....... k| where k =min{n,m}.

So, A, NA,, €r.Also, 4, D= and A, N =4,.

03) Let {An n; eN and ieA}gr. Then

i
A, =4, ={1,2,3,.... Jk} where k :max{nl. D EA}.

Hence | 4, er.
ieA 1

Example 2.1.12. Let N pe a natural numbers and 7 be the class

T:{An:{n,n+1,n+2,n+3, ......... }:neN}U{@}.

Then, prove that 7 is a topology on N .
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Proof: O1) Itis clearthat N ,Jer.

02) Let 4,,,4,, €t for n,m e N . Then,
A4, N4, :Ak ={k,k+Lk +2,.... | where k =max{n,m}.

So, 4, NA,, er.Also, 4, ND=D and A4, (N =4,,.
03) Let {An. n; eN and ieA}gT. Then
i

A, =4, ={k.k+1,k+2,.... where k =mini{n. :i €A}.

Hence | 4, er.
ieA 1

Example 2.1.13. Let X be a non empty set, peX and
t=E,UC={GcX:peGvG isfinite}. Then,
(01) X ,0 eEp ulC =X ,Jer,
(02) If G1,Gper—{X} then either (i) Gy eEp v Gy eEp or
(ii) G1,Go €C from which we find that
(i) =peGi NGy =G NGy EEp =>G NGyer
(ii) =>G1NGreC =G NGy et
Clearly G| =X implies that Gy "Gy =G and Gy=X
implies that G "G5 =G5.
(03) If {Gi :i e A}t then there are two cases:
(i) {G; =i eA}CEp = U{G; i eA}eEpcr .

(i) There exists i,, €A such that Gi €C in this case we find that
0

G, CU{GZ. el U{Gi iieAleC cr.
o
Therefore 7 :Ep UC satisfies the axioms (01), (02) and (0O3) and so a

topology on X .
Example 2.1.14. Let X be a nonempty set and y and z be two distinct

points of X . Then rzPy VE, isatopology on X , for

(01) X,@ePy NE, :X,@ePy VE,,
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(02) If Gl,Gzer—{X}z(Py UE, )—{X }then either (i) zgGy or
z Gy which implies that z¢&G;nGy which implies that
GiNGoreE, cr  or (i) yeGyNGy which implies that
G1nGy ePy cr.

(03) If {Gi :i e A}ct then either {G; :i € A}cE, which implies that
U{G; :i e A}e E, cr orthere exists i,, €A such that Gio ePy -k,
in this case p eU{G; :i € A} which implies that U{G; :i € A}ePp cr
Therefore r = E, uPy satisfies the axioms (01), (02) and (03),sois a
topology on X . For example if X ={a,b,c} then

Ea:{X,Q,{b},{C},{b,C}},
By ={X . D.{a,b},{b}.{b,c}}

= TZEaUPb :{X ,Q,{b},{c},{a,b},{b,c}}

=

Theorem 2.1.1. Let X be a non empty set, t be the family of all possible
topologies on X and {r;:ieA}cr. Then t*=({r;:i €A} is a
topology on X .
Proof: We are going to prove that 7 * satisfies the axioms (01), (02) and
(03) as follows:
Since 7; is a topology on X for each i €A then
(01) X ,Der; ;Vi e A= X Der*,
(02)
G1,Gp et*=>G1,Gyer;VieA
=>G NGy er;;VieA =>(GnGy)er*
(03) Let {G;:i e Ajcr™*. Then G; er; ;Vi € A which implies that
( U G;)er;; Vi € A whichimplies that U{G; :i € A}er*.
ieA
In our last example, we show that the union of topologies need not be a
topology.

Example 2.1.15.  Each of the classes 7,={X,J,{a}} and
r2={X,®,{b}}is a topology on X ={a,b,c}. But the union
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7 Urz :{X ,@,{a},{b}} is not a topology on X since it violates (03) .
That s, {a} €7y Ur2 and {b} €7y Urz but {a}U{b}={a,b} 27| Urz.

2.2. Comparison between topologies.

Definition 2.2.1. Let 7 and r* be two topologies defined on the same
underlying set X .

* *
e If <7 , then we say that 7 s finer (stronger ) than 7.

. k
Equivalently, we say that 7 is coarser (weaker ) than 7 .

£ *
e If Gz , then we say that ¢ s strictly finer than 7,

3
Equivalently, we say that 7 is strictly coarserthan 7 .

* S
e If rcr or 7 cr, then the two topologies are said to be
comparable. Otherwise, the two topologies are incomparable.

Remark 2.2.1. The indiscrete topology is the coarsest topology possible.
While the discrete topology is the finest topology possible. So if 7 is a
topologyon X ,then I crcD.

Remark 2.2.2. If AcB, then ANB=A4. So if < r*, then
N =z Equivalently, if () o T, then 7@ o Similarly, if
z’ﬂz'* # r*, then z'* & 7. So if the intersection of the two topologies is

not one of the two given topologies, then the two topologies are
incomparable.

Example 2.2.1._ Consider the usual topology O on R and let z be the
left ray topology on R . Then 7 is weaker than O since

Ger—{R,J}=>3daeR :G=(—»,a) =G €0 =70
Example 2.2.2._Let X ={a,b,c,d} and
2 ={X,p,{a},{b},{c,d},{a,b},{a,c,d},{b,c,d}} and
7, ={X ,p,{a,b},{c,d}} be two topologies on X . Clearly H,Ch which
means that 7 is weaker than 77 equivalently 77 is stronger thanz .
Example 2.2.3. Let P, be the particular point topology on X and let
Ep be the excluded point topology on X . Then,

P, ﬂEp :{{G cX :peG}U{@}}ﬂ{{G cX 3P€G}U{X}}
={D,X }.
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So P, and Ep are incomparable.

Example 2.2.4. Let X ={a,b,c} andlet ae X . Then

the indiscrete topology on X is 1 ={J,X } .
the discrete topology on X is
D ={@,X ,{a},{b}.{c}.{a.b},{a.c},{b,c}}.

the particular point topology on X is

P, :{Q,X ,{a},{a,b},{a,c}}.
the excluded point topology on X is

E, :{Q,X ,{b},{c},{b,c}}.
Notice I &GP, GD and I GCE,GD .

Example 2.2.5. If X ={a} , then [={X,J} and D ={X,J}.
Hence, I =D . So any topology defined on a singleton set is
indistinguishable from the indiscrete topology.

Definition 2.2.2. Suppose that 71 and 7y are two topologies defined on

a nonempty set X then 7, is a strictly weaker topology than t| if for
each subfamily ©* of P(X ) such that T*¢1'2 then 7, cr*crl implies
that either r*=rl or T* is not a topology on X .

Example 2.2.6. Let X ={a,b,c,d} and

2 ={X,3,{a},{b},{c,d},{a,b},{a,c,d},{b,c,d}} and
12:{X,®,{a},{a,b},{c,d},{a,c,d}} be two topologies on X . Then
7y is a strictly weaker topology on X than 77 because if
Tziz'*cP(X) such that 7, cr*crl then G e r*~7y implies that
G ety -1y ={{b},{b,c,d}} and there are two cases:

(1) G={b} Which implies that {}Uic,d}=1{b,c,d} and either
{b,c,d}er* which implies that r*=rl or {b,c,d}&r* which implies
that 7 * is not a topology on X .

(2) G={b,c,d} which implies that {b,c,d}"{a,b}=1{b} and either
{b} € 7* which implies that r*=rl or {b} & * which implies that 7 * is
not a topology on X . This means exactly that 75 is strictly weaker than

71.
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Theorem 2.2.1 Let A be a nonempty subset of a set X, z € A,

ved—{z}, PA_{y}:{GcX A -{y}cG}u{d} and
Py={GcX :AcG}U@}. If " =E, VP, then T=E; WPy

is a strictly weaker topology than '
Proof: Suppose that 7* cP(X )such that rcz*cztand 7% # 7 then
G et *—7 implies that G ez * and G ¢7and so

(a)Gegr=G¢E, AnG¢Pyand
(b)Ger*=>Gert=GeP from which G¢E, =z <G .Then

A={y}

GegP, AnGeP =2>A4Ac¢G,A-{y}cG = yeG.

A A-{y}

Now if H ezt such that HeP B

then AcH*=H U from
Ay} b}

which we finds
H*eP, = H*er*=> H*nGer*
Also y¢G implies that yeH*NG which implies that
H*NG =H NG er* and so
zeG =z¢eH-G=>H-GeE, =>H-Ger*
Therefore
(H-G)U(H NG)=H er* = r*=7"

This means that 7 is a strictly weaker topology than tonx.
Definition 2.2.3. If X #J the topology on X which is strictly weaker
than the discrete topology D is called an ultra topology on X .
Theorem 2.2.2. Llet X be a nonempty set and y,ze€X such that
y #z. Then Dyz =E, uPy ={GcX:ze¢GvyeG} is an ultra

topology on X .

Proof: It was proved that D, is a topology on X Example 2.1.14, and

vz
to prove that it is a strictly weaker topology than D, let 7*c P(X ) be
such thatDyZ cr*c D .Then

Ger*-D,, =Get* G ¢D

yz yz
=>Ger*-{0},G¢E, .G ePy =>Get*zeG,y¢G

But {y,z}eD,; implies that {y,z}er* and since G er* then
GNi{y,z}={z}er* and since {{x}:x eX —{z}}cE, cr* then
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yz isa

yz is an ultra topology.

{{x}:x e X } cr* which implies that 7%= D . This means that D
strictly weaker topology than D on X .So D

Remark 2.2.3. In fact D, is a principal ultra topology, the ultra

vz
topologies are called principal or non principal which are defined by
Frohlish in 1964. To define the non principal we need an idea about the
filters which will be given at the following definitions, examples and
Theorems.

Definition 2.2.4. A nonempty family S of nonempty subsets of a set X
is called a filter basis for X if it satisfies the following condition:

The intersection of two members of £ is a member of . This condition
can be written in the form "the intersection of any finite number of
members of f is a member of §".

Example 2.2.7. If 4 is a nonempty subset of a set X , then f={4} isa
filter basis on X .

Example 2.2.8. The family of the tails of a sequence <x , > of points of
aset X is afilter basison X .

Example 2.2.9. Let X be an infinite set, then the family of the

complements of all finite subsets of X i.e. the family g = {AC :
A is a finite subset of X' , 4 # O} is a filter basis on X .
Definition 2.2.5. A nonempty family 3 of nonempty subsets of a set X
is called a filter on X if it satisfies the following two conditions:
(i) A superset of a member of J is a member of J i. e.
Ae3J,AcBcX =>BeS.
(i)  The intersection of two or any finite number of members of
3 isa member of J i.e. AI’A2 ed :>AIF\A2 eJ.
Clearly 3 is a filter on X if it is a filter basis on X and satisfies the
condition (i).
Example 2.2.10. If 4 is a nonempty subset of a set X , then the family
of all super subsets of 4 is a filter on X determined by the filter basis
{4}.
Example 2.2.11. Every filter basis on X determines a filter on X .
Example 2.2.12. If X is an infinite set then the family

S:{Ac :4 is a finite subset of a nonempty subset of X } is a filter on
X .

Example 2.2.13. The family of the tails of a sequence <x,, > of points
of aset X is a filter on X which is called an elementary filter.
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Theorem 2.2.3. If 3 is a filter on a non empty set X and z €X is any
point then t=E, UJ is a topology on X where E , is the excluding
point topology on X .
Proof: Clearly(i) X ,0 €E, = X ,Jer,
(it ) G1,Go et implies that either
(a) GieE, v GreE, =G NGreE, =G NnGyer or
(b) G1,GreI=>G1NGreI=>G NGyer and (iii) {Gj:ieAjcT
implies that either
(a){G;:ieAicE, = (U G;)eE, =( U Gj)eror
ieA ieA

(b) There exists i, € A such that Gio €3 from which
Gio c(. U G;)cXx :>(. U G;)e3= (. U G;)er.

ieA ieA ieA
Definition 2.2.6. If Sl and 3, are two filters on a set X then Sl is
finer than 3, if 32 CSl, if 31 ;tSz we say that Sl is genuinely finer

than 3.
Remark 2.2.4. (1) Clearly {X } is the weakest filter on X .

(2)If AeP(X )—{X ,J} then {4} and {AC} are filter bases determine

the filters Sl and3y. If 3 is a filter on X stronger than both Sl and

3, then 4 ,Ac e3=A4nA4A° =T eI a contradiction which means
that such filter 3 does not exist.
Theorem 2.2.4. Llet X be a non empty set, | and 3, be two filter

bases on X and 3, and 3, be the filters on X determined by f) and
By . Then there exists a filter 3 on X which is finer than both Sl and
3y iff ANB #D for each A e,b’l and B eﬂz.

Proof: Let A "B = for each 4 e,Bl and B eﬂz. Then the family
{ANnB:4 eﬂl A B €fy} is afilter basis on X determines a filter 3
on X which is finer than both Sl and 3,.

Clearly 3=sup{3;,37 }.
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Conversely let 3 be a filter on X which is finer than both Sl and 39

and 4 eﬁl and B eﬂz then 4,B €3 and

ANB=0=BcA® = 4° e3> A4nA° =03
which contradicts the Definition 2.2.5, of the filters? Therefore
ANB #J foreach 4 eﬂl and B eﬁz.
Theorem 2.2.5. Let A be a non empty subset of a set X and I be a

s *
filter on X . If 3 is a filter on X finer than 3 then A e3= 4¢3

3
and ifAc & 3 then there exists a filter 3 on X finer than J such that

£
AeT .

%

Proof: Let 3 be a filter on X finer than 3. Then A€ € 3 implies that
* * * *

A€ €3 impliesthat 4 ¢ 3 since 4 €3 = ANAS =@ eI which

contradicts Definition 2.2.5 .

Conversely let A€ ¢ 3 and B 3. Then
BnA=0=BcA® = A4° €3 which contradicts our assumption

that 4 ¢ 3 and so ANB#Q for each B 3. Hence by Theorem
2.2.4, the family {A "B #J:B €3} is a filter basis determines a filter

%
3 =sup{3,34} on X finer than 3 where J,is the filter on X
%
determined by the filter basis f ={4} and clearly 4 € 3 . Therefore

c * * c
A ¢3=>A €3 Equivalently 4 ¢3 = A4 €3.
Definition 2.2.7. If X is a nonempty set then J is an ultra filter on X if

~

* % %
for each filter 3 on X, 33 impliesthat 3 =3.
Example 2.2.14. If X is a nonempty set and x € X then the filter
generated by the filter basis {{x }} is an ultra filter denoted by 3, and

is called principal or elementary ultra filter.
Theorem 2.2.6. If X #J then a filter I on X is an ultra filter iff for

each nonempty subset A of X either A €3 or A€ €3,
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Proof: Suppose that J is an ultra filter on X such that A€ ¢3 then by

%
Theorem 2.2.5, there exists a filter § on X finer than 3 such that

~

* *
A €3 butsince J is an ultra filter then 3=3 andso 4 € 3.
Conversely suppose that 3 is not ultra filter on X then there exists a

k * *
filter 3 on X such that 33 and 3 #3 which implies that there is
%
an element 4e€3 such that A¢3 which implies that

* *
A e3=>4°€e3 =>4nA° =TT which contradicts Definition
2.2.5. Therefore if 3 is not ultra filter on X then there exists a subset

A of X suchthat 4 ¢ J and 4€ ¢33 equivalently if J is an ultra filter
on X then for each nonempty subset 4 of X either 4€3J or A€ €3,

Corollary 2.2.1. If 3 is a non principal ultra filter on X then {x }c z3
for each point x €X since by Theorem 2.2.6, {x}e3 implies that

{x }C g3 which implies in this case that 3=3,. is a principal ultra filter.
Theorem 2.2.7. If a filter 3 on a nonempty set X has a finite element
then it can not be ultra filter except when it is principal.
Proof: the proof is omitted.
Remark 2.2.5. As a direct consequence of Theorem 2.2.7, a non
principal ultra filter has no finite elements.

Now we arrive to the Theorem which because of it we gave the
glance about the filters.
Theorem 2.2.8. If X #, z € X is any point and 3 is an ultra filter on

X then t=E, UJ is an ultra topology on X .
Proof: We proved in Theorem 2.2.3, that r=E, UJ is a topology on
X . To prove that it is an ultra topology, let 7*c P(X) be such that
rct*c D andz *#7. Then

Gert*r1=Ger*Ge¢r=E£, UI=>G ¢E,
and G ¢ 3. From which (1) G ¢E, =z €G and (2) G ¢ J implies by

Theorem 2.2.4, that G® €3 which implies by the Definition 2.2.5(i)

that G U{z}e3I and so GCuizler*. Since Ger* then
G N (GC U{z})={z}er*. Therefore
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{x}xeX -{z}}cE, crcr*

=>{{x}xeX}cr*=>1*=D
Therefore 7=E, UJ is an ultra topology on X .
Remark 2.2.6. If 3 is a principal ultra filter on X that is if there exists a

point y € X such that 3 =Sy then Sy =Py —{J} and
t=F, U3=E, uSy =k, uPy -{D}=E, uPy =Dyz which

proved by Theorem 2.2.2, that it is an ultra topology on X which is
called a principal ultra topology on X . If I is a non principal ultra filter

on X then t=E, UJ is called a non principal ultra topology on X .

2.3. Open and closed sets.

Definition 2.3.1. Let (X ,r) be a topological space. Then the

elements of 7 are called open sets i.e. G €7 means that G is

openand G isopenmeansthat G 7.

Remark 2.3.1. Clearly from Definition 2.3.1, the open sets in a

topological space (X ,7) satisfy the following properties

(1) X and & are open sets,

(2) The intersection of any two and so of any finite number open

sets is an open set and

(3) The union of any number (arbitrary union) of open sets is

open.

In fact these properties are the axioms (01), (02) and (03) of the

Definition 2.1.1.

Example 2.3.1. In the discrete topological space (X ,D) each

subset of X is open for example the singleton subsets

{{x }:x €eX } are a family of open sets since D=P (X ).

Example 2.3.2. Consider the usual topological space (R,U) we

defined the open subset G cR ie. GeU if for each point

x €G there are two real numbers a,beRsuch that

x €(a,b)cGand clearly the family pg={(a,b):a,beR} is a

family of open sets.

Example 2.3.3. Consider the set X ={a,b,c,d } and let
={X,9,{a},{a,b},{a,c,d}}.

Then the elements of 7 is the family of all open sets like

{a},{a,b} and {a,c,d} we find also {b,d},{d},{b},{b,cler

which gives a family of subsets of X which are not open.
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Definition 2.3.2. Let (X ,r) be a topological space and FcX .
Then F is called a closed subset of X If FC is an open set

equivalently if there exists G €7t such that F¢=G or

equivalently G°=F.
Remark 2.3.2. From Definition 2.3.2, if GcX is an open set i.e.

G et then (GC )C =G which implies that G® is a closed set.
Hence the open and closed sets are complements of one another.
Therefore in any topological space (X ,r) the family of the
closed sets i.e. the family of the complements of the members of
the topology t, through this book it will be denoted by 7. Hence

7, :{Gc ‘G er}. For example if X ={a,b,c,d} and
r={X,3,{a,b},{c},{c,d},{a,b,c}} is a topology on X then
7. ={J, X ,{c,d},{a,b,d},{a,b},{d}} is the family of all closed
subsets of X and we remarks that X ,J,{a,b},{c,d} are both

open and closed sets at the same time and the sets
{b,c,d},{b,d},{b,c}} are neither open nor closed sets.

Example 2.3.4. Consider the right ray topological space (R, 7)
where 7={(a,©):aeR }U{R,J} the family of the closed sets is
7. ={(-w,al.aeR } U{T,R }.

Example 2.3.5. In any topological space X,7), X.Der
implies that J,X ez, which means that X and & are both

open and closed sets.
Example 2.3.6. Let X ={a,b| andlet aeX .Then

e in the nparticular point topology P, ={X,J,{a}} the
subset {a} is open but is not closed.
e in the excluded point topology E, ={X ,@,{b}} the

subset {b} is open but is not closed.

Theorem 2.3.1. In any topological space (X ,t) the family 7. of

the closed sets satisfy the following conditions:
(C1) X and & are closed sets.,
(C2) Arbitrary intersections of closed sets is a closed set and
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(C3) The union of two and so of a finite number of closed sets is a
closed set.
Proof: (C1) From Example 2.3.5, X and & are two closed sets.

(C2) Let {Fj:i eAjcr, be a family of closed sets. Then
{Fl-c :i € A}t is a family of open sets then

(N EYX=(UF%er=(N F)ez,.

ieA ieA ieA
c pc

(C3) Let Fl’ FZGTC .Then F1 ,F2 €7 and so

(FUF, ¥ :(Flc mFZC )er = (F]UF,)er,.
Which complete the proof.
Remark 2.3.3. Through this book in any topological space (X ,7)

the subsets of X which are both open and closed are called
clopen sets ie. if Ge(rnt,) then G is called clopen set. For

example
(1) In any topological space (X ,r), X and & are two
clopen sets.
(2) In the discrete topological space (X ,D), each subset of
X is a clopen set since D:P(X):DC.

2.4. Convergence of sequences in topological spaces:
Definition 2.4.1. If (X ,7) is a topological space and <x, > is a

sequence of points of X then the convergence of the real
sequence one can defined the convergence of the sequence

<x, > to a point x € X written x, —>x as n—o if each open
set G containing xie. x €G contains all points of the
sequence <x, > except a finite number of them i.e. there is a
positive number n, € N suchthatn 2n, = x, €G .

Example 2.4.1. In any topological space (X ,r) if a sequence
<x, > s in the form <x, >:{x1,x2, ...... R 29 2 N

Then it is convergent to the point peX ie. x, —>p.
Example 2.4.2. Consider the co-finite topological space (X ,C)
where X is an infinite set and let <X, > be an infinite

sequence of distinct points of X . If x e X and G €C such
that x € G then G contains all elements except a finite number
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of <x, > which may be in G¢ since G is finite. Therefore
<Xx, > is convergent to each point x e X . If X is finite then
C=D and the infinite sequence <x, > does not convergent
to any point of X .

Example 2.4.3. Let X be an infinite set and 7 be the co-
countable topology on X ie. G er—{J} iff G¢ is countable.
Then the sequence <x, > of points of X converges to a point
p e X iff

<X gy XX e ey X s PP P s Since first if
<X, >:{x1,x2,...,xn,p,p,p, ...... } then by Example 2.4.2,

x,—p. Secondly If GcX such that G¢ contains only the

elements of the sequence <x, > except the point p i.e.

G© ={X1,X 2,0 cesX gy 5 —{p}  then G® is countable and so

Ger and peG. x, »p implies by the definition that G

contains all elements of <x, > except a finite number of

elements and accordingly G€ is finite which implies that there
exists a natural number n, € N such that

G° ={X1,X9,0n X n, } and so < x,, > will be of the form

<Xy, >= {xl,xz, sX s DaDs Py e e} -

Exercise

1 — Construct all possible topologies on the set

(i) X ={a,b} (There are four topologies on X ).

(i) X ={a,b,c} (There are 29 topologies on X ).

2 — Construct the largest number of topologies as possible on the
given set

(1) X ={a,b,c,d} (There are 355 topologies on X ).

(2) X ={a,b,c,d,e} (There are 6942 topologies on X ).

(3) X ={a,b,c,d,e,g} (There are 207527 topologies on X ).

3 — Suppose that {a,b,c,d}cX write a topology on X such
that the union of all members of 7—{X } equals {a,b,c,d}.
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4—1f X #O and 7 is a topology on X , prove that
(i) {{x }xeX jcriff r=D.
(i)Y er; VY cX Y [=2A]X [23=¢=D
(i)Y er; VY cX Y |=3A]X [25=7=D
5 — Prove that if X is infinite and 7 is a topology on X such that
the infinite subsets of X are members of 7 then 7=D .
6 — If X is a finite set, prove that each of the co-finite and the co-
countable topology coincides with the discrete topology D on
X and show that for any set X,

GcHcX GeC(Ger)=>HeC(Her).
7 - If X={ab,c,d}, write the topologies D,E, Ey E..E ,
P,,P,, P. and Fy.
8 — If AcX such that 4#J and 7={GcX :GNA=J}uU{X}
then prove that 7 is a topology on X . If A={p}then what is

the topology 7 in this case?.
9 — If AcX such that A#J and 7={GcX :4 cG}U{T}

then prove that 7 is a topology on X . If A={p}, what is the

topology 7 in this case ?.
10-If X is aninfinite setand p,q € X , prove that

(i) r=E, v (P, NC)is a topology on X,

(i) = Pp wC is not a topology on X and

(iii) T:Pp u(Eq NC) is not topology on X .

11 — Consider the set R of the real numbers and let 7cP(R)
be such that each subset GcR is an element of ¢ iff

xeG=3a,beR :x €la,b)cG, prove that 7 is a topology on

R . This topology is called the lower limit point topology on R .
12 — Consider the set R of the real numbers and let 7cP(R)

be such that each subset GcR is an element of t iff
xeG=3a,beR:x €(a,b]lcG, prove that 7 is a topology on
R . This topology is called the upper limit point topology on R .

13 — Let (X ,7) be a topological space, Y be a nonempty set and

X >Y be any function. Then show that
f*¥(o)={V ¥ :f_l(V )er} isatopologyonY .
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14 — Let (Y ,7*) be a topological space, X be a nonempty set
and f:X->Y be any function, prove that
f_l(r*):{f_l(V )V er*} istopology on X .

15-1If X #J, compare the following topologies on X

(1) The co-finite topology C and the co-countable topology 7if

(a) X is aninfinite set. (b) X is a finite set.
(i) The excluding point topology Ep

topology Pq where p,geX () p=q (b) p #q.

and the particular point

(iii) The right rays topology 7 on R and the usual topology U .
(iv) The co-finite topology C on R and the usual topology U .
16 - Let X ={a,b,c,d}, construct three distinct topologies

71,72 and 73 on X such that
(@) 1,D ¢{r|,7p,73},

(b) \rl.|24 for each ie{l,2,3} where ‘Ti‘ is the cardinal

number of 7; .
() 7 7yc7ysuch that the topologies 7) and 7p are not are

not comparable .
(d) FERONLR such that the topologies 75 and 73 are not

comparable .
17 — Let (X ,r) be a topological space and 4 X , prove that

A is not open iff A€ is not closed.

18 — Let (X ,r) be a topological space, U ez and Fez.. Then
provethatU ~Fer and F-Uez,.

19 — Consider the co-finite topological space (X,C) and show
that {{x}:x €eX } is family of (a) closed sets if X is an infinite set

and (b) clopen sets if X is a finite set.
20— Consider the usual topological space (R,U) and show that

{{x}:x €R} is a family of closed sets and so each finite subset of

R is aclosed set.
21 — Describe the closed sets in the following topological spaces:

(a) (X,Ep) where p € X . (b) (X,Pp) where p e X .
(c) (R, 7) where 7 is the left ray's topology on R .
22-let X # and I < P(X) be such that
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(i) X,Ze€J, (ii) Arbitrary intersection of members of J is a
member of I and (iii) The union of any two members of J is a
member of J. Prove that there exists a unique topology 7 on X
such that 3 is the family of all closed sets with respect to the
topology 7 on X .
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Chapter Il
Some Concepts in Topological Spaces

Topics:

The Closure of a set and neighborhood system.
e Limit points and some properties of the closure of sets.
e The minimal sets.

Interior, Exterior and boundary points.

3.1. The Closure of a set and neighborhood system.

Definition 3.1.1. Let (X ,7) be a topological space and 4 — X . Then

the closure of 4 denoted A and defined to be the intersection of the
closed sets which contains 4 i.e.
A=N{F er, 1A cF}.
Remark 3.1.1. Directly from this definition
(i) A is a closed set since it is an intersection of closed sets,
(i)A 4,
(iii) If F ez, ie. F isa closed set then A c F = ACF ie. A isthe
smallest closed set which contains A and

A =N{Fet, :AAcF}=N{G :Ger and AcG"}

=G :Ger and GnA=2}.
Example 3.1.1. Llet X ={a,b,c},7={X,D,{a},{a,b},{c},{a,c}}. Then,
7. ={0,X ,{b,c},{c},{a,b},{b}} and by using
Remark 3.1.1, or the Definition 3.1.1, to gets
(i) A ={a}=A4 ={ab}and
(i) A =thecy=>A=1{bcl}=A.
Example 3.1.2. Consider the discrete topological space (X, D) then by
using Definition 3.1.1, or Remark 3.1.1, we find that A=A for any

A < X since A4 is the smallest closed set which contains 4 is A itself.
Theorem 3.1.1. Let (X ,7) be a topological space andA — X . Then A

isaclosed setiff A=A ie. A et, < A=A.
Proof: If A=A then by the Definition 3.1.1, of A , A is a closed set.
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Conversely by Remark 3.1.1, () AcA andif 4 € 7. and since 4 c 4

then by Remark 3.1.1 (i) A =4 and so A=A.

Remark 3.1.2. (a) In the part (ii) of Example 3.1.1, clearly by Theorem
3.1.1,

{bey=Aer, > A=A.
(b) In Example 3.1.2,
AeD, =>A=A;VAcCX .
Definition 3.1.2. Let (X ,7) be a topological space and x € X . Then

N < X is called a neighborhood of the point x if there exists an open
set G suchthat x eGcN .

Remark 3.1.3. Directly from this definition if G etand x €G then G isa

neighborhood of x called the open neighborhood of x .
Remark 3.1.4. From Remark 3.1.3, if A €t then it is a neighborhood of

each of its points and conversely if A cX is a neighborhood of each of its

points therefore, for each point x €A there exists G, €t such that

xeG, cA hence A= U G, which implies that A is open.
x €A
Therefore, A X is open iff it is a neighborhood of each of its points.

Definition 3.1.3. Let (X ,7) be a topological space and x € X . Then
the family of all possible neighborhood of the point x is called the
neighborhood system of the point X and is denoted by N . .

Ny :{N cX :3G €1 such that x G gN}.

Example 3.1.3. Consider the following topology on X ={a,b,c,d e},

r:{X,@,{a},{a,b},{a,c,d},{a,b,c,d},{a,b,e}}.

Then,
N.={N cX :3G et such that ceG N }

:{N cX: {a,c,d}gN}
= {X,{a,c,d},{a,c,d,e},{a,b,c,d}},
N, ={N cX :3G et such that e €G gN}
={N cX: {a,b,e}gN}
= {X,{a,b,e},{a,b,c,e},{a,b,d,e}}.
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Remark 3.1.5. In a topological space (X ,7) the neighborhood system
N ofthe point x € X satisfies the following conditions:

(1) N, #& and x €N foreach N eN .

(2) The intersection of two members of N . isa memberof N, .

(3) Any subset of X contains a member of N . is a member of N ,. .

In the following Theorem we employ the concept of the
neighborhood system to define a topology on a nonempty set.
Theorem 3.1.2. Let X = and for each pointx € X , N_ be a family of

subsets of X satisfies the following conditions:
(a) N: %@ and x €N foreach N eN;,
(b) Ni.NyeN, = N{AN,eN,,

(c) NcGcX AN EN;DGEN: ,

k
(d) For each N eN . there exists G eN;Ck such that GeN and G eN;
foreach y €G.
If t={GcX :G eN;Ck ;Vx eGyu{d} then t is a topology on X such

sk
that n . is the neighborhood system of the point X with respect to the
topology T on X .
Proof: (O1) From (a) and (c) X eN;< for each x e X andso X €7 and

by the definitionJ er.
(02) Let GI’GZ e7.Then from (b)

%
x €(G1NGy)=x €Gy g,x €Gy) =G1,GHeN,

%
= (G nGy)eN

Hence (G1 mGz)ef.

(03) Let{Gl. ;i eA}cr.Then

sk

x e’U G; =3i, eAx eGio A Gio er:GiO eEN,.
ieA
But form (c) we find
GiO (- U Gi :>(U Gi)ET.

ieA ieA

Therefore from (01), (02) and (03), 7 is a topology on X ,

Now if N is a neighborhood system of the arbitrary point x e X with

respect to the topology 7 on X we gets
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Firsty N eN, =>3Gerix eGcN and according to (c)
Ger=G eN;< =N eN;< which implies that
NycNy ————().
Secondly From (d)
N eNy =3GeNy:GeN,GeNy;Vy G

and hence G €7 and from the definition of 7 and Remark 3.1.4, we find
that G e N, . Hence from Remark 3.1.5 (3) G&N = N €N, which

implies that
Ny cNy ————(I).
Therefore(I) A (IT) :>N: =N, .
3.2. limit points and some properties of the closure of sets.

Definition 3.2.1. Let (X ,7) be a topological space and 4 — X . Then

x €X is a limit or accumulation point of A4 if each neighborhood O of
X contains at least a point of 4 different from x i.e. (O —{x}) N4 #D.

We can rewrite this definition equivalently in terms of the open sets as
follows: The point x is a limit point of 4 if for each open set G €t
containing x ,(0O —{x}) N4 #J.

One can easily prove that the two definitions are equivalent.

Remake 3.2.1. If (X ,7) is a topological space and A — X then the

point x can not be a limit point of A if there exists an open set G € T
such that x €G and (O —{x}) N4 =3 equivalently x €G and either

G NA=3 or G N"A={x}. From this remark clearly if {x} €t then x

can not be a limit point of any subset A of X .

Definition 3.2.2. If (X ,7) is a topological space and 4 — X , the set of

all limit point of 4 is called the derived set of 4 denoted by A’ that is if
x € X then x € A" means that x is a limit point of 4. From this
definition

(1I)x ed'"= (G-{x})NA#D; VG er:x €G equivalently

2)x gAd'<3G er:x €G, (G —{x})NnA =T equivalently
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x ¢A'< 3G er:x €G andeither G NnA=or GNA={x}.

Remark 3.2.2. If A c X and G €t then G NA=0 = GnNA'=D. For
suppose that G N A =D then

xeG = (G-{x})nd=0 =x ¢d'=>GNA'=D.
Example 3.2.1. Consider the topology
r:{X,@,{a},{c,d},{a,c,d},{b,c,d,e}}
on X ={a,b,c.d,e} and 4 ={a,b,d}, B ={a,b}, C ={c,e}. Then,

First, the derived set of 4.

Members of X Cluster
points

X er andan,(X —{a})ﬂA E%)
aeX {a}er andae{a},({a —{a})ﬂA=® agd'
{a,c,d} &7 and ae{a,c,d}, ({a,c,d}—{a})ﬂA +J
XerandbeX,(X —{p})N4 %D

beX {b,c,d,e}er and beAd'
belb.c.de},({b.c.def-{b})N4d =D
XerandceX,(X —{c})N4 %2

{c,d} €7 andc e{c,d}, ({c,d}—{c})ﬂA EY]
{a,c,d} er andc e{a,c,d}, ({a,c,d}—{c})ﬂA FY ) ced!

ceX {b,c,d,e} €7 andc e{b,c,d,e}, ({b,c,d,e}—{c})ﬂA e}
XeranddeX,(X -{d})N4 =D
{c,d}er andde{c,d},({c,d}—{d})ﬂA =g
{a,c,d} er andd e{a,c,d}, ({a,c,d}—{d})ﬂA EY%) ded'
deX

{b,c.d,e} et and
delb.c.d.el,({b,c.def-{d})N4 =D
X erandeeX, (X —{e})ﬂA #
eeX {b,c,d,e}er andee{b,c,d,e},({b,c,d,e}—{e})ﬂA 20 | eed’
.'.A'={b,c,e}

Second, the derived set of B.
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Members of X Cluster
points
XerandaeX,(X - {a})nB 3%
aeX {}erandae ,(a} )ﬂB %) agB'
{a,c,d}er andae{ ,c,d} ({a,c,d}—{a})ﬂB =g
X erandb EX,(X ~{b })ﬂB =
beX {b,c,d,e}er and bgB'
belb,c.d.e}, ({bc.del-{p})NB =0
XerandceX, (X —{c})NB =D
{c.d}erandc e{c,d},({c }-{e })ﬂB =
{a,c,d}erandce{acd} (acd ) NB =J ceB’
ceX {b,c,d,eferandcelb,c,d,e}, (bcd e}—{ })ﬂB:ﬁ@
XeraddeX,(X —{d})NB %D
{e.d}eranddefc.d},({c.d}-{d})NB =0
{a,c,d} er andd e{a,c,d}, ({a,c,d}—{d})ﬂB e3%) deB'
deX {b,c,d,e}er and
d e{b,c,d,e}, ({b,c,d,e}f{d})ﬂA #J
X erandeeX, (X —{e})ﬂB *J
eeX {b,c,d,e}er andee{b,c,d,e},({b,c,d,e}—{e})ﬂB =@ | eeB’
s B'={e}

Third, the derived set of C.

Members of X Cluster
points
X er andan,(X —{a})ﬂC %
aeX {a}er and ae{a},({a}—{a})ﬂC:Q aegC'
{a,c,dyer andaela,c,d}, ({a,c,d}—{a})ﬂC E%)
XerandbeX, (X -{b})NC 2@
beX {b,c.d,e}er and beC'
belb.c.d.e},({b.c.d.e}-{b})NC =@
X erandcelX, (X —{c})ﬂC E )
{c.d}erandce{c,d}, ({c,d}—{c})ﬂC =0
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{a,c,d} €7 andc e{a,c,d}, ({a,c,d}—{c})ﬂc = cegC'
ceX {b,c,d,e} er andc e{b,c,d,e}, ({b,c,d,e}f{c})ﬂc F %)
Xer anddeX,(X —{d})ﬂC E0)
{c,d}er and d e{c,d}, ({c,d}—{d})ﬂC EY]
{a,c,d}er andd e{a,c.d}, ({a,c,d}—{d})ﬂC E) deC'
{b,c,d,e}er and
delb,cd,e}, ({b,c,d,e}—{d})ﬂC £
X erandeeX, (X —{e})ﬂC E%)
eeX {b,c,d,e}erandee{b,c,d,e},({b,c,d,e}—{e})ﬂc <0 | eeC'’
.'.C':{b,d,e}
Example 3.2.2. Let X be a countable set and let D =P(X ). Then

deX

VAcX,A'=D

Because, in the discrete topology on X every singleton set is open. So
{p} is an open neighborhood of p where ({p}—{p})N4 =D for any
subset 4 c X . Since this is true Vp € X , 4 has no cluster points. That
isA'=0.

Example 3.2.3. Let [ ={X ,J}. Then,

subset Derived set
%) %)
{r} X —{p}
{p.q} or more points X

Example 3.2.4. Let Pp ={GcX :peGiU{D} andlet 4 cX . Then,

ped peA
peX 3{p}eP, such that Vx eX 3{x,p}eP,
({p}—{p})ﬂA =0 such that ({x,p}—{x})ﬂA =0
pegd' sxgd!

g €X and p #q, then any open set
containing ¢ contains also p
SqeAd’

So, 4'=X —{p} So, 4'=0
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Example 3.2.5. let £, ={GcX :peGlU{X} and let {p}2AcX.
Then,

e for peX, then the only open neighborhood of p is the set
X and (X —{p})ﬂA #J.S0, ped'.
o for geX and p#q , then 3Ig}eF such that

p
(lg}-1g})N4 =D .So, g eA".
- A'={p}.

Example 3.2.6. Let U be the usual topology on R and let

A=[ab), B =(ab), C:@ﬁ}D:pﬁ}E:@%%%w¢ where

a,b eR. Then,
subset Derived set
%) %)
A D
B D
C D
D D
E {0}
0 R
Z %)

Example 3.2.7. Let 7 ={E, =(a,0):a€R|U{R,J} be atopology on R

a
and let 4=[ab),B=(a,b),C=(ab],D=[ab], where abeR
Then,
subset Derived set

4 (-]

B (—0b]

C (—o0,b]

D (-]

Example 3.2.8. Let T={An ={n,n+Ln+2,n+3,....... fin eN}U{@}
be a topology on N and let 4 ={1,2,4,6},B ={4,13,28,37|. Then,
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subset Derived set
A {1,2,3,4,5}
B {1,2,3,......,36}
N N

Theorem 3.2.1. Let (X, 7) be a topological space and A — X . Then

A UA'" is aclosed set.

Proof: we shall prove that (4 U 4 ')c is an open set, for

xe(Aud) >xeg(Aud)=>xegd Axgd

Then x ¢4’ = 3G er:x eG A (G —{x })NA=D and x & A4 implies that
G N4 = which implies by Remark 3.2.2, that G "4’ = &. Hence

D=(GNA)YU(G NA) =GN (4dud)

=>xeGc(4 UA’)C

This means that (4 UA')C is a neighborhood of each point

x (4 uA')c and since xis arbitrary then (4 uA')c is a
neighborhood of each of its points and so it is an open set. Then 4 WA’
is a closed set.

Theorem 3.2.2. Let (X ,7) be a topological space and let A,B c X .
Then

1) if AcB, then A'cB".

2) (A UB) =A'UB".

3) (ANB)GA4A'NB".

4) 4 =4UA".

5) A isclosed iff A'c A.
Proof: 1) For each peAd' , then V open neighborhood G of p,
(G—-{p})N4=D. But AcB, then (G-{p})NB=#T.So, peB".

Hence A'c B ".
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2) Itisclearthat A cAUB and B =4 UB . Then by using the property
(1) we have

A'c(AUB)" and B'c(AUB)".
Then, 4'UB'c(4UB)".
Conversely, let pe(4UB)'. Then V open neighborhood G of p,
(G-{p))N(AUB)=@. That is (G-{p})N4d+D or

(G-{p})NB #DB. Then ped' or peB'. So peA'UB' Hence
(4UB)'c4'UB".

Al

(4UB)=4'UB".
3) Itis clear that A(1\B = A4 and A(\B < B . Then by using the property
(1) we have
(ANB)'cA'and (ANB)cB".
Then, (ANB)'c4'NB".

Now to prove (4B )’;tA 'NB"' we give the following example:

Example: Let rz{X,@,{b},{a,b}} be a topology on X ={a,b,c}, and
let A={ac},B={b,c|. Then, A'={c}, B'={a,} and
(4 ﬂB)‘z{c}'z@. Hence

D=(ANB)'#4'NB'={c}.
4) Let ped . Since A cA, we considertwocases: ped or pg¢A

Suppose ped. So peAUA'. Now suppose pgd, then as
ped , Y open neighborhood G of p,GNA#Q .Further,as ped,
G intersects 4 in some points different from p. So p. is a cluster
point of 4 Thus, ped'. So pedUA'. Hence, in either case
A cAUA4".
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Conversely, let peAUA'. Then ped or peA' Suppose ped.
Then as A4 A4, peA. Now suppose pecd' Then p.is a cluster
point of 4. So V' open neighborhood G of p, (G —{p})N4 #Q. That

isGNA=J.50 p eA. Hence, in either case, AUA'c 4 .
A =4UA4"
5) Suppose that 4 is closed, then 4 =4 =4 UA". So A'c A.

Conversely, suppose 4'c A, then AUA'cAUA=A. Thatis, 4 cA.
Since AcA, A=A. Hence 4. is closed.

Proposition 3.2.1. Let (X, 7) be a topological space and A — X . Then
(i) xed < GNA=#D;VG er:x eG . Equivalently

xéZQEIGer:xeG ANGNA=J
(i) If G NA=D then GNA =0 .

Proof: (i) x ed =>xedvxed and firstly, if G € rsuch that x € G
then

1N)xed =>xeGnNd =>GnNnA=D .
2Q)xed'=> (G-{x})NA2T=>GnA+D .

Secondly, if G4 =D for each G €7 such that x € G then either

xeAdor x A, x €A implies that x e 4 and
xgA=>G-{x}Nnd 20=>x ed' =x cd.

(ii) If G € 7 then by using Remark 3.2.2, and Theorem 3.2.2(4),
GNA=0=>GnA'=0 = (G NA)u(GnA")=D
=>GNAUA)V=DT=>GNA=0

Lemma 3.2.1. Let (X, 7) be a topological space and A,B < X . Then

AcB = ch
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Proof: By using Theorem 3.2.2, we gets

AcB=A'cB' = AUA'cBUB' = ACB.
Theorem 3.2.3. Let (X, 7) be a topological space and A,B — X . Then
()X =X, D=CandAd =4

(2) AUB = A UB and so the closure of a finite number of subsets of
X equals the union of their closures i.e. if {AI’AZ""’ A, ycP(X) then

n I’ZA_
_1’ ig’

(3) ANBcANB and may not be equals i.e. may be A B #A4 B .
Proof: (1) Since X, J, ZETC implies that X =X , =3 and
A=A,
(2) By Proposition 3.2.1, firstly

X QZUE:x eZAx eEzHGl,GZ er:x €G,x €Gy,

G NA=OrGrNB =0 = (G nGy) e,
x €(G1 NGy A (G NGy)N(AUB) =D

=>x gAUB = A UB cZuE——(I)
Equivalently in a direct way

AcAd

= AUBcAUB =>AUBcAUB
BcB

But 4,B €7, = AUB €1, and so by Theorem 3.1.1, Z B=AUB
which implies that A UB c 4 UB ——(I).

Conversely,
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xgAUB=3Gertx €eG,9=GN(AUB)=
GNnA)YVU(GNB)=>GCNA=0AGNB =Y

=x¢gdAxgB >xgdUB

= ZUECA uUB ——(Il)

Equivalently

AcAUB| AcAduB| T & _ T =
> -t 22 =4 UBcAUB ——(1I
BcAuB} BCAUB} < {r)

Therefore (1) A (I[) = AUB =4 UB .
(3)

xe€edANB =>GnNANB)2D;VG erix €G
=>G6NUANB)=(GNA)N(GNB)+; VG etix €G
=>(GNnA)2zIA(GNB)=T; VG erix €G

=X EZ/\X EE:)X EZ(’\E

—ANBcANB -———-)
Equivalently
AnBed| AnBcdl TR BcanB
ANnBcB ANB cB

Another proof:
xegANB =>x¢g¢A v x ¢ B fromwhich
xegA=3Gerx eGAGNA=0=>GCNnANB)=T

=>x¢dnB ————()
and

xeB=3HerxeH AHNB=O=HNANB)=D

=>x¢AdAnNnB ————(II)

From (/)and (I), AnBcAnNB

To prove that ANB#4 "B let X ={1,2,3,4,5}, A =1{1,2,4}. B={3}
and

r={X ,@,{1,2},{3},{3,4,5},{1,2,3}} then

7. ={D,X ,{3,4,5},{1,2,4,5},{1,2},{4,5}} and so
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(1) ANB=C=>AnNnB =Y

(2) 4={1,2,4,5)and B ={3,4,5) which implies that 4 "B ={4,5}.

Then from (1) and (2), 4 "B #A "B .

Remark 3.2.3. If (X ,7) is a topological space and {Al. :i €A} is a family
of subsets of X then

(1) Q{Z:i eAler, :ﬂ{z:i eA}zﬂ{Z:i e A}.

(2) U{A_l.:i eA}cU{A_l.:i €A} but not equal, they are equal if A is
finite since for example in the co-finite topological space (X ,C), X is
infinite and A X is infinite such that A # X thenU{{x }:x e A}=4
while U{g:x ed} —A=X.

Definition 3.2.4. If (X ,7) is a topological space and y,z € X are two

distinct points then, an interesting topology on X in terms of 7 and the

principal ultra topology Dyz will be defined as follows:
Tyz :TmDyZ =N (E, uPy):{G et:izgGvy eG}.
From the definition we remarks that for each G €7,
e Gery, iff y €G or z ¢G.
* Gery, :izeG=yel.
But
Dyzc =(E, uPy )e =E ¢ uPyc =P, uEy :Dzy

=Tyze =(@NDy )e =7 NDy0 =7, "Dy, =70z,
={Fer,:yglkvzeF}.
And we remarks that for each F ez,,

° Feryz iffzeF oryeF.

C
° Feryzc yeF=zefF.
If q and 79 are two topologies on a nonempty set X such that
(rlurz) is a topology on X then
e (1 urz)yz =(n] urz)r\DyZ =Tz YT2yz -

° (Tlﬂfz)yz =lez f\‘[zyz .

Remark 3.2.4. If 7 and 7* are two topologies on a nonempty set X and

— % %
A cX then t*crt=>AcA where A s the closure of Aw.r.t T*
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accordingly AcA yz where A yz is the closure of A w.r.t. the topology
Tyz -
Theorem 3.2.4. Let (X ,7) be a topological space, y,z €eX be two
distinct points and A < X . Then
(a) Ayz cAU{z}

— A; A A
(b) Ayz= A yéivze

AUz}, yed.

Proof: (a) From the definition of Tyz and since 4 « A U{z} then
— Ayz AU

zeduizier, :Zumeryzc

(b) From the definition of Tyz and since Zerc then

c

y gAd vz eZ:Zeryzc :>Zyz cAd

And from Remark 3.2.4, Ayz =4 .

Secondly from Remark 3.2.4, ZCZyz and from the definition of Tyzes
yed=yedy: =>zedy: >{z}ciz}y, cdyz

andso AU{z}cAyz (I).From(a)and (I), Ayz =4 U{z}.

Corollary 3.2.1. From Theorem 3.2.4, directly we gets

(i) myz =mum,

(i) y elx} vz elx)={xly; =i}

(iii) yed =>yed =>Ayz =AU{z}.

3.3. The minimal sets:

Definition 3.3.1. If (X ,7) is a topological space and x € X then the set

x W\ =N{G er:x €G}is called the minimal set at the point x with

respect to the topology 7 and it may and may not be an open set.

If {x}" et thenitis called the minimal open set at x and is denoted by

M, ie.insuchcase {x}" =M, .

Clearly {x}* =G foreach G e suchthat x €G.So {x} is defined to
be suchthat G e7:x €G = x}" G .

Remark 3.3.1. If (X ,7) is a topological space and A — X then

(1) ({x W —{x })mA #( = x €A’ but not conversely since for example
in the co-finite topological space if X is infinite and A is infinite then

({x}/\—{x})mA:({x}—{x})mA=® while x € A foreach x € X .
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2)4= N UL U, nd=2}=[ U (U, U, n4=2}]°.
x €A x €A
Definition 3.3.2. If (X ,7) is a topological space and 4 — X then the

set AN =U{{x}":x €A} is called the minimal set at 4 with respect to
the topology 7 on X and it may and may not be open. Clearly4 c 4",
the following theorem explains why 4" is called the minimal set about
A with respectto 7 on X .

Theorem 3.3.1. If (X ,7) is a topological space and A — X then

AN=N{Ger:4cG}.

Proof: If (X ,7) is a topological space and 4 < X , clearly if G € 7 such
that 4 =G then {x} =G for each x € 4 and therefore
AN =U{{x:x €4} G foreach G €t suchthat 4 =G .Hence

ANc{Ger:AdcGY— ()
Conversely # 47 implies that 7 ¢ {x }* for each x € 4 and so for each
point x € A there exists G, €7 such that x eG, and 7 £G, . Hence
G=U{Gy :xed}=Ger,AcGand t¢G which implies that
t (G €7:4 <G} and therefore

NG er:AdcGlcAN—— ()
From (/) and (1), A™=N{G er:4 cG}.
According to this theorem we can say that 47 is quasi-open set

regarding that 4" may and may not be open.
Remark 3.3.2. If (X ,7) is a topological space and A — X then

(1) AcA”™ and Aer=A"=A4 and so tcP(X) where
PAX )= (A" A X ).

(2)AcG e A" <G foreach G er.
(3) One can find a subset B of X suchthat A # B while A =B". For

example let X ={1,2,3,4,5,6,7} and
T={X,9,{1},{1,2,3},{1,2,3,4},{5,6,7},{1,5,6,7},{1,2,3,5,6,7} }.

We finds that {1,2,3}=1{2,3}" ={1,2}" ={1,3}> while {1,2}, {1,3} and

{2,3} are distinct.

(4) x ey} = x N c{y W foreach x,y €X , since x e {y}” implies

that if G € T such that y € G then x € G which implies that {x }A cG

which implies that {x }/\ c{y }/\.
(5) y e{x ¥\ = x e{y} foreach x,y €X since,
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yeX —{x}:y e{x}/\<:>G N{y}t={y}vVG erix €G
SG-{xIny}={}1VGerxeGoxe{y}l

oxelyi-{v}
As a direct consequence of (5),

(i) tx}" = {y eX x e {y}).
(i) x } = {y eX :x ey 1"}

(iii) {x} = {y} iff {x} ={y}" foreach x,y €X .
Theorem 3.3.2. Let (X ,7) be a topological space and A,B — X . Then

(1) X" =X,2" =@ and AN =47,
(2) AcB = A" cB",

(3) (.U A.)’\:.U A.A and

(4) ( m 4, )Ac m AP butmaybe (| A.) = N A" .
ieA ieA ieA ieA

Proof: (1) Clearly X ,@er =X =X A @ =0 and

AN CAM ——(I)
Also, x ¢A” implies that there exists G € ¢ such that A cG and
x ¢G but by Remark 3.3.2, 4cG = A" cG according to which
x gA™M so

AM AN ——(1).
From (I) and (II), A™M =A".
(2) Clearly AcB = {G e7r:B cG}c{G €7:4 G} which implies that
A cB” in another way if x €B” then there exists G € 7 such that
BcG and x ¢G but A cB = A cG which implies that x ¢4”
and hence 4 c B/
(3) FlrstIyA c U A :>A/\ c( UAA )\ for each i €A and so

ieA
U AP (U 4=,
ieA !
Conversely if x ¢ U Al/\ then x eA/\ for each i € A accordingly for
ieA
each i e A there exists G. €7 such that Ai CGI. and x eGl. and then

U G =Ger, U A cG and x &G which implies that
ieA ieA
xe(U 4, ) and hence

ieA
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(U 4, )AC U Al ——).
ieA !

From (/) and (1), (U A Y = U A/\
€A

(4) N4 cd =( ﬂ A, e A.’\ for each a €A then
ieA ieA
(N 4. )/\C ﬂ Al
ieA i
To prove the inequality we give two examples
Example: Consider the left rays topological space (R,7) where R is the

set of the real numbers and 7={(a,©):aeR }U{R,J} and let 4 =0

and B =0€¢ U{1,2} where Q is the set of the rational numbers and Qc is
the set of the irrational numbers then

(1) 4™ =B" =R.
2)ANnB={1,2=>UnB) =12 =" u2"

AN

={I}""= N {(x,0):x <1} =[l,0)
x€R

From (1) and (2), (A "B #ANNB".
Example: Let X ={1,2,3,4,5}, 4={1,2,5}, B={1,2,4} and

={X,,{1},{1,2},{3},{3,4},{3,5},{1,3},{1,3,4},{1,3,5},

{1,2,3},{1,2,3,4},{1,2,3,5},{3,4,5},{1,3,4,5} }

Then,
(a) AN =1{1,2,3,5},, B ={1,2,3,4, => A" "B ={1,2,3}.
(b) ANB ={1,2} = (4 NnB)" ={1,2}.
From (a) and (b), (A "B #ANNB".
Theorem 3.3.3. If ¢ and T* are two topologies on a nonempty set X
and x € X such that {x}"#{x}*” then t#t* where {x}*” is the
minimal set at the point x with respect to T* but not conversely.
Proof: If 7 € {x }*”—{x }”\then there exists G €7 such that x €G and
t ¢ G which implies that G ¢7* since each open set containing x
contains ¢ since t € {x }*”, Hence 7 #7*.
To show that the converse need not be true let X be an infinite set and

p € X . Then consider the topological space (X ,7) where 7 = Ep uC

clearly 7 #C while {x} N =172 ={x} for each x € X where {x}!
and {x }’\2 are the minimal sets about the point x with respect to z and
C respectively.
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Remark 3.3.3. If 7 and 7 * are two topologies on a nonempty set X

and A ¢ X then t*ct= A" c A" where A" is the minimal set
about A with respect to t* specifically A™ c A J//\Z where A )//\z is the
minimal set with respectto z,,, =tND,,, .

Theorem 3.3.4. Let (X ,7) be a topological space, y,z € X be two

distinct points and A < X . Then,
(a) A)//\z cANUY N

(b)AA _ AA; z eAAvy ed”
yz A AL A ’
AUyt ze€ed
Proof: By Theorem 3.3.2, A”NU{}"=(Au{y}) and from the
definition of Tyz

teA NV VN =>AH er:(AUiy)cH, t¢H
form which y e = H €7y, , AcH and ¢t ¢H which implies that
teA)/,\Z and so A)/z\z cAN U .

Firstly (1) z ¢4” implies that there is U er such that 4 cU and
z ¢U and t ¢4” implies that there is /' €7 such that 4 V' and
t ¢V . From whichAcU WV, t gU V' and z gU V' . But from the
definition ofz'yz , zgU NV implies that U NV ¢ Tyz which implies
that r g4}, ie.t A" =1¢A}; under the condition z ¢4 which
implies that 4}, cA”. Then, A, =4".

(2) Let y €4 . Then from the definition of 7y, ,

Ger AcG=yeG=G €7y,
={Ger:dcGic{Gery, :4 cG}:>AJ/,\Z ca”

A A
=4, =4
Secondly z €e4” from which and from the definition of 7y itz € G

then y € G and we gets
Geryz AcG =2GeriAcG=zeG =y el

=N cG =y ) >4 Mo ed)y ()
From (1) and (a), A)//\z =ANU .
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Remark 3.3.4. If we remark precisely the definitions of ., Tyz s Tyzes

A, Zyz , A™ and A}’,\Z one can introduced any of the Theorems 3.2.4,

from one another simply by replace y by z, A by A and Zyz by
AyAZ
Corollary 3.3.1. Directly from Theorem 3.3.2,
(1) 1), =i o).

(2)y ex vz gfx N D{x}j,\z ={x} foreach x eX .

or conversely.

(3)If z € A thenz € A ™ which implies that

A)//\z :AAu{y}/\ and y € A implies that yeA/\ implies by

Theorem 3.3.2, that {y };/\z ={y }/\.

3.4. Interior, Exterior and boundary.
Definition 3.4.1. Let (X,7) be a topological space and let 4 X

Then the interior of 4 is the set

int(4)=U{G :G et and G c A},
thatis, int(4) is the union of all open sets contained in A4 .
Remark 3.4.1.

e As int(A) is an arbitrary union of open sets, it is open.

e As int(4) is the union of all open sets contained in A, it is the
largest open set contained in A . So int(4)c A.

e [fG isanopensetsuchthat G A, then G cint(A4).

e The interior of A will be denoted A° .

e A s an open set iff each point x € A is an interior point of A
iff A is neighborhood of x for each point x € A .

Definition 3.4.2. Let (X,Z') be a topological space and let A cX  Then
the exterior of 4 is the set ext(4)=X -4.

Notice ext (A) is open as it is the complement of a closed set. Further
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ext(4)=X -4 & X —ext (4)=X —(X —Z) oA =X —ext (4).

Definition 3.4.3. Let (X,T) be a topological space and let AcX _Then

the boundary of 4 istheset b(4)=X —[AO Uext(A):|.

Notice A9 Uext(4) is a union of open sets, it is open. So
b(4)=X —[AO Uext (4 )} is closed set.

Theorem 3.4.1. Let (X ,7) be a topological space and let A =X . Then,
A isopen iff A =A4° .

Proof: Suppose A is open. Then, since 4 — A, A is open set contained
initself. so, 4 c A9 .Since A% cA4,4° =4 .

Conversely, suppose 4 =A? . Then since A9 is an open set, 4 is open.

Theorem 3.4.2. Let (X ,7) pe g topological space and let A =X . Then

Proof:

:[X —AO}H[X ext (A )}
=[x -4%]N4
[x NT]-[4°N7T]
=4 —4°.
Example 3.4.1. let 7={X.J{a}.{c.d}.{a.c.d}.{b,c.del} be a
topology on X ={a,b,c.d.e}, and let A4={b},B :{a,c},Cz{b,d}.
Then,
subset interior closure boundary exterior
%} %) %] %) X
A %) {b.e} {b.e} {a,c.d}
B {a} X {b,c,d,e} 1%}
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c %] {b,c.d.e} {b.c.d.e} {a}

X X X %) %)

Example 3.4.2. Let [ ={R,J}. Then,

subset interior closure boundary exterior
%} %) %) %) R
ACR %) R R %)
R R R %) %]

Example 3.4.3. Let D =P(R). Then,

subset interior closure boundary exterior
%) %) %] %] R

ACR A A %) R-A4
R R R %) %)

Example 3.4.4. Let Ep ={GcR:peGU{R}. Then,

Each G1 cR,p eGl :Gl is not open.

Each G1 CR,p eG1 :Gl is closed, because p ¢R —Gl and so
R —G1 eEp .

Each G2 cR,p @EGZ :>G2 is open.

Each G2 cR,p éGz :Gz is not closed, because p €R —G2
andso R —G2 gk

P
subset interior closure boundary exterior
9] 9] 9] %) R
G, Gl—{p} G, {p} R -G,
G, G, G,U{p} {p} Ri[qu{p}]
R R R %) %]

Example 3.4.5. Let P), ={G <R : peGlU{J}. Then,

Each G1 cR,p eG1 :Gl is open.
Each G1 cR,p eGl :>G1 is not closed, because p ¢R —G1

and so R —Gl eEPp.

Each G2 cR,p er :>G2 is not open.
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e Each G2 cR,p er 3G2 is closed, because p eR —G2 and

so R —G2 ePp .
subset interior closure boundary exterior
%] %] %) %) R
G, G, R R -G, o
G, @ G, G, R-G,
R R R %) %)

Example 3.4.6. Let (X,C) be a co-finite topological space where \X\ >N

. Then the only finite set which is open is @ and the only infinite set
which is closedis X . For 4 c X be finite and B ¢ X be infinite

subset interior closure boundary exterior
%) %) %] %] X
A %) A A A€
B B X B %)
X X X %] %]
Example 3.4.7. Let U be the usual topology on R and let

A :[a,b), B =(ab),C :(a,b], D :[a,b], where a,b €R . Then,

subset interior closure boundary exterior
%] %] %) %] R
A B D {a,b} (—o0,a)U(b,x)
B B D {a.0} (—e,a)U(b,)
c B D {a.b} (—0.a)U(b,)
D B D {a.0} (=e,a)U(b,)
Y %) R R %)
R R R %] %]

Example 3.4.8. Let 7 ={E, =(a,%):aeR |U{R,J} be a topology on R
andlet 4=[ab),B =(a,b),C =(a,b ], D=[a,b], where a,bcR and
E ={7,24,47,85), F ={3,6,9,...} Then,

subset interior closure boundary exterior
%] %] %) %) R
A (%) (—oo,b] (—oo,b] b,oo)
B (%) (—oo,b] (—oo,b] b,oo)
C %) (—0,b] (—0,b] (b,0)
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D %] (—oo,b] (—oo,b] (b,)
E @ (—0,85] (—o0,85] (85,)
F @ R R @
R R R %) %)

Example 3.4.9. Let 7={E, =(-,a):acR}U{R,J} be a topology on

R and let 4 =[a,b),B =(a,h),C =(a,b], D=[a,b], where a,becR
and E ={7,24,47,85), F ={3,6,9,....) Then,
subset interior closure boundary exterior

%) %] %) %) R

A @ [a,0) [a,0) (—o0,a)

B @ [a,0) [a,0) (—o0,a)

c %) [a,0) [a,0) (-o0,a)

D 2 [a.) [a.) )

E %) [7,0) [7,00) (-,7)

F o [5.%) B) | (=)

R R R %) %)
Example 3.4.10. Let r={An ={1,2,3,......., n}.neN}U{N D} be a
topology on N, andlet 4 ={1,2,4,6}, B ={5,7,9,20}. Then,

subset interior closure boundary exterior

%} %) %] %) N

A {12} N {3.4,5,..... %

B %) {5.6,7,...... {1,2,3,4} {1,2,3,4}

N N N %) %]
Example 3.4.11. Let

T:{An:{n,n+l,n+2,n+3, ......... }:neN}U{@}
be a topology on N, and let 4 ={7,24,47,85}, B ={3,6,9,......|.
Then,
subset interior closure boundary exterior

%) %] %) %] N

A %) {1,2,3,....,85} | {1,2,3,......,85} | {86,87,88,.......

B %) N N %)
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| N | N | N \ %) %)

Theorem 3.4.3. If (X ,7) is a topological space and A — X then

(1) (4% =4°,x°%=x,2° =0.

(2) AcB = A° <B?.

3) (AnB) =4° ~B°.

4) (A4UB)’ <A4° UB® and (4 UB)Y #4° UBP.

Proof: We prove only (3) and show in (4) that (4 UB)O may be not

equals to 4° UB?.
(3)
xe(AnNB )0 =3IGerxeGcANB

=>xeGcAd nxeGcB

=xed’ AxeB® =x e(Ao mBO)

=B’ cA’ AB® ————(I)
Another proof: (Contra positive way)

X er ~B° =X er VX eEBO
But

x ¢4’ G 24:VGerix eG=x €G ¢4 NB

=>x (4 mB)O
Similarly x ¢B’ =>x z (4 r\B)o.Hence
x 24° nB? =« eE(AmB)O

which implies that (4 "B )0 <A’ nB°
Third way to proof: From (2) of this Theorem,
AnBcd| AnB)Y <4
ne e }:( nB) < :>(AmB)0 c4° nB°.

ANB cB (A(‘\B)OCBO

Conversely
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xed’nB? =>x €A’ nxeB®
= 3G1,GrerxeGicd AxeGycB
=G NGy=Ger AxeGc(4ANB)

—xednB)Y =4° B’ c(4nB)’ -Ul)
Another proof: (contra positive way)

x ¢ (4 ﬁB)O =31Ger:x eGAGzZzANB
=GN mB)c =0=G m(AC uBC);t@
= (G mAc)u(G ch);e@
=G nAY2DVv(GnBY2P=>GzAvG B
—xed’vxeB’ =x e(AO mBo)

=’ "B°)c (4 nB)Y
Third way of the proof:
4% c4 0 0 0 00 0
=A“"BY cANnB=(A4"Y "BY)" (4 NB)
B° CB}
But,
A% B%er = (4° "B%)er = (4° "B%)° =4° NB° .
Then (4° "B°)c (4 nB) .
To prove that (4UB)? #4° UBY, let X ={1,2,3,4,5}, 4={1,4},
B={2,3} and
={X ,3,{1},{1,2},{3},{3,4,5},{1,3},{1,3,4,5},{1,2,3}}.
Then,
(1) A2 ={1} A B® ={3} = 4° UB? ={1,3}.
(2) AUB ={1,2,3,4} = (4 UB )’ ={1,2,3}.
From (1) and (2), (4 UB)? #4° UB? .
Another example: Consider the usual topological space (R,0) and let
A=[0,1]and B =[1,2]. Then,
(1) 4° =(0,1) AB? =(1,2) =>4° UB? =(0,1)U(1,2)
= A% UB?%=(0,2)-{1}.
(2) AUB =[0,2]= (4 UB)’ =(0,2).
From (1) and (2), (4 UB)? #4° UB? .
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Theorem 3.4.4. If (X ,7) is a topological space and A,B — X

then,

(1) ext (X )= and ext(D)=X,

(2) ext ((ext (A)) )=ext (4),

(3) AcB = ext(B)cext(4),

(4) ext (A UB )=ext(4)Nnext(B) and

(5) ext (A)vext (B)cext(ANB).

Proof: We shall prove (2) and (5) and we left the others to the reader

(2) ext ((ext () )=ext (A Y=ext (A)=(4) =A° =ext(4)
equivalently

ext ((ext (4)) )=ext (A ) )=((A° ) ) =(47°)° =4 =ext(4)
5) By (3) ArBcA=ANBcAd=d4" c(AnB)Y  and
ANB cB=ANBcB =B  c(4nB) which  implies  that

ASUB c(4 B = ext(4d)Uext(B)cext(4NB). The inequality
will be proved by the following example.

Example. Consider the topology in example given in Theorem 3.4.3,
where X ={1,2,3,4,5} and let 4 ={1,4} and B ={2,4} then

(1) A€ =1{2,3,5) = ext (4)=4 ={3},

(2) B ={1,3,5} = ext (B)=B’ ={1,3},

(3) AUB ={1,2,4} = (A UB )’ ={3,5} = ext (A UB)=(4 UB)’ = (3}
=ext(A)next(B)=ext(4 UB)

and

4) ANB ={4} = (A NB) ={1,2,3,5} =

= ext(AnB)=(4nB)° ={1,2,3}
from which ext (4 NB)#=ext (4 )ext (B)={1,3}.
Example. Consider the usual topology (R ,0) then
ext(Z)=Z¢ and ext(Q)=0 where
z¢=U{(n,n+1):neZ el = 20 =2¢
and
0N(a,b)#D;VabeR =0 =R =ext(©)=0" =D.

96 A.S.Farrag and S. E. Abbas



General Topology Some Concepts

Remark 3.4.2. If (X ,7) is a topological space and A — X then x € X
is a boundary point of A if

Gerix eG =G NA#D AGNAS #T
The set of all boundary points of a set A denoted by b(A4) i.e.
xeb(d) = GNA#+DAGNAC 2D;¥VG er:ix eG
Equivalently

xegb(4) <3G erxeG,GNA=D v GnAS =0
Theorem 3.4.5. (i)If x ¢ A thenx eb(Ad) = x € A’

(ii)If x €A then x ¢b(4d) = x e A°.
(i) A'—4 =b(4) and A° =4 -b(4).

Proof: Suppose that (X ,7) is a topological space and 4 — X then,

(i)If x ¢ A then
xeb(A)=GnNnA#+D;VG etixeCG,

which implies that (G —{x })n4 #J for each G er such that x e G

because x ¢ 4 andsox €4’'.

Conversely x €4’ = (G —{x }) NA=2D;VG etixeCG
=>GnA=20VG erixeG-——-()

Also

x¢Ad =x eGr\Ac;t@;VGer:x eG

=GnA° zDNGerxeG ———(I)
Therefore from (/) and (II), x €b(A4).
(i) If x € A then,

x2b(4) = IGer:xeG,GNA=D v G A =@
and

x €d =>GNA#D=>GNA =T =>xeGcd =xecd’

Conversely
x€d? =>3Ger:xeGcd =G nA =D =x ¢b(4) .

Theorem 3.4.6. If (X ,7) is a topological space and A — X then,
b(A)=A NAC =(ext(A)UA° ) .
Proof: From the definition of b (A4 ) and Proposition 3.2.1,
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xeb(d) = GNnA#DAG NAC #DVG er:x eCG
o xed Axed’ o xednAC
& b(Ad)=ANAC
Secondly,
— — —cC
b(A) =4 NAC =(A° UAC ) = (ext (4 )Uext (A€ )
=(ext(4)UA2)
Remark 3.44. If G €t and A < X then
(1)GNA=0=>GnAdA"=0 = (GnAYUGNA)=T =
= GNA=3.
(2)GNA=D = xgb(A);Vx eG =G Nb(4)=0.
also from (1)

GAA=0=GNA=B3=GnANA) =D
=>GnNnhb(4)=0.
Theorem 3.4.7. If (X ,7) is a topological space and A — X then,
A=AUb(A4)=A4° Ub(4).
Proof: From Theorem 3.4.5(3),
A=AVA'=4AUA'-4)=AU(b(A)-A)=AUb(A).
Secondly also from Theorem 3.4.5(3),
A=AUA'=AU(A'-4)=AU(b(4)-A)
=(4~b(4)) V(A Nb(A)U(b(4)-4)

=A% U[(4 nb(A)U(b(A)-A4)]

=4 Ub(4)
Remarking that b(4)) =(4 Nb(4))u(b(4)-4).
Another way:

A% Ub(4)=4° U A )=(4% UA)A (U4 uAS)

=Zm(AO uAOC)zng =4

_ c
Remarking that A4° c4 and 4° =(AC) .
Definition 3.4.4. If (X ,7) is a topological space and 4 — X then,

(1) x e X is called an isolated point of the topological space X if
{x}ter.
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(2) x € A is called an isolated point of 4 if there isan openset G €1
suchthat G N4 ={x}.

The set of all isolated points of 4 will be denoted by isd (4) i.e.
xeisd(A) < IGer:GNA={x}.
Example 3.4.12. Consider the discrete topological space (X ,D) we
finds that each point x € X is an isolated point that is isd (X )=X
since{{x}x eX}cD.
Example 3.4.13. Consider the usual topological space (R,U) then,
isd(N)=N and isd(R) =isd((a,b)) =; Va,beR .
Theorem 3.4.8. If (X ,7) is a topological space and A,B — X then,
(1) isd (D)=2
(2) isd (isd (A))=isd (4).
(3) isd (A)Nisd (B)cisd (A NB) but not equal.
(4) isd (A UB)cisd(A)visd (B) but not equal.
Proof: (1) Directly from (2) of Definition 3.4.4.
2
@ x €isd(isd(A)) = G er:G Nisd (A)={x } => x €isd (4)
= isd (isd(A))cisd(A) ————-()
Now
xeisd(A)=>3Her:HNA={x}=>xeH
But,
isd(A)c A= x e H Nnisd(A)cH NnA={x}
=H nisd(4)={x } = x €isd (isd (4))

=isd(A) cisd(isd(4)) ————-(I)
Then, from (1) and (II) isd (isd (A))=isd(A).

(3)
x €isd (A)Nisd (B)=x €isd (A) rx €isd (B)

=3IG,Het:GNnA={x} AHNB={x}

=>xeCGNHertA(GNH)N(ANB)=
=(GNH)NAN(GNH)NB)={x}

= x cisd(ANB)=isd(A)Nisd(B) cisd(ANB)
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xeisd(AVUB)= 3G er:(GNA)u(GNB)=
=GNAUB)={x}
=>GnAd={x}vGNB={x}
= xeisd(A)vx eisd(B) = x €isd(4A)visd (B)

= isd(AVUB)cisd(4d)visd (B)
We shall prove the inequality in both (3) and (4) by the following
example.
Example. Let X ={1,2,3,4,5}, 4A={4,5}, B={1,3,5} and
={X,J,{1},{1,2},{3},{3,4},{1,2,5},{1,3}{1,3,4},{1,2,3},
{1,2,3,4},{1,2,3,5}}

Then,

isd(A)=1{4,5},isd(B)={1,3} > isd(A)Nisd(B) =D A

isd(A)visd(B)=1{1,3,4,5} ————— )

isd(A NB)={5} and isd (4 WB)={1,3}. Accordingly

isd(A NB)=isd (A)Nisd (B)nisd (A UB)#isd (A)Visd (B).

Definition 3.4.5. If (X ,7) is a topological space and 4 — X then
(1) A iscalleddensein X if 4 =X .

(2) A4 is called nowhere dense in X if ZO =J.
(3) A iscalled anisolated setif isd(4) =4 .

Example 3.4.14. Consider the usual topological space (R,0O) then
(1) O =R thatis Q is adense subset of R .

2)72'=0=27Z=Z7 :>ZO =(J thatis Z is a nowhere dense in R .
Also isd (Z)=Z thatis Z isanisolated subset of R . Remark that

neZ =>m-1,n+)NnZ={n}y=>neisd(Z).
Example 3.4.15. Let X ={1,2,3,4,5} and
={X,92,{1,2},{1,2,3,4},{5},{1,2,5}}. Then,
A={1,5=A=X Also isd(4)=A which means that 4 is dense in X
and isolated subset of X .
Example 3.4.16. Let / ={X ,J} and let 4 be a nonempty proper subset

of X Then,

subset | interior | closure | Interior (closure
%] %) %) %)
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A %) X X
X X X X

So V nonempty proper subset 4 ¢ X is dense in X . Also, Z nonempty
—\0

subset 4 — X such that (A ) =. Hence there are no nowhere dense

set in an indiscrete space.

Example 3.4.17. Let |[X |<N, let D=P(X) and let 4 be a nonempty
proper subset of X . Then,

subset | interior | closure | Interior (closure
%) %] %] %)
A A A A
X X X X

So A a proper subset 4 CX . Hence there are no dense subset in a
—\0
discrete space. Also, Z nonempty subset 4 — X such that (A ) =0.

Hence there are no nowhere dense set in a discrete space.

Example 3.4.18. let P, ={G cX :peG}U{J} andlet 4 and B be
nonempty proper subsets of X' suchthat 4,X —B €P,. Then,

subset | interior | closure | Interior (closure
%) %] %] %]
A A X X
B %) B %)
X X X X

So V nonempty proper subset 4 ¢ X isdensein X . Also, So V
nonempty proper closed subset B ¢ X is nowhere densein X .

Example 3.4.19. let £, ={G cX :peG|U{X}| andlet 4 and B be
nonempty proper subsets of X' suchthat 4,X —B €E . Then,

subset | interior | closure | Interior (closure
%) %) %) %]
A A AU{p} A
B B —{p} B BU{p}
X-{p}y | X-{p} | x @
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X x | x | X
The only dense subset of X is X —{p}. Also, So the only nonempty

nowhere dense subset of X is the closed set {p}.

Theorem 3.4.9. If (X ,7) is a topological space and A — X then A is
an isolated set iffA N A' = .

Proof: Suppose that A4 is an isolated seti.e. isd (4) = A then
xe€ed =xeisd(4)=>3IGer:GNnA={x } > x gA’

= ANnA'=
Conversely suppose that 4 N A" = & then
xed =>x¢d'=>3GerxeG,G —{x }n4 =L
=>GNnA={x}=>x¢eisd(d)=isd(4)=4
Definition 3.4.6. The topological space (X ,7) is said to be separable if
there is a countable subset 4 of X which is dense in X thatis 4 is

countableand 4 = X .Theset 4 isdenseinitselfif 4 c A’.

Example 3.4.20. Clearly from Example 3.4.14, that (R,U) is a
separable space since the set of the rational numbers Q is dense in X
and as we know Q is countable.

Theorem 3.4.7. If (X ,7) is a topological space and A — X then A is
dense in X iff GNA =D for each nonempty open set G € v —{J} i.e.

A=X ©GnNnA #I,VG er—-{J}.
Proof: Clearly Ad=X & ZC = J so we shall proves that

A =0 oG 2 VG e r—{J} whichis valid since

Zc=®<:>ZC=U{G €er:GNA=0}=0
SGNA+#DNG et —{T}

Exercise

1-(a)Let X ={a,b,c,d,e} and
r={X ,0,{a},{b,c},{b,c,d },{b,c.e},{ab,c},
{a,b,cd},{ab,c.e},{b,c,d,e}} '

Find, A", A, A% ,ext (4),b(4) and isd (4) if
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(i) A=1{a,b},(ii) A=1b,d,e} and(iii) A ={a,e}.
(b) Consider the topological spaces (X ,Ep) and (X,Pp) where

peX. If AcX find A',Z,Ao,ext(A),b(A) and isd(4) if
(iypedand (i) peAd.
(c) Consider the topological spaces (X ,D) and (X ,/).If 4 c X find

A" 4, 4% Jext(4),b(4) and isd (4).

2-1If (X ,7) is a topological space, A € X andp € 4, show that
(i) ped’' & pe(d—{p}) = pe(d-{p})
(fi){pler=>ped';NAcX (iii) pel{pV

3 — Consider the usual topological space (R ,U ), prove that

(i) A'eU,;VACR (Hint: Prove that 4" < 4").

(ii) If AcR isafinitesetthen, 4 €U,

(iii) If AcR and G €U such that x € G then x € 4" implies that

G N A4 isaninfinite set.
4 — Considers the left and the right rays topological spaces, and find

N',N,N, ext(N),b(N)and isd(N).Is N €z.?.

5 - If (X,r) is a topological space, 4 c X then Ais said to be
complete if A" = A, prove that

(i) If A4 iscomplete then isd(4) =D .

(ii) isd(A)=F=>A cA'.

(iii) A iscompleteiff 4 €7, and isd (4)=C.

6 —If (X ,7) is a topological space and 4,B — X , prove that

(i) (AUB) =A4A"UB'".

(ii) (A n"B) < A' " B' but need not be equal.

7 — Prove all theorems in this section in different ways and give
examples to verifying these theorems.

8 — Give an example of a topological space X and a subset A — X such
that isd (4) # ¢ and isd (X ) =O.

9—If (X ,7) is atopological space and 4,B < X prove that

(i) A'cBcA = Ber,.

(i) b(Ad)ch (4) and b (4°)cb (4)
(iii ) b(A)N(A° Lext (4))=D. (iv) isd (A)(4d' Uext (4))=D.
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W) ext(A)N(A° UAY=F. i) ext(A)nAd =D

Wii ) ext(4)=ext (A4). Wiii) b(A)=A-4°.
(ix) A%¢ = 4€. (x) b(A%)=b(A°).
(xi) b(ext(A)):b(Z). (xii) x ed—isd(A)=x €Ad'.

(xiii) {x =y} < x e{y}vy elr }Vx,yeX .

(ixv) A°=0e4" =x.
(xv){x}egreoxeX;VxeX .

(xvi) {x }A —{x}NA# = x €A’ but not conversely. Also, prove that

the converse is valid if {x }A €T

(xvii) Anb(A)#= D =A¢r < ANA #D.
(wviii) AS Nb(A) 2D @A gr, & A'NA #D.

(xwi) A et < b(4)cAC. (xw) der, <b(4)cd.

10 - If (X ,7) is a topological space and 4 < X , prove that 4 is a
clopen setiff b(4) = .

11-1If (X ,7) is a topological space, prove that

(i) isd( X )=0 < isd (G)=D;VG er. (ii) Ger = isd (G )er.

(ii) isd(X )=X < r=D.

12 — Prove that if (X,rz) is separable and 7,7, where 7 is a

topology on X then (X, 7 ) is separable.

13 — Prove that the right rays topology 7 on R is a separable space
where 7={R,J,(a,»):acR }.and left rays topology 7 on Ris a
separable space wheret={R, J,(—o,a):aeR }

14 - Prove that (X,Ep) is not separable where X is an uncountable

set otherwise it is separable.
15 — Prove that (X ,Pp ) where peX isaseparable forany set X .
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Chapter IV
Bases and subbases
Topics:

e Bases.
e Subbasis and local bases.
Classification of topological spaces.

Topological subspaces.

In the definition of the usual topological space (R,0O) a subset G of R is
a member of U i.e. G € U if for each point x € G there is an open
interval (a,b) c R such that x €(a,b) c G equivalently G € O if it
can be written as a union of open intervals. This fact is valid for all
topological spaces that is in any topological space (X ,7), there is a
subfamily £ of 7 such that any non empty member of 7 can be written
as a union of members of £, the family S is called a basis for the
topology 7 this means that the topology 7 can be constructed if we
know any of its bases. Many properties of the topological spaces can be
described in terms of the members of the basis instead of the members
of the topology which makes the basis of the topology more interesting
concept. In this chapter we discuss and study the bases and subbasis of
the topologies and their properties.

4.1. Bases.

Definition 4.1.1. Consider the topological space (X ,7), a subfamily g
of 7 i.e. S is said to be a basis for the topology 7 if it satisfies the

condition
Ger,xeG =3B €f:xeBcG

Equivalently B c 7 is a basis for the topology 7 if can be express any
non empty member of 7 as a union of members of £ that is if for each

G er—{J} there exists {B;:ieAjcf suchthat G= U B; .
ieA
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Remark 4.1.1. If [ is a basis for a topology T on X then t is the family
of all possible unions of the members of 3.
Remark 4.1.2. If (X ,7) is a topological space then ’Br =7 is a basis for

7, called the trivial basis for . Then always there exists a basis for any
topology t on any nonempty set X .
Example 4.1.1. Let X ={1,2,3,4,5} and
={X,3,{1},{2,3},{1,4},{1,2,3,5},{1,2,3}, {1,2,3,4}}
And consider the families
Ar=1{1},{4,5},{2,3,5},{1,4},{1,2,3,5} },
P ={{1},{2,3},{1,4},{1,2,3,5} },
p3=111},12,3},{1,4},{1,2,3,5},X } and
Ba=1{1},{2,3},{1,2,3},X }.
Clearly f, and B3 are bases for the given topologyz. The family S is
not a basis for 7 since A is not a subfamily of 7. The family B4 is not a
basis for the topology 7 since {1,2,3,4}e7 but it can not be written as a
union of members of S since 4€{1,2,3,4} while
B e,B4: B c{1,2,3,4} => 4¢B .

Example 4.1.2.  Consider the topological space (X,r), where

={a,b,c,d} and rz{X,@,{a,b},{c,d}}. Then,

(1) B = {{a,b} {c d}} is a basis for the topology 7.
() By =
(3) By =

and {c,d} can't be written as a union of members of ﬂ3.

{X, } is a basis for the topology 7.
{X } is not a basis for the topology 7. because {c,d}er

Example 4.1.3. If X is a nonempty set and D is the discrete topology
on X then B, ={{x}:x €X } is a basis for the topology D which is
the weakest basis for D. For example If X ={a,b,c} then
By =ta},{b},{c}} is a basis for the topology D while
B, —{c}}={{a},{b}} can not be a basis for D since for example
{b,c}eD can not be written as a union of members of g, —{{c}} since

cetb,c} while Bef,—{{c}} =ceB. In such case f3, is called the
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minimal basis for the topology D on X , we remarks that if f is a basis
for D thenf, — .

Definition 4.1.2. If (X',7) is a topological space then £, — 7 is said to
be the minimal basis for 7 if we delete just a member B of £, the
members S, —{B} can not be a basis for 7. Equivalently £, c is

called the minimal basis for the topology 7if £, < # for each basis S
for 7.
Remark 4.1.3. If (X ,7) is a topological space and [ — 7 is a basis for T
then B c f* c t implies that [ * is also a basis for 7.
Remark 4.1.4. Consider the usual topological space (R,O) then the
family g ={(a,b);a,b € R} is a basis for O.
Theorem 4.1.1. Let (X ,7) be a topological space and [ be a basis for
7 then the set G — X is open iff
xeG =>3ABef xeBcG.

Proof: If G e 7 and g is a basis for 7 then the condition given in the
theorem is satisfied by the definition of the basis.
Conversely suppose that the condition is satisfied then

xeG =3B, €fixeB, cG =G=U{B, :x G}
Since f < then G written as a union of members of 7 andso G e 7.
A direct result of this theorem is, if £ is a basis for a topology 7 on a
non empty set X then 7 is the family of all possible unions of the
members of S which will be denoted by 7(f) i.e. 7 =7(f).
Theorem 4.1.2. Let ) and B, be two bases for the topologies 7| and

7o ona non empty set X then 1] C 7y iff

BleﬁleeB :>EIBzeﬂ2:xeB cB,.

1 2771
Proof: Firstly, 7 c1, :>ﬂ1cz'2 from which if Ble[)’l then Ble‘r2 and

since S5 is a basis for 75 then

X eBl = EIB2 eﬂzzx eB2

Hence the condition in the theorem is satisfied.
Conversely suppose that the condition is given, then f is a basis for 7]

cBl.

and G € implies that
xeG = EIBle,B1 X eB1 cG

And from the given condition in the theorem we gets
X eBl = EIBzeﬂ2 X €B2 cB1 cG
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Therefore
Gez’1 AxeG = EIBzeﬂz:x EBZCG

And by Theorem 4.1.1, G €7, thatis G €7 =G €7, which implies that
T CTy.
Remark 4.1.4. If X is a nonempty set and f — P(X ), is [ a basis for a

topology T on X ?. To answer this question we give the following
example.
Example 4.1.4. Let X ={a,b,c,d}, ﬂlz{{a},{b},{a,c}} and

ﬂz ={{a,b},{b,c}.{a,d}}.If B and By are bases for two topologies on
X then by Theorem 4.1.1, these topologies must be
rlzr(ﬁl):{{a},{b},{a,c},{a,b},{a,b,c},@} and

7, zr(ﬂz) ={{a,b},{b,c},{a,d},{a,b,c},{a,b,d},X ,J}  Respectively
but clearly neither 7, nor 7 is a topology on X .

Firstly, X ¢ 7] and so 4 fail to satisfies (O1) of the topology where the

union of the members of £ not equalstoX .

Secondly 75 fail to satisfy (02) where {a,b},{b,c}er2 while
{a,b}{b,c}={b }eérz.

From this example clearly the answer of the question given in Remark

4.1.4, is negative and a family S c P(X ) must be satisfied some

conditions to be a basis for a topology on X as it is given in the following

theorem.

Theorem 4.1.3. Let X be a non empty set and < P(X )then [ form

a basis for a unique topology on X if it satisfies the following two

conditions:

(i) for each x € X there exists B € 8 such that x € B equivalently,

the union of the members of S equals to X thatis X =U{B :B € 5}

(ii ) Bl’ 32 ep,x eBl mBz = EIB3 efx eB3 cB’1 r\Bz equivalently,

for each two membersBl, B2 ep, B1 r\BZ can be written as a union of
members of [ i.e.

Bl’ Bzeﬂ = EI{BZ. i eA}cﬂ:Bl mBz :U{Bi i eA}
where A is an indexed set.
Proof: Firstly if £ is a basis for the topology 7 and X € 7 then X can
be written as a union of members of S that is
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U{B : BeB} =X ie. B satisfies the condition (i) and if B|.B,ep
then B1 ﬁBzer which implies that

xeBlﬁB2 DEIBseﬂ:x eB:,ﬁcBlr\B2

Which means that S satisfies the condition (ii ).
Conversely, suppose that £ satisfies the conditions (i ) and (ii) and

let 7( ) be the family of all possible unions of the members of [ i.e.

Ger(f) = I{B.:ieA}cpf:G= | B.
! ieA !
Where A is an indexed set. At the following we shall prove that (/) is

a topology on X by proving that 7(f) satisfies (01), (02) and (03) of
the topology.

(01) From the condition (i), X =U{B:B e f} from which X € z(f)
while & is the union of the members of the empty subfamily of £ and
sod e 7(f). Hence 7 () satisfies (01).

(02) suppose that Gl,Gzer(ﬂ) then there are two subfamilies

{Bi iieA}ycf and {Bj :jeA}cf where A and A are two indexed
sets, G1= U B. and G

= |J B . from which
iea 1 2 jen J
GlﬂGzz( UBH)NUB.)D)= U (B.NB.)
ieA ! jeA J ieA,jeA ! J

From which and from the condition (i)
X eG1 ﬂGz =3dieA, jeAx eBl. ﬂBj CG1 ﬂGz

=3B, efix €B, CBI. ﬂBj CGlﬂG2

= G,NG, :U{Bx L x eG, ﬂGz}: G,NG,ez(B)
Hence 7(f) satisfies (02).
(03) If {Gi ;i eA}cr(f) where A is an indexed set, then for each i €A
there exists A(i) such that {B.:jeA(i)}cf and G.= |J B.
/ bojeAi)
from which

UG=U( U B)
ieA ieA jeA() /
Which implies that |J Gi €7 (f). Hence 7(f) satisfies (O3). Therefore
ieA
(/) is a topology on X and f is its basis. To prove that (/) is the
unique topology on X which has the basis S, let 7 be a topology on
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X and g be its basis then the family of all possible unions of the

members of £ isa subfamilyof zie. 7(f)cr———().

Conversely since [ is a basis for 7 so by the definition of the basis each

member G € 7 can be written as a union of members of S that is
Ger= EI{BI. ieAcpBG :U{Bi i eA} =G er(f)

=rcr(f)———UIl)

Therefore 7(f) =r.

Example 4.1.5. If X is a nonempty set, p € X , 7 is a topology on X ,

p is a basis for 7 and ﬂp is a basis for the topology Ep on X then

%
r*:Ep w7 may be not a topology on X while fg :ﬂp Up is a

basis for a topology 7 * on X stronger than both 7 and E

Proof: Consider the set X ={1,2,3,4,5} and let
t={X,0,{1,2},{3},{3,4},{1,2,5,},{1,2,3},{1,2,3,4},{1,2,3,5} }.

Then {4}eE] and {l,2}er while {1,2}U{4}={1,2,4} eElur which

IR

implies that 7%= E , Ut is not a topology on X .

p
Clearly U{B:B ef*}=X i.e. f* satisfies the condition (i) Theorem
4.1.3, and if BI’BZ € f* then either

(1) p eEBl or peEB2 which implies that peBlr\B2 which implies that

x e{x }cBlmB for each xeB ﬁB2 where {x }eﬁp for each

2 1
xeX —{p}or

(2) peBlﬁB2 which means that Bl,Bze,B or may be X e{Bl,BZ}
and since S is a basis for 7, then there exists B3eﬂ such that
peB3 cBlmB2 and x e{x }cBlmB2 for each x eBlﬁB2 such that
X#p.

(1) and (2) means that S * satisfies the condition (ii) of Theorem
4.1.3, and so it is a basis for a topology 7(£*) on X . Clearly 7(f%*) is

stronger than both 7 and Ep . Prove that T*:Ep U7 is a basis for a
topology 7(7*) on X such that 7(z*) = 7(£%).

Example 4.1.6. Consider the set R 2 of all points in the plane i.e.
R2:{(x,y):x,y €R} and let S(p;r) be the set of all points of the

plane inside the circle with center at peR2 and radius r where
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reRT =(0,),f p, cR% then S(p,:r)={peR2:ppy<r} where
PPy is the distance between P and F, then

,b’:{S(p;r):peRz,reR+}form a basis for a topology 62 on R2

called the usual topology on R2 to prove this we shall prove that g
satisfies the conditions (i) and (ii ) of Theorem 4.1.3.

Firstly for each r € R™ and eachp eRZ, peS(p;r)epf ie. B satisfies
().
Secondly consider the circles S(pl;rl) and S(p2;r2) where rl,r26R+
and  p.p, €eR?  and let r:inf.{rl—lyq,r2 —172} then
PES(pr)NS(py:ry) = S(pir) S (P11 NS (Py,15)
as illustrated in the figure since

p*eS(pir)= p*p <pp*+pp <r+pp <1 -pptrp;

=n = p*eS(ppr) =S(p;r)cS(ppn)

Similarly one can show that S(p;r)cS (pz;rz)

Example 4.1.7. Let S * be the family of all subsets of R 2 containing the
points inside the rectangles in the plane with ribs parallel to the
coordinate axes i.e. the sets of the form (a,b)x(c,d) where a,b,c,d €R
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. Then B* form a basis for a topology 7 * on RZ, the proof left to the
reader.
Theorem 4.1.4. If X is a non empty set and o < P(X ) then the family

of all possible finite intersections of the members of o denoted by [(o)
form a basis for a topology on X denoted by tv(f(c)) and it is the

weakest topology on X which contains o .

Proof: To prove that £(o) is a basis for a topology on X we shall prove

that it satisfies the two conditions (7 ) and (ii ) of Theorem 4.1.3.

Firstly X can be considered as the intersection of the members of the
empty subfamily & of o andso X € (o) where

Uid 4 D) =B = X —A:4eD)=X = {d:4eD)=X
which implies that (o) satisfies the condition (7).

Secondly If B Bzeﬂ(a) then from the definition of f(o) there are

1!

two families {UI’U ,U,}co and {VI’VZ’ ...... ’Vk }co Such that

I

r k

Blz U Ui and 32: U Vj and so there is a positive integer n e N
i=l j=l

such that n<r+k and

U U sesUp UV orcV | 3=, I o W}

for each IV,,, there exists either U; such that U; =W, or Vj such

that V; =W

n
j m- Hence B NB,= W, this means that

1 2 m=l1

B{nB,<f(0) and so f(o) satisfies the condition (ii ). Therefore
P(o) form a basis for a topology on X denoted by 7(£(o)) and is
called the topology on X generated by the family o i.e.

7(f(0)) ={G < X :G is a union of members of f(o)}.

From the definition of f(o) and the definition of the topology if 7 is a
topology on X then
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oct = fo)cr = 1(f(o)) cr
Thatis 7(fB(0)) is the weakest topology on X which contains o.
Example 4.1.8. Let X ={1,2,3,4,5}. Then

o={{1,2,},{2.3},{3,4,5},{2,4,5}}
= P0)=1{11,2},12,3},{3,4,5},12,4,5},{2},9,{3},14,5},X

= 7(fo)={X ,D,{1,2},{2},{3},{4,5}{1.2,3} {1,2,4,5},
{2,3},{2,4,5},{3,4,5},{2,3,4,5}}

Example 4.1.9. Let X ={1,2,3,4}. Then,

o={{12,},{2,3},{3,4,},{14.}}
= B(o)={{1,2},{2,3},{3,4,},{1,4,},{2},@,{1},{3},{4},X }

From which
{1},{2},{3}. {4} c B(o)cz(B(0)) = D cz(B(0)) = t(B(0)=D..

Hence the topology 7(f(c)) generated on X by o is the discrete
topology D .

4.2. Subbases and local bases:

Definition 4.2.1. Let (X ,7) be a topological space, o — 7 and f(o) be
the family of all possible finite intersections of the members of o. Then
o is called a subbasis for 7 if (o) form a basis forz.

Example 4.2.1. Let X ={a,b,c,d} and
={X ,D,{a,b},{b},{b,c},{d},{a,b,c,},{ab,d},{b,d},{b,c,d}}

Then o={{a,b},{b,c},{d}} is a subbasis for the topology 7 on X since
Po)={{a,b},{b,c},{d},{b},3,X } is a basis for the topology 7.

Example 4.2.2. lLet X be a nonempty set then the family
o={{x }¢:x eX }cC is a subbasis for the co-finite topology on X since
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plo)y={GcX .G is finite YU{X ,J} form a basis for the topology C
on X infact f(o)=C".

Example 4.2.3. Consider the usual topology (R,U ) and let
o={(—o,b),(a,©):a,beR,a<h}.
Then

a,beR :a<b =(—0,b)N(a,©)=(a,b)
= plo)op={(a,b).a,beR}

And since o c U, [ is a basis for U and from the definition of £(o)
then f(o)cU then by Remark 4.1.3, f(o) is a basis for U.
Accordingly o is a subbasis for U .

Example 4.2.4. Consider the set R2 and let o be the family of the

subsets of R2 which consists all infinite tapes in the plane which are
parallel to the coordinate's axes i.e.
o={(a,b)xR, Rx(c,d):a,b,c,d eR} asillustrated in the figure. Then

a,b,c,deR:a<b,c<d =[(a,h)xR]N[ Rx(c,d)]
=[(a,b)NR |x[R N (c,d)]=(a,b)x(c,d)

That is the intersection of any two different tapes, [(a,h)xR] and
[R x(c,d )] of the members of o is an open rectangle with parallel sides

to the coordinates axes which is a basis for U by Example 4.1.7. Hence
P(o) o S where [ is the family of all open rectangles which is a basis

for O. Then ccO = f(o)c O which implies that B(o) is a basis for
O and so o is a subbasis for O.

Theorem 4.2.1. If X is a nonempty set then any non empty family o of
subsets of X form a subbasis of a unique topology on X weakest than
any topology on X having o as a subbasis.

Proof: In Theorem 4.1.4, we proved that f(o) is a basis for a topology
on X denoted by 7(f£(o)) which is weakest than any topology contains
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o on X then o is its subbasis. Clearly if o is a subbasis for a topology
7 on X then

oct=1(f(o)cr———)
and
Ger= EI{BZ. i eAycf(o)G :igABi = G er(f(0))
= rcr(f(o)) ———-UI)
From (/) and (II') 7=7(B(0)).
Definition 4.2.2. Let (X ,r) be a topological space and x € X be any
point. Then B, <t is called a local basis for the point x if
(1) x € B foreach B € B, .

(2)Ger :xeG =3IBepfy :BcG.

Example 4.2.5. If (X ,7) is a topological space, S is a basis for  and

x € X then any of the families

(1) B, ={Ger :xeG} and (2) By ={Bef :x eB} forms a local basis
for the point x .

Example 4.2.6. Consider the excluding point topological space (X ,Ep )
then

(1) By ={{x}} is a local basis for the point x for each point
x €X —{p}and(2) B, ={X } is the local basis for p .

Example 4.2.7. Consider the usual topological space (R,0), if x € R
then the family B, ={(x —%,x +%) :n € N} is a local basis for the
point x .

Proof: Clearly f, <O and if G €U and x €G then there are

a,b € R such that x € (a,b) G which implies that a <x <b from

which by Archimedes's axiom
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a<x:>x—a>03§|n1eN:x—a>i:a<x—L )
n m
and
x<b=b-x>0=IdnyeNb-x>Lox+L<h D)
n2 n

Now let n, = max {ny,n)}.Then

ng 2n| = — Lol Lo Ty Loy 1 i)
no ”1 ny nQ ni no
and
ng 2Ny = — 1.1 :>:>x+i<x+1 uar)
no ”2 no np
From (1), (), (II) and (IV),
a<x—iﬁx—i<x <x +in +L<b:
nj no no n)

Sa<x -t <x<x+ Ll <pox e(x - 1
n

Ly sy c@p)
no no no

Then x € (x —i,x +L)c(a,b)<:G that is there is a member
no no

B € B, such that x e B <G where B—(x—ix+ —). Hence
no no

By is asubbasis for .

Example 4.2.8. Consider the usual topological space (RZ,UZ), if
x eR? then the family By ={S(x;r) :r eR™) of all sets each of which

is the set of the interior points of a circle with radius » and centered at

the point x is a local basis for x .

Remark 4.2.1. Let (X ,7) be a topological space, o be a subbasis fort,
x €X andoy ={Ueoc:xeU}. Then B(oy) the family of all finite
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intersections of the members of o, forms a local basis for the point x ,
generally if oy, <t and B(oy ) is a local basis for x then o is called a

local subbasis for the point x .

Remark 4.2.2. If (X ,7) is a topological space, A c X , x € X and p,

is a local basis for the point x then

xed & (B—{x})nA#D;VB p,
Since firstly if x eA' then

Bef, = Ber=(B—{x})nd#J
Secondly if (B —{x })mA # foreach B €p,. then

Ger:xeG=13BepP, BcG
= @#(B—{x})nAdc(G-{x})n4
=(G-{x})n4 =D =x e’

4.3. Classification of topological spaces:

Definition 4.3.1. If (X ,7) is a topological space and x €X , then M, is
called the minimal open set about or at the point x €X if

(1) M, er,

(2) xeM, and

(B)Ger:xeG = M, cG

i.e, M, is an open set contains the point x and contained in each open
set containing x .

Remark4.3.1. M, =N{GerxeG}={x }A for each point x €X .
Remark 4.3.2. If (X ,7) is a topological space, x €X and the family

{G er:x G }cris infinite then {x }A =N{G er:x eG } may be not open
in such case M , does not exist. For example consider the co-finite

topological space (X ,C) where X is an infinite set then for each point
xeX,
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xei{x }/\ =M{Ger:x eG}cN{{y }C 1y efx }C}={x}

= {x} ={x1eC
which means that there is no minimal open set at any point of X .
Theorem 4.3.1. If (X ,7) is a topological space and x €X such that

{x }/\ ¢ T then each open set containing x is infinite.

Proof: Suppose that G €7 such that G is finite and x €G then either

(1) G —{x} =@ which implies that G = {x }" or

(2) G —{x N :{xl,xz,...,xn} in this case there exists Gi et for each

i€{l,2,.,n} such that xeG;and x;eG;which implies that
n

@11 =GN(N G-
1=

In both cases (1) and (2) {x }”> e 7 and the contra positive of this result is
the required aim.
Corollary 4.3.1. In any topological space (X ,7) if G et is finite then

M, ={x }/\ et for each point x G and if X or t is finite then
{x}" et which means that U, ={x }"* foreach point x €X .

Example 4.3.1. Let X ={1,2,3,4,5,6} and
={X,,{1,2},{3},{3,4,5},{1,2,6},{1,2,3},{1,2,3,4,5}, {1,2,3,6} }
Then M1:M2:{1’2}’ M32{3}, M4:M5:{3,4,5} and M6:{1,2,6}
Remark 4.3.3. Let (X ,7) be a topological space such that each point
x €X has a minimal open set M, and AcX . Then the minimal open

set M, at a point x €A denoted by MA if yedo M, :My
which means that M, =MA for each x €A . According of this
definition of M 4 we have the following remarks and propositions.

(1) IfAcX suchthat M , €7 and x € A then

A
A={y eX:My =M, }
(2 M, =4N if M , e since in this case

xed=>My =M, =>M, =M, =U{M, x c4}

where M, =U{M, x e A}=A"'since M is the same for each
x € A and then
MA =UM, ix ed}=U{{x} :x ed} =4"
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The converse of this result generally is not valid since there is A for
each subset A of X and it may and may not be in T while M 4 may be

does not exist. Also we may have a subset B of X such that MA =B"

while A #B to explain this fact we give the following example where
X =1{1,2,3,4,5,6,7,8} and
r={X,9,{1},{1,2,3},{1,2,3,4},{5,6,7},{1,5,6,7},
{1,2,3,5,6,7},{1,2,3,4,5,6,7}}
from which

Uy=U,y=Uy 4 =11,23}= 2,38 = {1,231 ={1,3)°

=2 =3 =123

where{1,2}#{2,3}, {1,3}#{2,3} and M does not exist.

1,2
(3) Let (X ,7) be a topological space anc{f A}CX be such that MA €T
then M 4 € B,where B, ={M 4 :AcX My er}=

{M, €7:x €X } is the minimal basis for the topology t its proof will
be given later in this section. Accordingly M 4 € B, iff M 4 .

(4) MA —A et Since x EMA —A implies that x eMA and x ¢4

implies that M, c M 4 and M, # M 4. Now if M, NA#O then

M =My which contradicts that x ¢A. Hence M, N4 =J. So

x eM , —Aimplies that M, c My —-A which implies that
MA -Aer.
(5)let M 4, Mp € f,. Then
(a) A "B # & implies that there is a point x € A N B and so
xednB=>xedxeB=>My =M, =Mp =4 =8.

(b)If A "B = then

xed=>xgB=>My =M, Mp =>A=B.
Therefore

My+Mp ©ANB=0<A#B
%
and f,={A c X :M 4 € 3, } isapartition of X .
(6)If Mgy#+Mpthen M ycMp => M, -B=My4
since M y "\B#0 = Mp M4 = M 4 = Mp, acontradiction

119 A.S. Farrag and S. E. Abbas



General Topology Bases and Subbases

which implies that M 4 NB =Q which implies that M 4 —B =M 4
Accordinglyif M ycMpc Mo c.cMpy c..cMg
then

My-(AvBUCU...UH)

=M 4 m(AC ~BS nC* m...r\HC)
=M 4 -A)N[M4-B)n(M 4-C)n ... N(M 4 -H)]
=M y4-A)nMyg My ... NMy=My-Aer
Proposition 4.3.1. Let (X ,7) be a topological space and A X such
that U 4 € 3, where S, is the minimal basis for the topology t . Then
) U (M Up nd=0} = U Upy Uy nAd=0}
Uy ephp Upmebhy

) U {M :Up; nA#D} is a closed set.
Upm eho

ay U MUy nd=By2 U Uy Uy nA=2D)
Upmeby Upmeby

Proof: (/) Since M cU j; for each U js €3, then
U {M Uy nd=C}c U {Upy Upy NA=T}
Umeho Um €bo
Converselyif xe U {U s :Upy NA=D} then there
Upm b
exists a subset M of X suchthat U, €f,, x €U yand Uy NA=0.
Now from Remark 4.3.3, there exists B — X such that Up € f3, and
x € B which implies that Up =U, cU ), because x € Band x €U
which implies that Upg nA=. Therefore there existsB c X,
Up €fB, and x € B suchthat U g m4 = . Therefore
U {UM IUM('\AZQ}C U {M IUM('\AZQ}
U epy Upm by
Which completes the proof of (/) .

(II') To prove that U {M :Upy nA+#D} is a closed set we
Upm b
shall prove that
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X-[ U M Uy nAd#D}]= U {Up Upy NA=0}
Upm b Upm e

For xe[ U {M Uy A ¢®}]C implies that x ¢ M for each
Upm ebo

M < X such that U 3y mA #C which implies that there exists B < X

such that Up € f,, x e Band Up N4 = such set B exist by

Remark 4.3.3, and so xe U {Upy Upy n4=3} which

Upm €ho

implies that

[ U (M Uy nd=a3

Upm e

c U {Upy Uy nd=0}—--(1)
Upm eho
Conversely, xe U U Upy nA=D} implies that there exist
Umebh

M c X such that Uy € B,, x eUyppand Upy mAd=. Now if
B c X suchthat x eB, Upg € 8, and Ugp N4 =D then x € B but
x €Uy implies that Up =U,, c U, implies that Uy md+#0 a

contradiction which implies that x¢ U {M Uy nA+3}
Up by
which implies that
U {UM IUM NA :Q}
Upm ebo

c[ U (M Uy nd=B} ———(2)
Upm €bo
Therefore (1) and (2) implies that

[ U (M Uy nAd=D}

Upm eho
= U {UM ZUM NA =@}
Upm o
which implies that U {M Uy nA#D} isaclosed set.
Up b
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(IIl') The proof is given by an example given after Corollary 4.3.3.
Corollary 4.3.2. If G et and U 4 et such that U 4 < G or equivalently
G NA # J then
G- U {B :.Up NA#J} is an open set.
Upepy

Proof: The Proof is directly since by (/') Proposition 4.3.2,

U {B :.Up NnA#J} is aclosed set.

Upefy
Corollary 43.3. IfGer and U 4,Up €1 suchthat Uy cUp G
then
UMﬁB?':@ZUA cUpcUy :>UMﬂA¢®

Equivalently U yy NA =0 = U yy NB =0 from which
(a) UM U py nB#DcU{M Uy nAd#3} Equivalently
G-U{M Uy nd#DycG-U{M U s NB#J} and
(b) U{UM ZUM NB ZQ}CU {UM ZUM NA 2@}.
Example 4.3.2. Let X ={1,2,3,4,5,6,7,8,9} and
By =1{1},42},{2,3},{2,3,5,7},{1,2,4},{1,2,4,6},{8},{8,9} }
is the minimal basis for a topology 7 on X, Uy =12}, U3z=
={2,3} = {2,3,5,7} =U{5’7} and G ={{1,2,3,4,5,6,7,8} € r then
)] U{6} —{6}={1,2,4}er and U{5’7} -{5,7}=1{2,3}er,
(2) X -U{B:Up n{2}#D}=X —{2,3,4,5,7}={1,8,9}
ZU{UB Eﬂo :UB ﬁ{2}=®}
{1,8,9} e 7 implies that U{B :Up Nn{2}#T} e 7.
(3)
U {B:Upg N{2}#0}=1{2,3,4,5,6,7} #
Upep
{1,2,3,4,5,6,7}= U {Up ep, Up n{2}=J}.
Upef
(4) G-U{B:Up n{2}#D AGN{2}#J}
={{1,2,3,4,5,6,7,8} —{2,3,4,5,6,7}={1,8}

—UU €8, U py N{21=D AG "M »D}
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5) UM U jy n{3}=0 AGN{3}#J}
={1,2,4,6}c{1,2,3,4,6}
=U{U s €B, Upy N{5.T}=0 AG M =D}
Proposition 4.3.2. Suppose that U 4,Up . Uc,...Ug ..Uk Uy,

..U €t is completely ordered by the inclusion operator "c" as a
chainU 4y cUpg cUc < ...,Ug cUFE then
(NY)Ug -(AvuBUCuU...VUE)er,
(2) If U g is the greatest element then (i) E ez,
(3) if U gy is an element of the chain such that U iy #U  and if U iy #H
then H ¢7,and H ¢t i.e H neither open nor closed.
4Uy-AcUyycUp-BcUpgc..cUg —E and
5\ Uy -AcUp —(AUB)cUp —(AVBUC)C ...
cUgp -(AuBUCuU..UHUM V..UE).
Proof: (1)

xeUp —-(AvuBuwCuU..VE)

=Ug NAS "B NC .. nES =W =

=>xeUg,xed,x¢B,x¢C, .. x ¢k
andU, n4=0,U, "nB=0,U,, "C=9,. .U, "NE=0
since Uy, NE = impliesthat U, =Uf impliesthat x € £
a contradiction. If Upsis a member of the chain such that
Uy "M #& and M #E then there is a point y €M such that
y €U, which implies that U, :Uy cU, and since x eUf then if
HcX such that Uy, =Ug and Uy cU )y cUpgy cU g from which
Uy is an element of the chain U 4y cUp cUc < ...,cUgand x eH
which contradicts that x ¢ § for each element U g of the chain. Then,

Uy, nd=0,U, "nB=0,U,, "C=0,...U. NE=0
according to which and since U,. cU g we gets
U, cUg -4,U, cUfg -8B,
U,cUg-C,...U, cUg -FE

Which implies that U,. < W which implies that ¥ ez .

123 A.S. Farrag and S. E. Abbas



General Topology Bases and Subbases

As a direct consequence of this result one can show by using the same
argumentthat Uy, —(H VK U..UM)er.

(2) If U g is the maximal element of the chain then x eE€ implies that

Uy "NE#z0=UpcU, =U,=Ug =>xek
which contradicts that x € E€ . Therefore, U, NE = from which
U, cE¢ = E€ etr=>Eer,.
BVUy#Up > HNE=0= EcHC andif x €E then x eHE and
U,cH 22Uy cUp=U, cH° > HcUy cH
which is impossible. Hence U, zHC which means that x ¢ H “’ which

means that H° = H € which implies that HE ¢r. Therefore H 27, . if
U #H then

xeH =>U, =Uy ¢H =>x¢H’ = Her

(4) The proof is easy and left to the reader.
(5) By using the principal of mathematical induction. Firstly by (6)

Remark4.3.3, U 4 cUp — B which implies that

Uy-AcUp —-(AUB) ———-()
Secondly x eU gy —(AUBUC U...UH) and U U, implies that
xeUg,xeg(AduBuUCuU..UH), U, cUys SinceUp Uy and
x ¢M because x eUpyand U U, implies by (6) Remark 4.3.3,
that Uy M= and xeUgy which  implies  that
xeUy —(AvBuCu..UH UM ) which implies that

Uy -(AuBuCu..UH)cU )y —(AVBUCU..UHUM)
Therefore
Uy-AcUp ~(AuB)cUpg —(AuBWC)C ...

cUg - (AuBUCU..UH UM U..UE).
Example 4.3.3. In the last example we remark that
(a) UycUs CU{5’7} = U{5,7} —{2,3,5,7}=0c{1,8},
(b)UgcUycUg = Ug—1{2,4,6;={1}{1,8} and
(c) Ul CU4 CU6 = U6 —{1,4,6}2{2} .
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Let (X ,7) be a topological space such that each point has a minima
open set U, then we shall prove that

B,=Uy xeX}={Uy Uy er}
is the minimal basis for the topology 7. Also ﬁ;:{A :UA et} is a
partition of X .

Theorem 4.3.2. Llet (X ,r) be a topological space. Then U €1 is

the minimal open set at a point x €U iff U can not be written
as a union of members of T each is an improper subset of U .

Proof: Suppose that U €7 is not minimal at any of its points i.e.
U =U, foreachx €U .Then

xeU = 3G, erix Gy, AU2Gy =>xeUNGy et A
UNGy #2U =2U=U{U NG, xeU}
The contra positive of this result is if U € 7 can not be written as a

union of improper subsets of U members of 7 then there exists a point
x €U such that U =U,, that is U is the minimal open set at a point

x eU.
Conversely Suppose that x €U, U =U,. and {Bi :i e A}t such that
U:U{Bi :i €A} then
xeU, =U = dielAx eBl. cU, ——=()
From the definition of U, and since Bi er and x eBl. then
Uy CBZ. ——=()
From (/) and (/I), U =U, =Bi which means that if there exists

x €U such that U =U, then any family {B; :i € A} of elements of 7
the union of its elements is U implies that there exists i € Asuch that
U =B; this means that it is impossible to write U as a union of

elements fromz each of which is an improper subset of U .
Theorem 4.3.3. Let (X ,7) be a topological space such that each point

x €X has the minimal open set U, i.e. U, e7. Then, f, ={U, :x €X }
is the minimal basis for 7.

Proof: Firstly U, er for each xeX implies that f,cr and
G er:x eG = U, <G which implies that £, is a basis for the topology
T.
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Secondly If £ is a basis for 7 then by Theorem 4.3.2, U, can not be

written as a union of members of f improper subsets of U, and so
Uyep which implies  thatf, cf. In another  way
Uyer=3IBefxeBclU, but from the definition of U,,
Bepfp=>Ber and xeB implies U, cB. Hence f,cp.
Therefore, S, is the minimal basis for 7.
Remark 4.3.4. If (X ,7) is a topological space and A X such that
UyerthenU €epf,.
Example 4.3.4. In Example 4.3.1, where X ={1,2,3,4,5,6} and

7 =1{X,9,{1,2},{3},{3,4,5},{1,2,6},{1,2,3},{1,2,3,4,5}, {1,2,3,6} }
B, =111,2},{3},13,4,5},{1,2,6} } is the minimal basis for 7.
Example 4.3.5. In the discrete topological space (X ,D) the minimal
basis for D is f, ={{x }:x €eX } where U, ={x } for each pointx €X .
Example 4.3.6. In the excluding topological space (X,Ep) where

p€X is the excluding point, the minimal basis for the topology Ep is
By ={x},X :xeX —{p}} where U, ={x} for each pointx eX —{p}
and Up ={X }. In the topological space (X ,7) the open set Ger is

called principal or simple open set if it can not be written as a union of
members of 7 each is an improper subset of G other wise it is called
non principal or non simple. Theorem 4.3.2, says that G eris a simple
open set iff there is a point x€G such that G =U, . Accordingly the
topological spaces can be classifies into two class's principal and non
principal topological spaces.

The first kind: The principal topological spaces are which has the minimal
basis S, ={U, :x €X }which consists the minimal open sets for all
points of X i.e. (X,7) is a principal topological space if each point
xe€X hasthe minimal openset U, .

For example the following topological spaces are principal topological
spaces:

(1) X,D), (X,Ep) and (X ,Pp) where p e X .

(2) (X ,7) where 7is a finite family whatever may be the set X .

(3) (X ,7) if X is finite such topological spaces are called finite spaces.

The second kind: The definition of the non principal topological spaces is
reading in its name that is a topological space (X ,7) is non principal if
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at just a point x €X there is no minimal open set. For example the
following topological spaces are non principal spaces:

(1)  The co-finite topological space (X ,C) where X is infinite

(2) (X,7) where 2'=Ep UC and p € X where X isinfinite

(3) (X,7r) where r:Ep UC and p € X where X isinfinite

(4) X,7) where r=E{p’q} wC and p,q eX

E{p,q}:{G cX {p,q NG =B} U{X } where X is infinite and

(5) The usual topological space (R,0).

One of these examples will be explained by the following theorem
Theorem 4.3.4. The topological space (X ,r) where rzEp wC and
p € X where X is infinite is a non principal space.

Proof: Suppose that Ger such that peGthen G C and
x €G—{p}eCimplies that G-{x}er and peG-{x}. But
G ¢ G —{x} which means that G is not minimal at P . Since Ger is
any open set hence ris not principal.

Theorem 4.3.5. If (X,r) is a topological space then the following
Statements are equivalent:

(1) (X ,7) is a principal space

(2) Arbitrary intersection of members of t is a member of ,

(3) The family of the closed sets 7. = {G€ :G er}is a topology on X .

@ P X)={4":AcX}=1.
Proof: We shall prove (1) = (2) = (3) = (4) = (1)
(1) = (2): From (1) {x =U, et for each point x eX and if
{G.:ieAjctand G= () G. then
! ieA !
xe(G=xeG;;VieA=x eU, cG;;VieA
=>U, cG=G= NG =Ger
ieA
(2) = (3): From the properties of the closed sets 7. satisfies (01) and
(02). Now implies that {Fl.c :i e A}, from (2) we find that
[U{Fi iieAf =ﬂ{Fl.c iielAler
Therefore U{Fi :i €A} ez, which means that 7, satisfies (03).
(3) = (4): By Remark 3.3.2, rc PNX)——(I).
Conversely
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AcX 24" =NGer:4 G}

=47 = U G°:4cG)
Ger

A/\C

From (3) 7. is a topology on X which implies that €7, and so

A" er.Then PA(X)cr——().From (I) and (I ) PN(X )=7.

(4) = (1): Suppose that P*(X )= then {x}" er which means that
N =U, foreach point x €X . Hence (X,7) is a principal space.
Corollary 4.3.4. As a direct consequence of Theorem 4.3.5. If X is finite
then (X ,7) is a principal space whatever may be 7.

Theorem 4.3.6. If (X ,7) is a principal space and ﬂl and p, are two

bases for T then B N By is a basis for t.
Proof: Since (X ,7) is a principal space then 7 has the minimal basis
By=Uy xeX} and so A, C,[J’lmﬂzcr. Hence by Remark 4.1.3,

then B N fByis a basis for 7.
Remark 4.3.5. Theorem 4.3.6, is not generally valid if (X ,7) is non
principal for example the families of all open circles and all open

rectangles are bases for the usual topology (52 on R 2 while
pnpr=9.

Remark 4.3.6. If (X ,7) is a topological space, A — X and U, is the
minimal open set at the point x €X then x ed' < U, —{x}NnA#J
since Uy <G foreach G et suchthat xeG,U, et andx €U, .
Remark 4.3.7. If (X ,7) is a principal topological space then according to
Theorem 4.3.5, (X ,z.) is a topology on X . Remarking that 7. =7,
the topology . is the family of the closed sets with respect to Ton X
andif A c X then

(1) AN =NGer:AcG}=NG ez, :AcG}=A,,

(2) From (1) {x}. ={x}=U, foreach point x €X ,

(3) exto (A)=(A ) =47C,

(4) Ag =ext, (A€)=4¢"C,

(5) b (A) =A™ NA" =dc A,
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(6)Uye =M{H €7, :x eH}=G :G etrx eG°}
={F ez, :x eF}={x} and
(7) Directly from (6) f,. ={{x}:x €X } is the minimal basis for the

topology 1. on X where Zc, Ag, ext.(4), b.(A)and U,
respectively are the closure, interior, exterior, boundary of A and the
minimal open set at x with respect to the topology 7. .
Theorem 4.3.7. Suppose that (X ,7) is a topological space and consider
the family B ={{x}":x € X} of all minimal open sets at the points of
X .If y,z €eX aretwo distinct points satisfy the conditions
(1) y g{z}"
(2) z efx} and x ¢ {z}” imply that y € {x}" and
(3) x e{y }A and y ¢ {x}/\ imply that x € {z }A
For each point x € X then

Byy =ty ol i e pR {20

=N -z HulnN o

Is the family of the minimal sets at the points of X with respect to the
topology Tyz =rmDyz on X and if T* is a topology on X such that
r*iryz and Ty © t*C T then
(a) %), =7*ND,,,
the points of X with respect to 7 and to ¢ * are coincided.
Proof: From the condition (1), y ¢{z}" which implies that
2N £y ufz and from Remark 3.3.3, X\ cix }3,\2 for each

=Tyz and (b) The families of the minimal sets at

point x € X and from Theorem 3.3.4, {y }5,\2 =pVNuyN={y} and
if x €X such that {x}Ne{{y}",{z}*} which means that
{x "\ # {z } from which we have two possibilities either z ¢ {x }"* from
which by using Theorem 3.3.4 (b) {x }3)2 ={x or ze{x} and
x ¢{z}" from which by condition (2) y e{x}"from which
{x }3}2 ={x " this by using Theorem 3.3.4 (b) also by Theorem 3.3.4
part (a) {z}); ={v}" Uiz
ﬂJ/;\Z ={ N Yol Y e A= {2)
is the family of all minimal sets of the points of X with respect to the

topologyryz. From the condition (1) y ¢{z}"implies that

W\ Therefore,
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z})M =y} Uiz} =1{z}}), and from Theorem 3.3.3, this implies that
Tyz
7y, cT¥Ct which implies that 7,, c7*ND), ctND), =17,

:rmDyZ #7. If 7*is a topology on X such that r*iryz then

which implies that 7%, =7,,, where 7%, =7*ND,, . Hence we gets

by Remark 3.3.3, that {x}*j}z ={x })A,Z and so
Bry, = P P Oz P i e R {2 1))
={ NN N e AN =By

where B*\={{x}*":x eX}} and by Remark 3.3.3, we finds
{x}/\c{x}*/\c{x}j}z ={x} from which for each point x €X,
P =4} such that {x}" = {z}" but {z}*}, ={z}}, from which
Py Uz =N Uz and if ref{z}* —{z}" then te{z}*"
implies that 7 € {y } U{z}" from which 7 € {y } because ¢ ¢ {z}” and
we have two cases (1) y ¢ {t} which implies by condition (3) that
t e{z}" this contradicts that 7 ¢ {z}" or the second case (2) y €{t}"
which implies by Remark 3.3.4 and since 7*cr and fe{z}*" that
PN =N itz * then y e{z}*" which implies that
t*c Dy, and this implies that r*=7*ND, =7%, =7, which
contradicts the assumption that 7, #7* from this contradiction we
deduce that such point # where ¢ € {z}*" —{z}" does not exists which
implies that {z}*" < {z but {z}" c{z}* . So {z}*" ={z" and the
proof is complete.

Remark 4.3.8. Suppose that (X ,7) is a topological space and consider
the family of the minimal sets of the points of X with respect to the
topology 7then we may obtain two distinct points y.,z € X which does
not satisfy the  conditions of Theorem  4.3.7, while
ﬁ)/,\z ={x N,V uz NN epN-{{z\)) is the family of the
minimal open sets about the points of X with respect to a topology t *

on X different from Tyz =TmDyZ and this does not contradicts

Theorem 4.3.7, as illustrated by the following example:

Example: Llet X be a nonempty set, 1,2,3,4eX and
r={X,9,{1},{1,2},{1,2,3},{1,2,3,4}} we remark that 3,1 X does not
satisfies the conditions of Theorem 4.3.7 and
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By =X 0,2),11,2,31,(1,2,3,4}}
={N o) e B

is the family of the minimal sets with respect to the topology
*={X ,9,{1,2},{1,2,3},{1,2,3,4}} and clearly
=131 27N D31 ={X ,J,{1,2,3},{1,2,3,4}} while the points 1 and
3 fail to satisfies the conditions (2) and (3) of Theorem 4.3.7, also we
remark that the points 1,2€ X satisfy the three conditions of Theorem
43.7, ﬂé\lzﬂé\l and r*=7, =7ND

21
Remark 4.3.9. Suppose that X # and y,z € X are two distinct
points and consider the topologies t=E y u(P{%Z}mC ) and

r*:(Ey mC)u(P{y z)

=E (P
Wzl 7z}
(P{y,z}mC)chZ :>Dyz m(P{y’Z}mC)

NC) then

(1) 7y, =7NDy,; NC) where

=(P ’Z}mC) !
and
G eDyZ mEy =G eDyZ NG eEy
> eG=>z¢G)Ay eG =>y,z ¢G
=G EE{y,Z}:DyZ mEy CE{y,z} @)
ButE{y’Z}chZ mEy (ii).From (i) and (ii), Dyz mEy =E{y’z}
(2) r*yz =r*mDyZ =(E{y’z}mC)u(P{y’Z}mC) and

(3) Tyz is not strictly weaker than T where the topology

+ .
T =FE U(E, NP, NnC)U(P, NC) is the topology on X
.zl ( y z Yu( vz} ) pology
such that z* €{r,7y; } and 7, crtcr.
(4) r*yz is not strictly weaker than t*, for let t**c P(X) be a

topology on X such that T*yz #T** and r*yz crt**cr*. Then
G ez’**—z’*yz implies that either (1) z €G , y ¢G and G€ is finite but
{y,z}¥¢ ey, CT** which implies that G U{y,z¥ ={y¥ er** and
since z €G, y ¢G, (GU{y}) is finite and {x } (P NC)cr**

vz}
for each x e(GU{y})then G={y ) NN} :xeGuU{y})F} isa
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finite intersection of members of t** which implies that G e t** or (2)
ze€G and y ¢G which leads to the same result that G er**.

Therefore T **=7* andso t *yz is a strictly weaker than t*.

Corollary 4.3.5. Let (X ,7) be a principal topological space, f3, be the
minimal basis for © and y,z €X be two distinct points satisfy the
conditions (1), (2) and (3) of Theorem 4.3.7. Then
ﬂyz ={U, ,Uy WU, U, ef-{U,}} is the minimal basis for the
topology Tyz which is a principal topology on X strictly weaker than the
topology .

Proof: it is a direct consequence on Theorem 4.3.7.
Lemma 4.3.1. Let (X ,7) be a topological space and x,y .,z ,t €X such

that x ¢{z}and y ¢ {t}". Then

(1) 7z =7, = =",

(2) If {z N ={t} then {z}3, ¢{t})/>t =Tz #7y

equivalently 7, =T = AR :{t};\t.

Proof:

(1) By using Theorem  3.3.4, {z}py =fx Uiz} and
{t};/\t =y N Ut N then {zN#{t} implies either (1) z ¢ {f}" which

implies by Theorem 3.3.4, that {t}7, ={}" € B¢, and from Theorem

333, 7, #7, . or (2) 7 &{z} which leads also to the same result

t
Txz # Tt - Thia} contra positive of this result is that 7., =Ty
that {z} ={}".

(2) We know that
pr={xy i eX y, B =(BN -2y ozl )

and S =" -t Hotinh . if YN =i then
B =iz} =" ~{{t}"} and then

Tyz :Tyt :>ﬂ)é\z = )//\t
since {z 15, 2 (B —{{t}™)).
Another proof of (2): If {z}={}" then z G iff t €G foreach G et
and hence

implies

= ¥y =),

Z) =NiG ey, 2 €Gy=NGer:z,t,x €G},
{t};\[ =N{G €Ty teGi={Ger:z,t,y G}
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And {Z})/C\Z i{t};t implies that {G e7:z,t,x eG}#{Ger:z,t,y €G}
according to which there exists G €7 such that z,, G and either

x €G and y ¢G from which G ey, ~Typ 0Ty €G and x ¢G which

implies that G €Ty ~Txz - In both cases 7,., E Ty -
Corollary 4.3.6. Let (X ,7r) be a topological space and x,y,z t €X
such that x ¢{z}and y ¢ {t}". Then 7., = e iff x}={}" and
="
Proof: Suppose that {x}={y}" and {z}"={}" then y e{x}" and
z € {t}" imply by Definition 3.2.4(iv ) that < D
that z=zn Dy, ND_, whichimplies that

Tyz =TN Dy, :rmDyx ND,, szt crmDyZ szt
vt =Ty D)

from which in a similar way Tyt cry, ().

yx nD,_, which implies

ctnD
or x e{y} and t ez}

From (1) and ({I) we gets 7, :Tyt . Conversely, by Lemma 4.3.1, we

gets

(1) Txz :Tyt :{Z}/\ :{t}/\

(2) If {z={}" with the given conditions x ¢ {z} and y ¢{t}" we
finds {x }* # {y } which implies that either x ¢ {y}” from which with
the condition x g{z " we finds that
xey ol = o ={t}J/,\, while x e{x} U{z}N={z15;
accordingly, {z}%, ;t{t})/}\t or y ¢ {x}" which in a similar way with the
condition y ¢ {#}” obtain the same result {z}7, ;t{t};\t. From Lemma

4.3.1, gets in both cases that T, ;t’cyl that is if {z}\={}",
x ¢{z}" and y ¢{¢}” then

Y=V =21 ¢{t}§l = Txz Fly

Equivalently the contra positive of this result is
Tz =7, = ER = 1)), S =0

Therefore if x ¢{z}" and y ¢{t}" then 7, =Ty

{z}"={}" and {x}" ={y}" and the proof is complete.

implies that
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Remark 4.3.10. The converse of Lemma 4.3.1, generally incorrect as
illustrated by the following example: Let X be an infinite set,

x,y,z,t €X be distinct points and let T:E{t Z}U(P{x Z}mEt nC).

Then {x}N={x}, {z}N=1{x,z}, (" ={y} and {{}" =X from which
x e{z}and y et which implies that

Ty =TND,, =r=rmDyt =7 . according to which the conditions

yt
x ¢{z}" and y ¢{t} must be given in both lemmas 4.3.1 and Corollary
4.3.6.

Theorem 4.3.8. Let (X ,7) be a topological space and y,z € X be such

that 7,,, =tND,,, is a strictly weaker topology than the topology .

bz yz
Then y and z satisfy the conditions (1), (2) and (3) of Theorem 4.3.7.

Proof: (1) If y e {z} then r=7rND,, andso y ¢{z}. (2) If z e {x}"

yz

yz =TNDy; "Dz cTNDyy 7 and

if x¢{z}" then by Theorem 3.3.4, {z}ﬁ,\x ={z}" implies that

then z=znD,, andso rND

{z }3,\2 #1{z }J/}x because {z }3/\2 #{z" and y ¢{z}” which implies that
by Theorem 3.3.3, rmDyZ ;trmDyx which implies that rmDyx =7
since Tyz is a strictly weaker topology than 7 from which y e {x}.

(3) From Theorem 3.3.4, we finds that {z }3,\2 =V Uiz} and if
x e{y} then x e{z})/)z which implies that 7D, cD,, and so

rmDyZ ctnD,, cr. Now if Tyz =Txz then {z }92 ={z })/c\z which

implies that {y }/\ vz }/\ ={x }/\ Uiz }/\ and so y & {x}” implies that
yeizih Y
7N D, is strictly weaker than 7 and hence {z }j}z #{z 1%, from which

by Theorem 3.3.3, tnD

implies that N D,,, =7 which contradicts that

yz #7ND,, which implies that znD,, =7
which implies that x € {z}” and the proof is complete.

Theorem 4.3.9. Let (X ,7) and (X ,7*) be two topological spaces such
that 7 * is strictly weaker than v and let = and ©* have distinct families
S and B*™ of minimal sets respectively. Then there are two distinct
points y .,z € X satisfying the conditions of Theorem 4.3.7, such that

z’*=rﬁDyZ =Tyz -
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Proof: Let {x}” and {x}*" be the minimal sets with respect to 7 and
T * respectively for each point x e X since S # f*" then there is a
point z € X such that {z}" # {z }*" which implies that there is a point
y e{z}*—{z} because {z}" c{z}*" because r*cr this by
Theorem 3.3.3 and since y ¢{z}” and so t#7ND); and y e{z}*"

implies that ¢*cD Hence we finds 7*cr implies that

Yz
t*ctnDy, cr. If7* is  strictly  weaker than 7 then
t*=1nD), =1, . If teX —{z} and {3y = {1*" then by the same
way there is a point x € {f}*" —{#}"such that 7*=7ND_, =7 . and by
Lemma 4.3.1, {x}"={y}" and {z}={}". Clearly by Theorem 4.3.8.
y and z satisfy the conditions (1), (2) and (3) of Theorem 4.3.7.
Corollary 4.3.7. Let (X ,r) and (X ,t*) be two principal topological
spaces. Then t* is a strictly weaker topology than tiff there are two
distinct points y,z € X satisfying the conditions (1), (2) and (3) of
Theorem 4.3.7.
Proof: It is a direct consequence of Theorems 4.3.7.

4.4. Topological subspaces.

Theorem 4.4.1. Llet (X ,7)# be a topological space and Y be a
nonempty subset of X then the family Ty ={G Y :G et} is a topology

onY.

Proof: (1) Clearly XNY=Y and @Y = which implies that
Y .,O ez-Y . So Tj of the definition (2 — 1 - 1) of the topology is satisfied.

2
Uy=GynYandso

(2) f U,,U,er_ then there are G,,G,e7 such that U,=G,nY and
1 Y r-2 1™ 71

U,NnU,

1 2=(G1mY)m(szY)=(G1mG2)mY

And since (GlmGZ)er then UlmUzery. So T is satisfied.

(3) Let {U,:a €A} be a family of nonempty members of ry. Then for

each « € A there exists G, €7 such that U, =G, NY and then
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U, = G,NY)= G, )H)NY
aLeJA @ aLeJA( « ) (agA a)

and ( U G )er impliesthat ( U Ug)er_ . Hence r_ satisfies 73.
aeA aeA Y Y
From (1), (2) and (3), TY is a topology on Y.

Theorem 4.4.2. Let (X,7) be a topological, Y be a nonempty subset of

Xand i:Y—>X be the inclusion function i.e. i(x)=x for each x €Y.

Then 7., (i 1(G):Ger).

Proof: We need to prove i_l(G)sz Y for each Ger. For, if Ger

then i_l(G)cY and

xei_l(G) = x=i(x)eG = xeGNY
— i \(G)cGnY (I
Conversely
xeGNY = xe G AxeY = x=i(x)€i(G)

—xei WGy Gnrei @) an

Hence (Z) and (II) implies that i_l(G)sz Y.
Remark 4.4.1. Let (X,7) be a topological space and Y be a nonempty

subset of X . Then

(1) If Get such that GCY then G=GNY which implies that GerY

This implies that{GcY :G et} C Ty
(2) From the definition of Ty if UGTY then there is Ger such that

U=GnNY.If Yer then U et which means that?

Yer=1,CrT.
Y
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Definition 4.4.1. Let (X,7) be a topological space and Y be a nonempty
subset of X . Then the topology Ty ={GNY:Ger} on Yis called a

relative or a partial topology of the topology 7 on X and (Y,rY) is

called a relative topological space or a topological subspace of the
topological space (X,7). Briefly we write Yis a topological subspace of

the topological space X .
Example 4.4.1. Let X ={{a,b,c,d,e,g}, Y =1{b,c,d,e} and

r={{X.,9,{a,b},{c},{c,d,e},{a,b,g},{a,b,c}, {a,b,c,d e},
{a,b,c,g}}

Then Ty ={Y ,0,{b}.{c}.{c,d e}, {b,c}}.

Example 4.4.2. Consider the co-finite topological space (X,C)and let
Y be a nonempty subset of X . Then

(a) U eCy —{J} implies that there is GeC such that U=GnNY,

since G¢ = X — G is finite because G € C then
Y-U=Y-GNnY=YNG°cG"

which implies that ¥ —U is finite this for each element U eCy —{J}
which means that Cy is a subfamily of the co-finite topology on Y.

(b) If Uis a subset of Y such that Y —U s finite then Y —U is a finite
subset of X which implies that (Y—U)c e C this means that

(Y -U) nYe Cy.But

Y -UXnY=°oU)nY = nY)uUNY)=U

This means that U € Cy for each subset U of Ysuch that Y-U is
finite which implies that the co-finite topology on Y'is a subfamily of Cy

. From (a) and (b), Cy is the co-finite topology on Y.

137 A.S. Farrag and S. E. Abbas



General Topology Bases and Subbases

Theorem 4.4.3. Let (X,7) be a topological space, Y be a nonempty
subset of Xand f be a basis forr. Then the family ’BY ={BN

Y:Be B}isa basisforrY .

Proof: (1) UeﬂY = 3dBef:U=BNY, since S is a basis for 7 then

B <t which implies that B € 7 which implies that UerY and so

ﬁYcry.

(2) If Uery and yeU then there is Ger such that U=GNY which
implies that yeG and since [ is a basis for 7 then there exists Bef
such that y e Bc G this implies that ye BNYcGNY =U . So for each

UerY and each point yeU there exists B*eﬂY (B*=BNY) such

that y e B*cU . Therefore ’BY is a basis forrY .

Example 4.4.3. Consider the discrete topological space (X,D) and let
Yc X be nonempty. Then Dy is the discrete topology on Ysince
yeY=yeX={y}nY ={y;eDy which implies that

ﬂOY ={Yn{x}:xeX|o{{y}:yeY|oDy

is a basis for Dy . Since {{x}:x € X} is a basis for D. Then Dy is the

discrete topology on Y.
Another solution:
AcY = Ac X = AeD = A=AnYeDy
= P(Y)cDy = P(Y)=Dy
Therefore Dy is the discrete topology on Y.

Theorem 4.4.4. Let (Y ,TY) be a subspace of a topological space (X,7).
If ACY then
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(1) A is a closed set in Yiff there is a closed set Fez, such that
A=FnYie Ae fyc < 3F er.: A=FNY where

ch ={Y—U:UerY},
(2) tye ={FnY:Fet.},
(3) Ay =4'NY,
(4) ZyzZmY,
(5) Ay =4" Y,

o_ 40 0_ 40
(6) A CAY and A ¢Ay,

(7) by(A)=b(4) and by, (A)#b(A) and
(8) A° = Agmyo.

Where Ay, Ey, A{/\, A}g and by (A) are the derived set, the closure,
the minimal set, the interior and the boundary of A with respect to the

topology Ty onY.

Proof: (1) If F' ez, suchthat 4 =F Y then

Ferc:>FCer:>YmFCerY and so

YmFC:Y—F:Y—(FmY):Y—A:Y—AerY

:>A€TYC

Conversely if 4 E(TY ) i.e. Ais a closed set with respect to Ty then
c

Y-Ae Ty and there exists Ge 7 suchthat Y —4=GnNY.Hence

A=Y-GNY=Y-G=YNG =YNF
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where F =G ez,.
(2) It is a direct consequence of (1).

(3)If y € Ayand G € 7 such that yeGthen G YerY and hence

D= (GAY)—{yInd =G Y )niy} n4
=G Nl NnA)=G-pNnd=yed
=Ady cA'=Ay cA'nY (1)

Conversely If U e, such that y €U then there exists G € 7 such that

Y
U = G n Y which implies that yeG and if yeA'n Ythen yeA' and so

U-{y}nd=GnY -{y}1nd=G-{y}nd+J
=y edy =>A'NnY cdy ()
From (I) and (/I) Ay = A'NY.
(4) Directly from (3) .
Ay =A'NY = AVAy = Au(4'NY)
= Ay =(AUA) N (AUY)=(AUA)NY
=>4y =4AnY
Another proof: Regarding that Ac Y << AN Y=A we finds

XEZY sUnY ;é@;VUerY xel <

SGENY NA#0;VGerix eG <&
SGECNA#0;VGerxeG < x cd

@ermY :>ZY :ZmY

Third proof:
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A=N{Fer,:AcF}=A4nY
=[{F ez, :AcF}]nY =({FnY :Fer.,, AcCFnY}

=M et :ACM}:ZY :>ZY —ANY

YC

(5) Since A Y implies that for each Ger, AcG iff AcGnN Ythen

Ay =N{Uer,:AcUj= N {GNY:iAcGNY)
Ger

=[N{Ger:AcG}NY=4A" Y

(6) Since A< Y then

xed’ =>3Ger:xeGcAd=>xeGNYcANY =4
0 0 0
:>xeAY:>A CAY
On the other hand If X ={{a,b,c,d}, Y ={b,c,d}, A={c,d} and

={X,9,{a},{a,b},{c},{a,d},{a,c},{a,b,c},
{a,b,d},{a,c,d}}

Then Ty ={Y ,0,4b}.{c}.{d},{b,c},{b,d}.{c,d}} =Dy which is the
discrete topology on Y. So 4% = {c} and A)O, ={c,d} which implies that
A% % Ay
(7) Since Y — A< A€ so
bY(A):ZymmY:ZmMmY
ch;mY:b(A)mY: by (A)=b(4)

On the other hand consider the example given in (6) we finds

(a) A={c,d} and AC ={a,b,d} which implies that b(A4)= AN A ={d}.
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(b) ZY ={c,d} and (Y-A)y={b}  which implies that

by (A)=Ay N -A)y =O.

From (a) and (b), b(4) csz (A) and so bY (A4) #b(A).
(8) From (6), 4° AIO/ and AcY = A4° c Y? from which
A% c Ay nY? (D)

Conversely y e AIO/ N Y? implies that y € Af; and y e Y? and we finds

yeA)O,:HUETY:yeUcA:EIGer:UzGﬁY
=>yeGnYc4d (1)

Also since ANY = A then

yeY’=>3dHer:yeHcY=yeGnHNYcC A

BuUGNHcHcCY=>GnH=GNnHNY (2).

From (1) and (2) and since G " H €t we gets

yeGNH=GNHNYc A= yecA°

= Ay nY° < A% (1)
From (1) and (1), 4° = 4g N Y°.

Theorem 4.4.5. Let (X,7) be a topological space and ZCY c X be
such that Z is nonempty. Then t 7 :(TZ )Y .

Proof: Suppose that Hez’Z then there exist Gersuchthat H=GnNZ

but ZcYeZ=YNnZ which implies that
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H=GN(YnZ)=(GNY)NZ but U=GNYer, then He(ry),

Y
which implies that 75 C(TY)Z )

On the other hand if He(z'Y)Z then there exists UerY such that

H =U N Z and there exists G € r such that U =G nY . Hence

H=GCNnY)NnZ=GNn(YNnZ)=GNnZ=>Her

7
Therefore (z'Y)Z cTy ).
From (/) and (/I), we have that T, :(z'Z )Y'
Exercises
1 - Consider the set of the real numbers R and show that:

p={(a,b):a,beQ} is a basis for the usual topology Oon R .

2 — Consider the set R2 where R is the set of the real numbers and
show that (a) The family of all open squares which has parallel sides to

2 (b) The family of all

triangles which have equals sides form a basis for ° on R 2.

3-If X #J and p,geX show that ,BI:C—{X —{p}t ﬂ2:C—{G}
where GeC and ,83=C—{X —{p,q}} are bases for the co-finite

the coordinates axes is a basis for 252 on R

topology C on X . If X is infinite and if |X|=4 then ﬂ3 fail to be a

basis for C .

4—-If X #J and peX write the minimal basis for each of D, Ep and

Pp .If X ={a,b,c,d} write the minimal basis for each of 7, D, Ep and
Pp .

5 — Consider the set R of the real numbers and Prove that if
P={(a,b:a,b R } is a basis for the upper limit point topology 7 on R
thenOcr.

6-If X ={a,b,c,d,e} and o={a,b,c},{a,c,d},{b,c}} find the topology
on X generated by o. Also write a subbasis for the discrete topology
D consist no single and no two points subsets of X .

7 — Write the topology generated by the family
(@) o={[n,n+1]:neN} on R,
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(b) o={[a,a+1]:aeR} on R,

(c) o={{1}, {n,n+1}:neN} on N andalsoon R and

(e) o={[a,b]:acQ} on R . In this case show that f=cU{{x}:x €Q} is
a basis for the same topology on R which generated by o (hint: show
that fc f(o) cr(f(0))).

8 — Show that the topology 7 on a nonempty set X is finite if X is
finite but not conversely.

9—If (X,7) is a topological space, peX and Np is the neighborhood

system of the point p show that for each U eNp there exists B eﬁp
such that BcU where ﬂp is a local basis for the point p .

10 — If o is a local basis for a topology 7 onaset X and peX show
that oy ={S eo:peS} may be not forms a local basis for 7 and show

that the family of finite intersection of the members of p forms a local

basis for 7.

11 — Show that if o is a subbasis for a topology 7 on a set X then
o—{X ,J} is also.

12 — If X is a nonempty set show that o={{x }°:x €X }is a subbasis
for the co-finite topology C on X where {x } =X —{x }.

13 - Consider the topological spaces (X,z'l) and (X,TZ) and let ﬂl, o)

be two bases for 7 and 7, respectively. Then show that ﬂluﬂz is not

necessary a basis for any topology on X and find the topology 7 on X
which generated by ﬂl uﬂz and show the relation between 7 and each

of Tl and 1'2 .

15 — Consider the topological spaces (X,C) and (X,r) where
r=E, uC and peX find {(x N=N{GeC:x G} and

{x " =N{Ger:x G} for each point x €X and show is {x }/\ the

minimal open set for X or no? Why?. Prove that f={{x } :xeX } isa

basis for a topology 7”* on X in both cases and discuss the relation

between 7 and each of C and 7.

19 - Consider the set X ={1,2,3,4,5,6} and let
r={X,J,{1},{1,2},{1,2,3},{1,2,3,4},{1,2,3,4,5} } then show that:

(a) ,83:\2 =,B£\2 :ﬂ5/\2 which is the minimal basis given by Theorem 4.3.7.
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(b) the topology z'g\z on X which has the minimal basis ﬁs/\z does not

equalsto 750 =7 Dgy.

(c) the topology T4/|_\2 on X which has the minimal basis ,6’4\2 does not
equalsto 749 =7 N Dyy.

(d) The topologies 13/\2, 14/‘\2 and z'g\z generated by the bases /)’3/\2, /)’4\2
and ﬁs/\z respectively are equals and equal to the topology
32 =7 ﬁD32

(e) any of the two points 5 and 2 and the points 4 and 2 does not
satisfy the conditions of Theorem (21) but the points 3 and 2 satisfy

these conditions.
20 — Consider the usual topological space (R,0) and the basis

S{(a,b):a,b e R} of the topology O. If Y =[c,d]c R, write the basis
fy =(BOY:Bef).

21 — Consider the space topological space (X,7r), pe X and the set
B#Y <X write [ in each of the following cases:

(a) (X.Ep), Y =X —{p}.

(b) (X.Py), Y =X —{p}.

(c) (X, 7) where t=E,uC,Y=X-{p}.

(d) (R,7) where 7 is (1) the right rays, (2) the left rays topological space
and Y=N, Y=Z, Y=[0,0) and (-,0).

(e) (X,7r) where X ={1,2,3,4,5,6,7,8} and 7 is the topology on X
which has the basis g ={{1},{1,2,5},{3,4},{,6},{7,8} }if Y ={1,2,6,4,8}
andif Y ={1,3,4,5,7}.

22 —If (X,7) is a topological space, Y and Z are nonempty subsets of

X prove that

(a) Y#Z does not implies that Ty —{Y};ﬁz’Z -{Z}.
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(b) There is no comparison between T(sz) and T(YUZ) .

©Cy) =T ymzy =T 2 )y

(d) Ty Nr,cr

zZ  (Yuz)’
(e) If WGT(YuZ) then there are UerYand VerZsuch that
w=UuV.
(g) If WET(YK\Z) then there are UerY and Vez'Z such that
w=UnV.

23 —If (X,7) is a topological space and Y is a nonempty subset of X

prove thatY ez, :>(TY ) ct,.
c

23—-1If (X,7) is a topological space prove that

(a) Ty =1, is the indiscrete topology on Y such that ‘ Y‘:Z where ‘ Y‘

Y
is the cardinal number of Y iff =1 that is

Ty :IYVYCX:|Y|:2<:>1:I.

(b) Ty =D, is the discrete topology on Y for each subset Y of X such

Y

that ‘ Y‘Zz where ‘ Y‘ is the cardinal number of Yiff {x}/\:{x} for

each point xe X thatis

Ty :DY‘v’YcX:‘Y‘zZ@{x}A:{x};‘v’xeX.

If 7is a principal topology on X then

ry =D, VYcX:[¥=2&7=D

24 - If (X,7) is a topological space and Yis a nonempty set such that
X NnY = and X*=XUY, consider the family 7*c P(X*) which
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consists the empty set and the sets G*c X * such that G*=Gu ~Z
where Ger and Z be such that Y —Z is finite prove that 7* is a

% * *
topology on X and Y is dense in X . If AcX prove that

Ays =(X AN N A) if YOA isfiniteand Ay, = X *if YA is

infinite.

25 — Prove that if (Y,rY ) is a topological subspace of (X,7) and
(a) AcY Then ext(A4) = (Y — A)° =exty, (A)N Ye.

(b) AcY = isd.(A) = A= ide (A)=4A.

(¢) Ac X Thenisd.(ANY) =ide (ANY).
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Chapter V
Continuous Functions in Topological Spaces
Topics:

e Continuity.
e Homeomorphism and Topological Properties.

5.1. Continuity.

Definition 5.1.1. Consider the topological spaces (X ,7) and (¥ ,7%)
then the function /" :X —Y is said to be continuous at the point x € X
if for each open subset V' of ¥ such that f (x) el there is an open
subset U of X suchthat x eU and f(U) cV i.e.

Ver*f(x)eV =>3U erx eU,fU)cV

If the function £ is continuous at each point of X then f is said to be
continuous function on X .

The following theorem gives us equivalent definitions of the continuity
of the function f from a topological space to another one.

Theorem 5.1.1. Let (X ,7) and (Y ,7*) be two topological spaces and
f:X >Y be any function. Then the following statements are
equivalent:

(1) f is continuous,

(2) The inverse of any open set by the function f is open that is
f_l(V)er foreachV et*,

(3) The inverse of a closed set by the function f is a closed set that is
f_l(F)ETC foreach F € r:,

(4) The closure of the inverse by f of a subset of Y is a subset of the
inverse of its closure that is f _I(B Yo f _I(E) foreach B Y and

(5) The image of the closure of a subset of X by f is a subset of the
closure of its image thatis f (A)cf (4) foreach 4 c X .

Proof: We shall prove that
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(1) = (2) = (3) = (4) = (5) = (1) and there are another ways for
the proof which the reader can be used.

(1) = (2): Let x e X and V e * then x ef_l(V):f(x)eV and
from (1) where f is continuous there is U €7 such that x €U and
f U)cV from which

xeUc/\rwperlv)y=xer lo)yw=r"1v)
cr\oyw =0 low=rv)y=r1)er
(2) = (3): From (2) we get

Fer*, —F¢=y -F ez’*:f_l(Y -F)er

=7 Ny —F)=x —f V(Fyer = T (F)er,

(3) = (4): Suppose that B Y then Eez’*c and from (3), f _I(E)erc

from whichf_l(E)zf _1(5) then

BecB=f \(B)cr \B)=r T B)er T(B)=

= 'B)=r " B)er T\ (B)
(4) = (5): Suppose that 4 X then f (4)cY , then by substituting
B=f(A4) in (4) we gets

Act s aes g aner T )
=/ (el (T Aes ()= f (A)ef (4)
(5) = (1): Let x €X' be an arbitrary point and V' ezibe such that
f(x)eV then (z')chY -V er*. from which Ve=r¢ and

xef "L ) then by substituting 4= 107 ) in (5),

ror v nerg i nere=re

1,.,¢

= oSV oner o)
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A I AU TS AT L
=Ny vy=x—f e = er

Set U=f"1¢7) then U ez, xeU and U=f )= fU)cV
which implies that f is a continuous function at the arbitrary point
x €X and so is continuous.

Theorem 5.1.2. Let (X ,7) and (Y ,7*) be two topological spaces and
f :X —Y . Then the following statements are equivalent:

(1) f is continuous,

2) £~ Y B%)c ¢ ~LB)? foreach B Y ,
(3) If B* is a basis for  * thenf_l(B) et foreach B € f* and

(4) If o * is a subbais for r* thenf_l(S) et foreach S € o *.

Proof: The statement (1) of this theorem is equivalent to the statement
(2) of Theorem 5.1.1, and we can prove that each of the statements (2),
(3) and (4) of this theorem equivalent to (2) of Theorem 5.1.1. Now we
shall prove that (2) of this theorem is equivalent to (1) i.e. equivalent to
(2) of Theorem 5.1.1, and left the others to the reader.

Firstly (1) = (2): Suppose that B Y and f is continuous, by (2) of
Theorem 5.1.1, we gets

B%er*= £ 1B% er =71 B2)=¢ "1(B)?° and so
B cB=f'B%) s ®)
=B =0"' @) et T 3)°
=8 ®)
(2) = (1): Suppose that 7 ~1(B2)c (f ~1(B))° foreach B <Y then

Ver*=V0o =y :>f_1(V)=f_1(V0)C(f_1(V))O
=7/ l\vycr oy =¢low=r"1v).
:>f_1(V)er
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Theorem 5.1.3. Let (X,7) and (Y ,7*) be two topological spaces,
f :X =Y be a continuous function at the point x € X and <x, > be
a sequence of points of X convergent to x i.e. X, —x. Then the
sequence <f(x,)> convergent to the point f(x) that is
X, ox =>f(x,)>f (x).

Proof: Suppose that V' € 7 * such that f (x) €V then x ef_l(V) and
since f is continuous then f_l(V)er. If x,, —>x then there is a

positive integer n, e N such that n>n, = x, ef _I(V) and so

n=n, =f(x,)ef (f L(V) <V which implies that £ (x , ) —>f (x)

Theorem 5.1.4. Let (X ,7) and (Y ,7*) be two topological spaces and
(1) f :X —Y s a continuous function.

(2) £ (AN (f (4))" foreach A =X and

3) (f LB cf YB) ForeachB Y .

Then (1) = (2) = (3) and if (X ,7) is a principal topological space then
the three statements are equivalent.

Proof: (1) = (2): If V' e ¢ * then by Theorem 5.1.1,2
dcrlvysrcr vy =1y

=dc/\gupcsr o)

thatis A cf L0/ ) o f(A)cV .

Now 4™ =N{G e7r:4 G} andif f is continuous then

o)y ecradcf Tl ciGeriacay
Andso A cNif ~L ) er*. 4 cf 717 )} whichimplies that
FAneny ey e acs oy
Butf(f_l(V)) cV foreachV e * from which

fUNCNY er*d cf T\ )y =N er*f (A)V }
—(f (A~
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Another proof of (1) = (2): Suppose that A X, since [ _l(V )er for
eachV et * andsince f is continuous then

Ver*af()cl > dcf U o)
—ates N ysruterg T yer
= UNSN et f ()Y }=(f ()"
=1 UM (f (U)”

(2) = (3): Suppose that B Y then
A=\ BY=p )= (¢ T BYB =1 (B
=(f(4)"cB”
From (2)
fUMNS(f ) <B” =B

ANt yer TN sat ey Tl

-1 -1
=B ef B
One can prove (2) = (3) directly since if B <Y then by substituting

A= "1(B)c X in (2) we gets
s eyMHers T Byt es”
¢y e T ey er T
=By er ™

If (X,7) is a principal topological space then to prove that the three
statements are equivalent we needs only to prove that

I(BA)

(8"

(3) = () forlet (f "L(B) s L(B") foreach B cY then

Ver*=v =1 :>(f_1(V))ACf_1(VA):f_1(V)

= Ty =
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Then by Theorem 5.1.2, (X ,7) is principal implies that (f_l(V))/\ €T
and sof_l(V)ez'. Hence £ is continuous.

(1) = (3)if B <Y then
BN =MV er*:B cV}

=r'@M=n yvyBery

Ver*
But BV :>f_1(B)cf_1(V) which implies that

Ver*:BclVic{ er*:f_l(B)cf_l(V)} which implies that

iy enBervicy oy eon s imyer Ty
And then
Ny leyr ey er oy
Ver*

cn ylvysery=re

Ver*

If / is continuous then f_l(V)ez' foreach V' e7* and then
¢ BN NG ers T B) <G
cnyleryseerey

Ver*
-1 -1 A
c N Y V)yBcVi=f (B")
Ver*
-1 A -1, A
=G (B) <f B")
Example 5.1.1. If (X ,7) is a topological space then the inclusion
functioning i :X — X where i(x)=x for each x €X is continuous
since i_l(V)zV et foreachV er.
Example 5.1.2. If (X,7) and ' ,7*) are two topological spaces then
the constant function f :X —Y where f(x)=b for each x €X and

b €Y is any point is a continuous function since
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Q; beglV

-1
= er
X;belV /)

v ez’*:>f_1(V)={

Example 5.1.3. Consider the topological spaces (X ,D) and (¥ ,7) then

the function f :X —Y is continuous whatever may be the topology 7

onY sinceV ez':f_l(V)eP(X)zD.

X

Example 5.1.4. The function f :(-LL1) >R where f (x)= for

1-x2
each point x €(—1,1) is continuous since it is division of two continuous
functions defined on (—1,1) and its denominator is not equals to zero for
any point x €(—11) by considering the usual topology O on R and the
relative topology on (—1,1) of the topology O, see the figure of the

curve f (x)= ad

2

1-x

Example 5.1.5. Consider the usual topological space (R,O) and the
function f :R —R which is given by

-1; x €(—x0,0]

f(x)z{ I; x €(0,0)

For each point x eR, f is not continuous since (—0,0)e0 while
(0,00 =f T 1) = (0,012 0.

Example 5.1.6. let X ={a,b,c}, 1={X ., {a},{b,c}}, ¥ ={1,2,3} and
*={ ,3,{1},{1,2}}. Then the function [ X Y where
f ={(@a,1),(b,1),(c,2)} is not continuous since {l}er* while
sl =tabier .

Remark 5.1.1. The converse of Theorem 5.1.3, is incorrect, for consider
the co-countable topological space (R,7) if <x, > is a sequence of
points of R convergent to the point p e R then <x, > is of the form
<x, >={x1,x2, ...... X s DsPsDs e e } see Example 5.1.1,2,3 . By
considering the function f :(R,7)—(R,0O) given by f (x)=x for each
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point X € R then f(x,)—=>f(p) and 0,)e while
f _1((0,1)):(0,1) gt since (0,1 =R —(0,1) is uncountable which

implies that f is not continuous.

Theorem 5.1.5. If (X,rl), 14 ,2'2) and (Z,r3) are three topological

spacesand f X Y and g¥ —Z are two continuous functions then

gof :X —>Z is continuous.

Proof: Suppose that W €7y then g_l(W)ez'2 since g is continuous

and f _1(g_1(W ))er1 since f is continuous. But
/)l )=¢Teghw) =1 e )

Which means that g of is continuous.
Theorem 5.1.6. If X = , 7 and t* are two topologies on X then t
is stronger than t* iff the inclusion function i :X —X is continuous
where i(x)=x foreachx € X .
Proof: Suppose that i is continuous then

Uer*:>i_1(U)=U er=>r*cr
Conversely if ¥z then Uer*=U er but i_l(U):U for each

U e7r*.Hence i is continuous.

Theorem 5.1.7. Let(X ,7) and (Y ,7*) be two topological spaces and

A c X, ifthe function f :X —Y s surjective and continuous. Then

(1) 1 (x) is an interior point of f (A) implies that x is an interior point of
A that is

f@)e(f(4)° =>xed?

(2) The point x is a limit point of A implies that f (x) is a limit point of
f(A4) thatis

xed' =>f(x)e(f(4)).

(3) The point x is a boundary point of A implies that f (x) is a boundary
point of f (A) that is
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xeb(A)=f(x)eb(f(4)).

Proof: we shall prove (3) and left (1) and (2) to the reader, for if
f(x)eb(f(4)) then there exists an open set V er* such that

fx)eVand VnfA)=0 or V¥ —f(A4)=T if fis surjective
then by Theorem,f_l(f(A)):A and

v —r@yy=r"1o)-r Lr)=x -4=4° and since [ is

continuous then f_l(V)er and therefore

Vo (A)=2 =11 ar =1 )nr 1 )
- lryna=2

or

Vol - @)=2=7 1) Tl -1 @)
= w)nac -a

both cases implies that x ¢b(4), the contra positive of this result is the
required aim whichis x eb(4) = f (x)eb(f (4)).
Remark 5.1.2. if (X ,7) is a topological space, Y is a non empty set and
f :X —Y s any function then the family f *(z)={V Y :f_l(V)er}
forms a topology on Y , the function [ :(X,0)—E .f *(z)) is
continuous and f *(t) is the strongest topology on Y such that the
function f is continuous that is if t* is a topology on Y such that if
f (X, 0)> ,*) is continuous then t*cf *(r) that is if [ s
continuous then

V ez’*:>f_1(V)ez' =V ef ¥*(r) = tFcf *(0)
and we have the following three Propositions:
Proposition 5.1.1. If (X ,7) is a topological space, Y is a nonempty set

and f (X ,7)—>(Y .f *(1)). Then f_l(F) is a closed set iff F is a
closed set foreach F Y thatis

-1
Fe(f*(), «f ez,
Proof: Since by Remark 5.1.2, if the function f is continuous then
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Fe(f (D), &Y ~Fef *() o X —f \(F)=

e -mereriF)er,
Proposition 5.1.2. Consider the topological spaces (X ,77),
Y./ *(@))and  (Z,7p)  andf :(X,7)>C .f *(z)).  f
g:,f *(r1))>(Z,79) is any function then gis continuous iff
gof :(X,r1)—>(Z,7p) is continuous.

Proof: Clearly by Remark 5.1.2, f is continuous and so by Theorem
5.1.7, g of is continuous.

Conversely, suppose that g of is continuous then
-1, -1 -1
Ven=f (g W)=(@gf) )er

= ¢ ' 0)ef (@)
Proposition 5.1.3. Let (X ,7|) be a topological space, Y and Z be two
nonempty sets and consider the functions f (X ,71)—>(Y .f *(71))
and g :(Y .f *(z1))=>(Z,g *(f *(z7))). Then

(geof)*(z)=g *(f *(r1)).
Proof: Clearly f and g are continuous and the function also by
Theorem 5.1.6, g of (X ,71)—>( ,g *(f *(r7))) is continuous which
implies that

g*( *(mNc(gefH)*(z) )

Conversely,
Voe(gof ) ¥ (z) = (gof ) W )er =/ gl Der

=g \W)ef *) =V cg*(f (1))
= (gof ) *(r)Cg *(f *(r) ()

From (1) and (1), (g of ) *(r])=g *(f *(71)).
(b) if  ,z*) is a topological space, X is a nonempty set and [ : X —>Y

is any function then the family f_l(r*)z{f_l(V):V er*} forms a
topology on X and clearly the function f :(X ,f _l(r*))—>(Y,r*) is

continuous and f_l(r*) is the weakest topology on X such that 1 is
continuous i.e. if 7 is a topology on X such that f :(X ,7)—> ¥ ,7¥) is
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continuous then f_l(r*)cr thatisif G ef_l(r*) then thereisV er*
such that G:f_l(V) and if f is continuous then G:f_l(V)er
which implies that f _l(z'*) c 7 and we have the following proposition

Proposition 5.1.4. Let (X ,71), (Z,7p) be two topological spaces, Y be
a nonempty  set and g ,g_l(rz N (Z,77). If

f :(X,rl)—>(Y,g_l(rz)) then f is continuous iff the function
gof «(X,r1) >(Z,1p) is continuous.

Proof: Clearly g is continuous and so if f is continuous then by
Theorem 5.1.5, g of is also.

Conversely V' € g_l(rz) implies that there exists W € 7y such that

V=g l).sor T\ )= e T\ )=(g of )7 ) then g of is

continuous implies that f'_l(V)e 71 which implies that f s
continuous.

Definition 5.1.2. If (X ,7)is a topological space, Y is a nonempty set
and /' :X =Y s a surjective function the topology f *(z) on Y given

by Remark 5.1.2, ie. f*()={V cY :f_l(V)er} is called the
identification topology. If (X ,7) and (Y ,7*) are two topological spaces
and f :X Y is a surjective and continuous function such that
*=f *(r) then f is called the identification function.

Example 5.1.7. If X ={1,2,3,4}, Y ={a,b,c} and
=X @, {1},{2, 41,3}, {1,2},41,2,3}} and

(1) fl :X —Y suchthat f1 ={(La),(12,a),(3,b),(4,b)} then

fl(r*):{Y ,DB,4a},{a,b},{c},{a,c}} is not the identification topology on
Y since f1 is not surjective.

(2) f2 :X —>Y such that f2 ={(La),(2,a),(3,b),(4,c)} then

fz(r*): {Y ,J,{a},{a,b}} is an identification topology on Y and so f2

is the identification function.
5.2. Homeomorphism and Topological Properties:
Definition 5.2.1. If (X,7) and (Y ,7*) are two topological spaces then

f X —Y iscalled
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(a) an open function if f(U)et* for each U €7 i.e. f is an open
function if the images of the open sets by the function / are open.

(b) a closed function if /' (F) e 7 *, foreach F ez, i.e. [ is

a closed function if the images of the closed sets by f* are closed sets.
Remark 5.2.1. The continuous functions need not be open or closed and
the open and the closed functions may be not continuous as illustrated
by the following examples:

Example 5.2.1. If | X |>2 then the inclusion function i :(X ,D)—(X ,I)
is continuous and neither open nor closed.

Example 5.2.2. The function i1 (X ,I)—>(X,D) which is the inverse
of the function i given in Example 4.2.1, is open and closed but not
continuous.

Example 5.2.3. The function given in Example 5.1.5, which is not
continuous is also not open since (—©,0) € O while f ((—©,0))={-1}¢O
but it is a closed function since if F is a nonempty closed set i.e.
FeG, —{J} then either (1) Fc(-,0], (2) Fc(0,%0) or (3)
FN(—0,01# and Fn(o,—©)#< which implies respectively that
fF)={=1} or f (F)={1} or f (F')={-L1} whichin all cases f (),
and also /(&) =.

Example 5.2.4. Let X ={ab,c}, Y ={x,y,z} and let
t={X,3,{a},{b,c}} and t* = D, {x,z},{y,z},{z}}. f f: X oY is
such that f ={(a,x),(b,y),(c,y)} then f is continuous and closed but
not open. It is not open because {a} € T whilef ({a}) = {x} ¢ 7*. Show

that it is continuous and closed.
Theorem 5.2.1. let (X ,7)and (Y ,7*) be two topological spaces and

f :X >Y be an injective function. Then f -1 is continuous iff f is open
iff f is closed.

Proof: Since f is injective then, f(4-B)=f(4)-f(B) and
(f_l)_l(A) =71 (A) for subsets 4,B — X . Then f_l is continuous iff

(f_l)_l(G) =f(G)er*foreach G er iff f isopeniff f (X—F)=
Y —f(F)ec* iff f(F)er*. for each F ez, iff f is a closed
function.

Theorem 5.2.2. If (X,7) and Y ,7*) are two topological spaces, and
f:X >Y is an injective and an open function and A is an isolated
subset of X . Then [ is a closed function.
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Theorem 5.2.3. Let (X ,7) and (Y ,7*) be two topological spaces and
f:X Y . Then

(a) The following statements are equivalent:

(1) f is open.

(2) £ (A%) = (f (4))° foreach subset A of X .
(3) (f_l(B )y <f _I(Bo) for each subset B of Y .

(b) f isclosediff f(A)cf (Z) for each subset A of X .
Proof: We shall prove (a) by proving that that (1) = (2) = (3) = (1).
(1) = (2): Suppose that 4 is a subset of X then by (1) / is open implies

that £ (4% )er * which implies that £ (4°)=(f (4°))° and hence
A% cA =fU%)f )= fA0)=(f U?)° <(f (4)°
=1 A% (4)°
(2) = (3):If BCY then A=f \(B)cX , by substituting in (2) we gets
D A0 = e
S ey o o T e er T
¢ ') e 3%

(3) = (1): Suppose that Ger then G =G and f(G)cY then by
setting in (3) B =1 (G) we gets

=G’ <t L @)’ <f L G)°)
=/ G)f If (@) e G)
=1 (G)=(f (G))° = (G)er*
Therefore 1 is open.
(3) = (2):If AcX then B=f (4)cY , by substituting in (3) we gets
A%t Yl er Tl )y
=/ A0 I T @) el (4))°

=/ (%) ()
(b) If 7 is a closed function then 4 c X = f (4) et*. and so

L)
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Acd=fA)cf @) =>fA)cf (A)=f(4)
=f(A)cf (4)
Conversely, If / (A)cf (4) foreach A c X thenif FcX so
Fet, >F=F=fF)=f(F)=fF)cf F)=fF)
=>fE)=fF)=f(F)er*,
Therefore f is a closed set.
Proposition 5.2.1. Let (X ,7), (Y ,7*) be two topological spaces and [
be a basis for the topology T on X then f is open if f (B) €t for each
Bep.
Proof: If G ez then there exists a family {B; :i € A} of members of S
suchthat G =(JB, and f (B) e 7 for each B € § implies that
ieA
fG)=f(U B)=UfB)er
ieA ieA
Which implies that f is an open function.
Theorem 5.2.4. let (X,7r), ¢ ,7*) be two topological spaces,
f X Y s an open and bijective function and A be an isolated subset
of X . Then f (A) is an isolated subset of Y .
Proof: Let A — X be isolated f :X Y is an open and bijective
function. Then if y €f (A4), there exists x € A such that y =f (x)
because f is surjective and x € 4 implies that x € isd (4) because A4
is isolated which implies that there exists G € 7 suchthat G N4 = {x}.
Since f is injective then
JGnA)=fG)nfA)={(x)}={y}
Since f is open then f (G) € 7 * which implies that y e isd(f (4). Then
isd(f (4)) = A . Therefore f (A4) is an isolated subset of ¥ .
Theorem 5.2.5. let (X,7), (¥ ,7¥) be two topological spaces and
f X Y and let
(1) f isopen
2) (f (AN cf (A" );VAcX . Then
(a) If (X ,7) is a principal space then (1) = (2).
(b) If Y ,7%) is a principal space then (2) = (1).
If (X,7) and Y ,7*) are principal spaces then (1) and (2) are equivalent.

Proof: (a) If (X',7) is a principal space then 4 " er for each subset 4 of
X andso
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Acad” =)y @)= ) cr ™"
Then if f is open then A er implies thatf (A/\)ez'* which implies
that (f (47)" =f (4”") and then

(F ) crE™

(b) We know that G er -G =G =1 (G/\)=f (G) and so from (2) we
gets

FG) cf(G)=fG)=( G =1 ©G)

If  ,z*) is a principal topological space then (f(G))/\er* which

implies thatf (G )er *. Hence f is an open function.

If (X,7) and Y ,7¥) are principal spaces (1) = (2) and (2) = (1).

Remark 5.2.2. Suppose that {(X;,7; ):i € A} is a family of topological

spaces such that {X; :i € A} is a family of pairwise disjoint nonempty

sets ie. X; ij = for each i,j €A such that i#j and

X = U X; then the family 7={U cX :X; NU e€7;;Vi e A}
ieA

forms a topology on X . In this case the inclusion functions

ij :X; X arewell defined and satisfies the properties given by the

following theorems:

Theorem 5.2.6. i;t :X/1 < X are continuous, open and closed.

Proof: Firstly according to the definition of the topology 7 clearly if

U et then jZI(U) =UnNX , er, andso i  is continuous. Secondly

A2
then since the family {X}L 1A e A} is afamily of

=U and UmXﬂ=® for

Suppose that U € )

pairwise disjoint members then U r\X}L

each €A such that 1 # u which implies that U € 7 foreach U € )

and each 1A€A i.e. il(U):U €7 this means tat i, is an open

function for each A€ A.

Thirdly, Suppose that F e T then V' =X/1 -F e 5 where 1A€A

and as before in secondly, i/I(Xﬂ —F):X/1 —F er and since

XJ,X/1 —F et foreach A€ A then
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X —F=UlX :ued-BUK , —F)

which implies that X —F € 7 which implies that F' € 7. . Hence i ; is a
closed set.
Theorem 5.2.7. Llet (X,7), (Y ,7*) be two topological spaces,
fX—>Yand A c X then
(1) If f is open then f (x) is an interior point of f (A) if x € Ais an
interior point of A i.e.

xed? =f(x)e(f(4)P°.
(2)If f is an open and injective function then x € A is a limit point of A
if £ (x) is alimit point of f (4) i.e.

fx)e(fA) =>xed .
(3) If f is an open and bijective function then x € X is a boundary point
of A if f (x) is a boundary point of f (4) i.e.

f(x)eb((f(4))=x eb(4) .
Proof: We shall prove (2) and left (1) and (3) to the exercises,
forlet x e X and x ¢ A’ then there is an open set G € 7 such
thatx €G and (G—{x})n4 =@.Then f (x) ef (G) andif f
is injective then
G-{x}nAd=0=f[(G-{x}HNA]=[f (G —{xDINS(4)
=[G = (x)}]nf(4)=2
and if / is open then f(G)ez* andso f (x) € (f (4))" then the contra
positive of this result is the required aim that is
fE) e (A) =xed.
Theorem 5.2.8. Llet (X,7), Y ,r*) be two topological spaces and
f X > Y be open (closed) bjective and continuous function then
*=f *(7).
Proof: We shall prove the case when f is a closed function, for since £ is
continuous then by Remark 5.1.2, z*c f *(r) ().

Conversely

Vef*@)=f \W)ersX —f W)ex,

Sf& TNy T =Y 1 e,

>V er*=>f*o)cr* )
From (/) and (/') we getst* =f *(7).
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Theorem 5.2.9. Let (X ,7) be a topological space and Y be nonempty
set. Then f :(X,7)—>X ,f *(r))is an open (closed) function iff,

-1 ,
f (f U)) isan open (closed) set foreach U €7 (U €1,).

Proof: We shall prove the theorem in the case when f is a closed set
and left the other case to the exercises. For, if / is a closed function
then

Uer, =fU)ef *(@), =Y —fU)ef *(7)

=X ~f Tl wn=r v s Uyer
=/l W)er,
Conversely iff_l(f(U))erc foreach U e 7, then

Uert, :f_l(f(U))erc :X—f_l(f(U))

=\ —rwper=Y —fW)ef 2@

=>fU)ef *()
Definition 5.2.2. Let (X ,7), (Y ,7*) be two topological spaces. Then
f X > 7Y is called a homeomorphism if it satisfies the following
conditions:
(a) f is a bijective function.

(b) f and f_l are continuous functions.
Example 5.2.5. Consider the relative topologies on the intervals [a,b]
and [c,d] of the usual topology U on R then f :[a,b]—[c,d] given by
d—c
=c+
f )= +s=s
between the intervals [a,b] and [c,d ] since

(1) /' is injective and surjective function.
(2) f is a linear function i.e. it is a polynomial of the first degree and
accordingly a continuous. Also the inverse function of [,

f_lz[c,d]—>[a,b] given by f_l(x):a+z

(x —a) for each point x €[a,b] is a homeomorphism

—a

(x —¢) for each point
—c

x €[c,d] is linear and continuous.

Remark 5.2.3. Let (X,7r) and (Y ,7*) be two topological spaces, if
f X Y is a homeomorphism between them then we say that the
topological spaces X and Y are homeomophic by the homeomorphism
f . Considering the family of all topological spaces and define the
relation " X is homeomorphic to Y " one can easily prove that this
relation is an equivalence relation, the family of all topological spaces
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divides into a pairwise disjoint subfamilies that is the equivalence classes
[X ] which obtained by the equivalence relation where [X ] is the family
of all topological spaces homeomorphic to the topological space X .
Theorem 5.2.10. Let (X ,7) and (Y ,7*) be two topological spaces and
f :X Y be a bijective function. Then the following statements are
equivalent.

(1) 1 is a homeomorphism.

(2) 1 is continuous and open.

(3) f is continuous and closed.

(4) 1 is continuous and f (G)et* =G et foreachG c X .

Proof: (1) = (2): From (1) /' is homeomorphism implies that f_l is
continues and so Ger = f (G):(f_l)_l(G)er* which implies that
f is open.
(2) = (3): From (2) f is open implies that
Fer,=>X-Fer=f(X -F)er* and since fis bijective then
f X —-F)=Y —f (F)er* from which f (F) e t*. and so f is closed.
(3) = (4): From (3) f is a closed function and then

Fer, = HlF)=fF)er. .

Then f_] is continues. Also if GcX such that f(G)er* then

because / is continuous from (3), f_l(f(G))ez' but f_l(f(G)):G

since f is bijective and soG €7 . Hence we proved that for each

GcX,fGer*=Ger

(4) = (1): Since 1 is bijective then if V' e7*, there exists G < X such

that V =f(G) and from (4) f(G)er*=G 7. Again since [ s

injective then f_l(f(G)):G . Hence
Vert=flvy=r W rG)=Ger

this means that / is continuous.

Definition 5.2.3. The property Pis called an invariant topological

property if for each topological space X satisfying the property P, P is

a common property of all members of the equivalence class [X] i.e. the

topological space X satisfies P implies that each member Y €[X ] also

satisfies P .

Remark 5.2.4. Not all properties of the topological spaces are invariant
topological properties, for example consider the two real sets | 1= (1,3)
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and [ ,= (3,9) and consider the relative topologies of the usual topology
Gon R on both then f :11 —>12 given by f (x ) = 3x is homeomorphism

and we remark that the distance between two points in Iy less than 2

and in 1 less than 6 i.e. the distance between the points in topological

spaces is not invariant topological property.

Example 5.2.6. The property that the topological space is separable is
an invariant topological property.

Proof: Let (X ,7) and (¥ ,7*) be two topological spaces and f : X —Y
be homeomorphism and let X be a separable space then there exists a

countable subset 4 of X suchthat 4 =X

and since f is continuous thenV ez* = f _I(V) €r.S0

yeV mIxeX y=f(x)and f(f ¥ )nA)=V Af(4) and we
finds

A=X =\ W)na =0

=/ (T 0 NV A (4) 2B () =Y
Since f is bijective then g:4 —f (4) given by g(x)=f (x) for each
point x € A is also bijective which implies that f (4) is countable and so

Y is separable and the property that the topological space is separable
is an invariant topological property.

Remark 5.2.5. Regarding Theorems 5.1.7 and Theorem 5.2.4, we
remarks that if (X,7r), ' ,7*) are two homeomorphic topological

spaces, f :X —»Y and A c X then

(1) x €A° < f(x)e(f ().

2)x ed" < f(x)e(f(A4)).

(3) x €b(4) & f (x)eb(f (4)).

Remark 5.2.6. If (X,7) and (Y,7*) are two topological spaces and

WY P(X) is such that X =\J{4: Ae¥Y}. As we know if f:X—>Y is
continuous then f/ A:A—Y is continuous for each A< . Consider the
topological space (A,7 4) for each A€ and by defining the functions
fq:A—>Y for each Ae¥Y such that for eachA,BeY,

fa(ANB)= fg(ANB). Now we can define the function f:X—>Y
such that for each xe X, f(x)= f4(x) if x< A. It should be remarked
that by this definition of f, f4=f/A foreach AeY and logically we
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have the question what are the conditions for f to be continuous?. The

answer is given by the following theorems.

Theorem 5.2.11. If ¥ is a family of open sets i.e. ¥ — 7 then f: X —>Y
given by Remark 5.2.6, is continuous iff f,4 is continuous for each
AeVY.

Proof: fy=r14:(4,4)—>,7%) is continuous  where
-1 -1

fA V)y=Anf (V)ery.

Conversely, Suppose that V ez * since f4:4A—Y is continuous then

qul(V)erA for each AeW¥. Since ¥ cr then der implies that
t4ct implies that _fl_ql(V)er for each A4e¥ from which

= U ans T =000 4e ) er. Hence fis
Ae¥Y
continuous.

Theorem 5.2.12. If ¥ is a finite family of closed sets i.e. ¥ < 7. and is

finite then f:X—Y given by Remark 5.2.6, is continuous iff f, is

continuous foreach Ae¥Y.

Proof: it is similar to the proof of Theorem 5.2.11, regarding that ¥ is a
finite family of closed sets.

Theorem 5.2.13. If (X,7) and (Y,7*) are two topological spaces,
Ac X such that xe A and f:X —Y is a continuous function at the point
x.Then f4:(A,74)—>(Y,r*) is continuous at x.

Proof: Let V € ¢ * and f(x) € V. Since f is continuous at x then there
exists U € 7 suchthat x e U and f(U) c V. Hence

reUc Y onye oy xev e

SxednUcAns \py =17 )
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From which xe AnU and f4 (ANU)c fA(fgl(V)) c V and clearly

ANU e R Hence f4 is continuous at the point x.

Theorem 5.2.14. If (X,7) and (Y,7*) are two topological spaces,

AcX, xeA’and fa:(4,74)—>(Y,t*) is continuous. Then the function

f:X—>Y is continuous at the point x.

Proof: Suppose that V er* such that f(x)eV if the function
f4:(4,74)—>(Y,r%)is continuous at the point x then thereis W ery

such that xe W and f(W)c V. But AnA° = A° et y, xeU where

WonterAand Uonte(rA)Aozr Since

A%
Aoez':M'Ao crtthenUer, xeU andUcCcW = f(U)c f(W)cV

which implies that f'is continuous atx.

( Hint: Wery and A% e implies that 3G er:W =G N4 =

U=W nA° =(GnA°)nd =>U ez )

Remark 5.2.6. Theorem 5.2.11, can considered to be a consequence of
Theorem 5.2.14, since if xe X then there exists AcY such that xe A

and since W<t then Aer and A°=A. From Theorem 5214, fis

continuous at x and hence f is continues.

Theorem 5.2.15. let f:(X,7)—>(Y,z*) be an injective and open
(closed) function. Then f4 :(A,7 4)—>((f(4),7 *f(A)) is open (closed)
foreach Ae VY.

Proof: We prove that f :(X,7)—(Y,7*) be an injective and open
function implies that f4 :(A,TA)—>((f(A),r*f(A)) is open and left

the other case to the reader. For let U — 4 be such that U € 7 4. Then
there is Ger such that U=A4ANG. Since f is injective then,
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f4U)=fU)= f(ANG)= f(4) N f(G) and [ is open implies that
f(G) er* impliesthat f4(U) T*f(A)- Hence f4 is open.

Definition 5.1.4. The property P of a topological space (X,7) is said to
be hereditary if (X,7r) is Pimplies that each topological subspace
(Y,TY) of (X,7) is P also.

Example 5.1.7. Consider the real set Rand let peR and Y=R-{p}.
Then (R,Pp) is a separable space while (Y,(Pp)y) is not separable

since (Pp)y is the discrete topology on Y and the unique dense subset

of Yis Yitself and Y is uncountable.

Exercises

1-Show that f :(R,0)—(R,0) given byf(x):{; ;+ 2 ; >£11 is not
continuous and write its inverse.

| X; x <1 1
(Hint: f (x)=11; l<x <3andf ((-3,2))g O)

x—-2; x =3

2 —Show that f :(R,0)—(R,0) given by

0; xeQ | . . .
f(x)= ¢ is not continuous while the function

; x €Q

f/0 :(Q,UQ)—>(R,ZS) is continuous.
3 — Prove that the constant function f :(R,0)—(R,0) is continuous,

closed and not open.
4 — Consider the function f :(X,7)—>(Y ,7*) and prove that it is

continuous iff the function g :(X ,7)—>(f (X ),r*f (X)) is continuous
where g(x) =/ (x) foreachx € X .

5 — Consider the function f :(X ,7)—> (Y ,7*) andlet 4 c X .If B cY
show that f is continuous if /' /4 : (4,74 )—>(Y ,z*). Then prove that
the function /4 : (4,74 )—>Q ,c*g) if f (4) = B is injective and open
and if / is homeomorphism then fA is also.

6 — Consider the function f (X ,7)—> (Y ,7*) if {p} ez then [ s
continuous at p .
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7 — Prove that if (X ,7) and (' ,z*) are two topological spaces then the

following statements are equivalent:
(@) f :(X,r)>({ ,r%*) is continuous.

*
(b) f :(X,7.)—>( ,7,) is continuous,

(©) f (AN )c(f (1)) foreach 4 c X .

Where f is the same in all cases (a), (b) and (c).
8 — Consider the function f :(X ,7)>¥ ,7*) andif A c X, ped

and f is continuous at p then the function ' /4 : (4,74 )—>(¥ ,7%) is
continuous at the point p .
9 — Consider the usual topology (R,0) and f :R —>R given by

*
f(x ):‘x‘ for each x € R describe the elements of the topology /' (O)

on R .
10 - Let X ={1,2,3,4}, Y ={a,b,c,d}, ¥ ,r*) and let

g.f X > ,r*) such that f={,a),(2,a),3,d),(4,h)} and
g={(1,0),(2,¢),(3,¢),(4,d)}. Find the topology generated on X by the
two functions f and g i.e. the topology generated by the family

o=if M0 )g Tty ern
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Chapter VI

Separation axioms

Topics:

e Hausdorff or Ty —spaces.
e Tj —spaces:

e T, —spaces:

e Regularand T3 —spaces.
e Normal and T4 —spaces.
e Axioms of countability:

Some important properties of the topological spaces are the
separation axioms. The main purpose of these axioms is to make the
points and sets of a topological space topologically distinguishable, It is
possible that in a topological space there exist distinct points, xand y

and distinct open sets U and V', so that xeU and yeV, such points are
topologically distinguishable. The first three separation axioms T, 7]
and 75 from which we are studied in this chapter give successively
greater distinguish ability between points, while the axioms 73 and T4
do the same for certain closed subsets of the topological spaces.

6.1. Hausdorff or 7, —spaces.

Definition 6.1.1. A topological space (X,7) is called a Hausdorff space
or Ty —space if for each two distinct points xand y of X there are two
members U and V of rsuchthat xeU , yeV and U NV =O.
Example 6.1.1. The discrete topological space (X,D) isa Ty — space,
since
x,yeXixzy=>h{yteDxelxlyelyhixjn{y}=94
Example 6.1.2. The usual topological space (R,O) is a T —space, since
X, yeERx#y={x<yv(ii)y<x
Then by using Archimedes property,
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x<y=>3dgeQx<q<y=>xelx-1,9),y €(q,y +1),

('x _laq)m (q sV +1) = @,(x _l,q),(q sV +1) )
Similarly there are two disjoint open intervals one contains the point x
and the other contains y.

Example 6.1.3. The topological space (X,r) is a T, —space where
T:Epu C and p € X since,

x,yeX —{ptx#y =>piytel, =>hiyien ixin{y}=9,
as well as

xeX —{p}:>{x}eEp,{x}c eC = x},ix er,

xelhpelx) xinix) =0
Another way, if x,y€ X such that x#y then there are two cases

(@) x#pwhich implies that {x}eEp,{x}CeC which implies that

(x},{(x}€er, xelx}, ye{x}€ and {x}n{x }C = or

(b) y# p in this case we gets the same result as in case (a) by replacing
y instead of x.

Example 6.1.4. The co-finite topological space (X,C) if X is infinite is

not 75 since the intersection of any two members of C is nonempty for
if G,GpeC then Glc and Gg are finite sets and so
G1NGy =0= Gy cGZC, which is impossible because Gj is infinite
and Gg is finite or another way G| N"GH = 0= Glc UGS =X which
also is impossible because X is infinite and Glc uGg is finite. Then
G1 NGy # D for each G1,Gp €C.

Example 6.1.5. Let X ={a,b,c} and 7 ={X ,J,{a},{a,c}}. Then (X,7)

is not 75 since each open set containing the point ccontains a which

means that we can not separates a and ¢ by two disjoint members of 7
Theorem 6.1.1. Let (X,7) be a topological space, Then the following

two statements are equivalent
(1) (X,7) is a T, —space.

(2) x,yeX:xiy:EIUer:er,yeEc.
Proof: (1) = (2): If (X,7) isa T, —space then
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x,yeX x#zy=3U,V erxeU,y eV ,unV =J
But,V er,U NV — P U AV =J=y ¢l7:>y el?c.
Secondly (2) = (1): x,yeX:x;lr&y:>EIUez':er,yeUC and clearly
U er and UNUC =7. Hence (X,7) isa Tp —space.
Theorem 6.1.2. The property that (X,7) is a Ty —space is hereditary.

Proof: Let (X,7) be a T, —space and Y X be such that ¥ #. Then
by using Theorem 6.1.1, we finds

x,er:x:&y:x,yeX:EUer:er,yeﬁcwhich implies that

xeYnU, ermUC, YmU,YmUcerYand

¥ AU AU H=2.
Therefore by the Definition 6.1.1, (Y,rY) isa T —space.
Anotherway xeYNnU, YNnUC Yr\a and Y N Ee Z'Yc implies that
(W)Yc(Ymg) and so
yeYAU =Y-U=Y-(YnU)cY-(YAl)y

=>yeY-(Fnl)y
Hence by Theorem 6.1.1, (Y,TY) isa T» —space.

Theorem 6.1.3. The property that the topological space (X,z) is Ty is

an invariant topological property.
Proof: Let (X,7) and (Y,7*) be two topological spaces and f:X —Y

be homeomorphism. If y{,yp€Y such that y;#yp then
f_l(yl),f_l(yz)eX are distinct, then (X,7) is 75 implies that there

is an open set U € 7 such that f_l(yl)eU and f_l(yz)eﬁc. Since

fis homeomorphism then f(U)er* and f(ﬁ):f(U) Theorems
5.1.1and 5.2.1. But

JUH=f(X-U)=Y - fU)=Y - /()
Therefore, y; € f(U) and yp €Y — f(U) which implies by Theorem
6.1.1, that (¥,z*)is 75.
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Remark 6.1.1. A sequences in topological spaces may be convergent to
more than one point as it given by Example 6.1.1(2,3). The convergence
of sequences in T, —topological spaces is ruling by the following
Theorem.
Theorem 6.1.4. The sequences in T — spaces does not converges to
more than one point.
Proof: Let (X,7) be a 75 —space and < x,, > be a sequence of points of
X convergent to two distinct points x,y€ X . Then there are two open
sets U,V et suchthat xeU, yeV and U NV =J. Hence
(i) lim x, =x=3n e N :x, eU;Vn=n and

n—>0
(ii) lim x,=y=>3Iny eN:x, eV ;Vnzny.

n—>0

Then n,=max.{nj,ny} implies that x,, €U NV which contradicts

L)
that U NV =. Hence < x,, > does not convergent to more than one
point.
Remark 6.1.2. The converse of Theorem 6.1.4, under some conditions is
valid as it explains by the following Theorem.
Theorem 6.1.5. The topological space (X,r)which satisfies the first
axiom of countability is T if each sequence of points of X converges to
a unique point.
Proof: Let (X,7) be not 75 . Then there are two distinct point x,y € X
such that each two open sets U,V ez, xeU and yeV implies that
UV #0.If (X,7) satisfies the first axiom of countability then there
are two nested countable local bases f, ={B|,B,B3,....By,..} and
By ={U1,U2,U3,....Up,..} for xand yrespectively such that
BjoByo>By..oB,;>.. and UjoUp>oU3..0U;,;>.., then
B, n"U, #Q for each neN which implies that there exists a point
xp € B, U, for each neN. Accordingly we obtained a sequence
<x,,> of pointsof X .If x,y eXand G,H er such that xeGand ye H
then there are ny,np € N such that x, € B, © G, whenever n=n| and
xp,eU,cH, whenevern>ny. Therefore, lim X, =x  and
n—>0

lim X; =y . The contrapositive of this result is "If each sequence in X
n—o0
converges to a unique point then (X,7) is I ".
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Theorem 6.1.6. Let X be an infinite set and (X,r) be T. Then there

are a sequence of distinct points of X and a sequence of pairwise disjoint
members of tsuch that each point in the first sequence belongs to a
corresponding member in the second sequence.

Proof: Since Xis infinite and (X,7) is Tp then there are two points
x1,xp € X such that x; # xp and there are two members Vj5, Vs er
such that x; €V]p, xp €Vp1 and Vip NVy1 =, By putting Uy =113
and Up =Vp1 we gets {U],Up}ct such that xjelU], xp eUp and
U1 nUy = . Again since X is an infinite set and (X,7) is T , there is
x3€X —{x|,x2} and a family {/13,V31,V23,V32} € 7 such that x; €3
, xp b3, x3eV31nNP3p, V13 ﬂV31 = and V23 ﬁV32 =. By
putting UiszlmVB, U§=U20V23 and U§:V31mV32 we gets
* % * *
Uy nUy CU10U2=®, Uy nU3 CV13ﬁV31=® and
* %
Us NU3 cVo3 "3y =@ which implies that the family {U} ,Us,U3}
is a family of pairwise disjoint members such that xieU;‘ for each
ie{l,2,3}. By wusing mathematical principal let neN and
{U1,Up,U3,...,U,} ct be a family of pairwise disjoint members and
{x1,x2,%3,...,x,} € X be a set of distinct points such that x; eU; for
each ie{l,2,3,..n}. Since X is infinite and (X,7) is Tp then there exists
apoint x;, 41 € X —{x],x2,X3,...,x5,} and a family
N(n+1)>V2(n+1)-V3(n+1)>Vn(n+1)-V(n+1)15

Vin+e1)2:V(n+1)3>Vn+)nt < 7
of members of 7 such that for each ie{l,2,3,...n}, x,'eVi(n_,_l),

Yp+1 €Vn+1)i and V; (n+1) mV(n+1)i =. Then by putting
U;k:Ul-mVl-(nH) for each ie{l,2,3,..n} and
Upi1 =WV nayi i€ (L2.30n}} we obtains
U:mUZ cU; NnUp =@ for each i,ke{l,2,3,..,n} such that i#k

* *
also U; nU, 41 cV; (n+1) mV(n+l)i = for each ie{l,2,3,.n}.

Accordingly we obtains a sequence of distinct points
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{x1,x2,x3,... ,...,...}CX and a sequence of disjoint members

k
{U1 Uz U3, Up,.....} <t such that x,, eU, foreach ne N.
Corollary 6.1.1. Let X be an infinite set and (X,r) be T,. Then there

exists an infinite isolated subset of X .
Proof: From Theorem 6.1.6, we obtained the subset of X

Az{xl x2 X3,.e3Xp5ese.p  and  the family of members of 7,

{U1 U2 U3, Uy,.....y <t such that UZmA:{xn} for each ne N
which implies that Ais an isolated set i.e. isd(A4)=A.
Theorem 6.1.7. Llet (X,r) be a T, —space and f:X >X be a
continuous function. Then A={xe X : f(x)#x}is open.
Proof: If (X,7) is T, then

xed = f(x)#x

=3U,Ver:xeU,f(x)eV,UnV =0
—xeUnf Y7y
If f is continuous then f_l(V)er which  implies that
(Umf_l( V))er and since U NV = then
te(Unf () = teU, f(eV = f0)=t
—ted= xe(Unf (V)4

= Ader

Another proof:
x€d = f(x)#x

=3U,,Vyer:xelU,,f(x)eV, AU, NV, =0
-1
=>xelUynf Vy))

-1
>Adc U Uynf Vy)) ()
x €A
Also since U, NV, = for each point xe 4 then
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te U (Uynf\(r)=3xedireUnf (1)
xeA

= teU,, f()eV, = t# /(1) = ted
= Uyns N4

= U Wyns lmc4 (1)
xeA
Therefore from (1) and (II)

-1
A= U (Uxﬁf (Vx))
xeA
which implies that Ais open since f is continuous implies that

Uxmf_l(Vx) e 7 for each point x € 4.
6.2. 7} —spaces:
Definition 6.2.1. A topological space (X,7) is called a 7] —space if for
each two distinct points x,ye X such that x=ythere are two open sets
U,V et such that U contains x and not yand V contains y and not x
that is

x,yeX:xzy=>3IU,Ver:xeU,yeUnyelV,xel.
Example 6.2.1. The co-finite space (X,C) is 7j since if x,yeX such

that x#ythen {x}c,{y}c eC, xe{y}c,yé{y}c/\ye{x}c,xez{x}c,

here U = {3} and ¥/ = {x}°.

Remark 6.2.1. Clearly from the Definition 6.2.1, of T, T gives Tj
which is expressed by the implication

Hh—14.

Accordingly the discrete topological space (X,D) and the usual
topological space (R,O) which are given by Examples 6.1.1, and 6.1.2,
as T> —spaces are also T} — spaces. Also the topological space (X,7) is a
Ty —space where T:EPUC and pe X which is given by Example

6.1.3, to be T». The converse of the implication Th —1] need not be
valid for example if X is infinite then (X,C) is T{ by Example 6.2.1,
and is not T» by Example 6.1.4.

The topological space which is given by Example 6.1.5, is neither T» nor
7.
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Example 6.2.2. The left rays topological space (R,7z) is not 7} where
7={R,J,(a,©):ae R} since x,y € R such that x=#y implies that either
(1) x < y from which

aeR:xe(a,0)=>a<x<y= ye(a,o)
Which means that each open set containing x contains y or
(2) ¥y <x in which we can show that each open set containing y contains
X.
Theorem 6.2.1. Let (X,r) be a topological space, xe X and

{x}" =N{G et :x € G}. Then the following statements are equivalent:
(1) (X,7) isa T} —space,
(2) {x}={x};VxeX,
(3) {x}" ={x};Vxe X,
(4) {x}/\ m{y}/\ =7 Vx,yeX x#y,
(5){(xtn{y}=9 Vx,yeX  x=y,
(6) (Y,rY) is a Tj —space for each subset Y — X such that Y # X and
| X |23 and
(7) Ty is the discrete topology on Y for each finite subset Y of X
Proof: One can prove that:
(1) = (2) = 3) = (4) = (5) = (6) = (7) = (1). At the following we
shall prove that (1) = (2) and (4) = (5) = (6) = (7) = (1) and left
(2) = (3) and (3) = (4) to the reader.
(1) = (2): Suppose that (X,7) is a 7] —space and x € X is an arbitrary
point then by using Proposition 3.2.1(ii),

veX -x}=xzy=3IV ety eV x eV =2V nix}=90

SV Al}=0=y e} = fr}={x}

(4) = (5): Suppose that x,y € X such that x# y and team@ then
t#x ort=# y butt#x implies that

teitisx et >0 i) 20,
and ¢ # y Implies that
P A A A
te{yt=>yelty =) nit}y #3.
the results in both cases contradicts (3). Hence such point 7does not
existand so {x } N {y }=C foreach x,y € X suchthat x=y.
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(5) = (6): Suppose that YcX and x,yeYsuch that x#y then
x,yeX and by (5) {x}n{y}=8=>{(x}n"Y )n({{y}nY )=, then
by using Theorem 6.1.2, {x}y N{y}y = andclearly

() xeY—-{yly, yeY-{yly,

(ii) ye¥—{x}y, x¢ Y —{x}yand

@) Y={yty,.Y —{x}y €Ty - Therefore (Y,z-Y) isa 1] —space.

(6) = (7): Let Y be a finite subset of X and xe€Y be an arbitrary point.
Then by using (6), (Y,z'Y) is a 7] —space and since x€Y is an arbitrary

point we gets

er—{x}:EIGyez' :xeGy/\yséGy:

Y
N Gy:{x}:>{x}er
yeY—{x}

Therefore Ty is the discrete topology on Y.

(7) = (1): Let x,y e X be such that x # y and Y < X be finite such that
x,y€Y . Then by (7) {x},{y}ez’Y and so there are two open sets
G,Her such that (i) GnY={x} and (ii) HNY={y}. Hence
(i) > xeG, yg Gand (ii) = y € H, x¢ Hwhich implies that (X,7) is

= {{x}:xeYicr

Y Y

a 1] —space.
Remark 6.2.2. In Theorem 6.2.1, one can prove that each two
statements are equivalent.

Remark 6.2.3. If (X,7) is T} by using (3) of Theorem 6.2.1, if Ac X
then

AN =Ui )" x edy=Uf{x} :x ed}=4
Which implies that {x}/\ =x for each point xe X . Accordingly (X,7) is

Ti iff A" =4 foreach Ac X .

Corollary 6.2.1. The property 1 of the topological spaces is hereditary.
Proof: In Theorem 6.2.1, where the statements (6) and (1) are
equivalent means that (X,7) is 1 implies that (Y,Z'Y) is 7] for each
YcX.

Corollary 6.2.2. If (X,7) is 1 then each finite subset of X is a closed
set.
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Proof: From (2) of Theorem 6.2.1, {x}e7, for each point xeX .If Fisa
finite subset of X then it can be written as a union of a finite number of
closed sets in the form F={{x}:xeF}.Hence F is a closed set.

As a consequence on Corollary 6.2.2, we obtain the following two

corollaries:

Corollary 6.2.3. Let (X,7) be a topological space. Then the following
statements are equivalent:

(1) (X,7)is 7.

(2) Cct where Cis the co-finite topology on X and

(3) PN(X)={A":Ac X}=D.

Proof: (1) = (2): If (X,7) is a 7] —space and GeC then G is finite
which implies by Corollary 6.2.2, that Gcerc which implies that Ger.
Hence Ccr.

(2) = (3): By (2) {x}cer foreach xe X, if Ac X then

{{x}c ZAC{X}C}C{GGTZACG}
According to which

Ac A ={Ger:Ac G cN{{x}¢:4c{x}°}=4

=>4 =4= P (X)=D .

(3) = (1): Suppose that P/\(X):D then
xeX = {x}ePNX)=>3J4eP(X): A" ={x}

Then A< A™ c{x} and then either 4 =& or A={x}, but 4 =& is

negligible since in this case 4 Negh=g= {x} a contradiction and so

A={x}. Then {x}" ={x} for each xeX . Therefore by (3) of Theorem
6.2.1, (X,7)is Tj.

Corollary 6.2.4. Let (X,7) be a principal topological space. Then the
following two statements are equivalent:

(1) (X,7)is Ty.

(2) t=D where D is the discrete topology on X .

Proof: As we know (X,D) is Tj.

Conversely if (X,7) isa 1] —space, then by Corollary 6.2.3, Ccrz and if
7 is a principal topology then
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Ac X = A=N{{x}¢:xedYer=>Dcr=r=D
It should be noted that if X is finite and Ac X then A€ is finite and by

Corollary 6.2.3, A€ €7, which implies that 4ez which implies thatz=D

Theorem 6.2.2. The property 1j is an invariant topological property.

Proof: One can use Theorem 6.2.1, to prove this theorem which we left
to the reader.

Theorem 6.2.3. Let (X ,7) be a T} —space and A be any subset of X .

Then A' is a closed set.
Proof: If (X,7) is a topological space and Ac X then

xed =>x¢d =>3Ger:x eG,(G-{x})nd =D.

If (X,z) is a Tj —space then {x}er, and so G-{x}=Gn{x}‘er.
Hence by Remark 3.2.1, and since x ¢ 4" we gets
G-x1Nd=0=(G-x})NAd'=0=>GnAd' =0

—xeGcd =4 cr=4 €7,
Theorem 6.2.4. Let (X,7) be a Ty —space, AcX and Ger such that
xeG. Then xe A" implies that GN A is an infinite set.
Proof: If xeX, AcX, Ger and xeG, let GNA be finite. Then by
Corollary  6.2.1, (GNA)—{x} is a closed set so
U=G-[(GNnA)—{x}]er and xeU and to complete the proof it is
typical to the proof of Theorem 1.4.7.
6.3. T, —spaces:
Definition 6.3.1. A topological space (X,7) is called T, if for each two
distinct points there exists an open set contains one of them and not the
other that is
x,yeX:xzy=>3IUer:xeU,yeUvyeU,xeU.
Remark 6.3.1. Directly from the Definition 6.3.1, we remarks that each
Ty —space is T,, and then we gets the implication
-1 —>T,
Example 6.3.1. According to Remark 6.3.1, all examples of 7} or 75 —
spaces are examples of T, .
Example 6.3.2. The following topological spaces are all 7, :
(1) The excluding point topological space (X,Ep) where peX .
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(2) The particular point topological space (X,Pp) where peX .
(3) The left rays topological space (X,7) where.
7 ={(-w,a):ae R} U{R,T}
(4) The right rays topological space (X,7) where.
7 ={(a,©):ae R} U{R,T}
We shall prove (1) and left (2), (3) and (4) to the reader. For if
xe X —{p} then {x} eEp and y ¢ {x} for each point ye X —{x}. Hence
(X,Ep) is T,,. Also {7}={x,p}¢{y,p}={_y} for any two distinct pints

x,yeX—{p} and for any point xe X —{p}, @:{p}i{x,p}:g
which implies that (X,Ep) is Ty .

Example 6.3.3. All topological spaces which are given in Example 6.3.2,
are not 77. In Example 6.3.2, we showed that the right rays topological
space is not 7] and (X ,Pp) does not satisfied 7] since xe X —{p} and
Gert such that xeG implies that peG. This means that there is no any
open set contains x and not p this means that (X,Pp) is not 7j. Also

Py =X#{p} or {x" ={x,p}={x} or {}n{yi=tx.piniy.p}=

{p}#Q for any two distinct points x,yeX—{p} each one of them

implies that (X,Pp) isnot 77 .

Example 6.3.4. Let X ={a,b,c,d} and
r={X,3,{a,b},{c},{c,d},{a,b,c}}.

Clearly each member of 7 containing a contains band each member of

7 containing b contains a and so there is no any open set contains a (b
) and not b (a). Hence (X,7) is not T, .

Remark 6.3.2. From Examples 6.3.2 and 6.3.3 clearly the inverse of the
implication T} —T,, need not be true.

Theorem 6.3.1. The following statements are equivalents:
(1) (X,7) isa T, —space,

(2) @ ¢§} foreach x,y € X such that x#y,

(3) {x}™ = {y}" foreach x,y € X suchthat x+y,

(4) {x} N {x} ={x} foreach x € X and

(5) (Y,TY) is a T,, —space for each subset Y of X suchthatY # X.
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Proof: One can prove that (1) = (2) = (3) = (4) = (5) = (1). At the

following we shall prove (1) = (2), (3) = (4) and (4) = (5) and left the

others to the reader.

(1) = (2): Suppose that (X,7) isa T, —space then
x,yeXxzy=>3Uer:xeU,yeUvyeU,xeU

and there are two possibilities - -

((YxeU,y eU=>Un{y}=0=Un{y}=C=x ¢{y}or

(i) yeUx gU=2Un{x}=0=U n{x} ==y ¢ {x}both

cases lead to gi{_y}

(3) = (4): let x€ X be an arbitrary point then

y e@—{x} =xe{y}" and from (3) since {x}"={y}" then

X € {y}/\ implies that y ¢ {x}"*. Hence {x}"* maz {x}.

Another way: let x € X be an arbitrary point then

veX—x}= " 20 = xeln)” Ve

= yelxvyeln)” = yeln)” 0 ix
A —
= {x} N {xy={x}
Equivalently, If x € X is an arbitrary point then yeX —{x} implies that
by (3) that {x}"#{y}" and y e {x}"* which implies that ye{x}" M {x}
or

ye{x}/\ = xe{y}/\ = yﬁa = yeE{x}A m@.
and hence {x}/\ N @:{x}.
Third way: x € X be an arbitrary point then
ve (i} nixh) —{x} = ye (" Ay efx
A A A
= ye{x} axe )" = " =1yl
which contradicts (3) which means that such point y does not exists and

so {x}" mm:{x}.
(4) = (5): Suppose that Y < Xand x,yeY such that x#y then
x,y € X and by (4)

A= yen nid = e vye
Then
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ye{x}A:ElGer:xeG,yeG
:GﬁYery,xeGmY,yeéGmY
and
ye@:ﬂGer:yeG,xeG
:GmYery,yeGmY,xeGmY
The results in both cases means that (Y,Z'Y )is T,.

Corollary 6.3.1. In the topological spaces the axiom T, is hereditary.
Proof: In Theorem 6.3.1, the statements (5) and (1) are equivalents.
Corollary 6.3.2. let (X,r) be a T, —topological space and

ﬂ/\ = {{x}/\ :x € X} be the family of the minimal sets with respect to
and 73’ = {a:x € X}. Then the cardinal numbers of X, ﬂ/\ and E are
ﬂ/\

equal i.e. :‘,EHX‘. If X is finite then ,B/\ =pB,=1{Uy:x e X}and

the converse of the theorem is also true i.e.

A
implies that (X,7) isT,.
Proof: Consider the function f:X—),BA defined by f(x):{x}/\for

each point x € X . Clearly f is surjective since {x}A is well defined for
each point x e X and if (X,7) is T, then by Theorem 6.3.1,

A N
x,yeXwxzy={xj #{y}" = f(0)*f(»)
which implies that f'is injective. Hence X and ﬂ/\ has the same

:‘X‘. In a similar way one can show that

. . A
cardinal number i.e. |S

i=lx].

Conversely, let X be a finite set,

X‘:n where n eNand (X,7) is not
T, . Then by Theorem 6.3.1, there are two points x,y €X such that
x#yand Ux:Uy which implies that ‘ﬁo‘én—kn i.e. n:‘X‘;t‘ﬁo‘ . The

contra positive of this result is ‘ﬁo‘z‘X‘:n implies that (X,7) is T,.
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Also in a similar way on can show that ‘E‘:‘X‘:n implies that (X,7) is
T,.
Theorem 6.3.2. The axiom T, is an invariant topological property.

Proof: Let (X,7) and (Y,7*) be two homeomorphic topological spaces

by the homeomorphism f:X— Y .Then
Yy eYiy#

= 3dx,xp e X y1= f(xp)Ayy = f(x)
By the definition of the function f(x) is singleton which implies that
xp #xp. If (X,7) is T, then there is an open set Uer such that

x1 €U, xpeU or xpeU,xeU. Since fis homeomorphism the
-1

fWyer* and [ (f(U)=U. So y1efU), yrefU) or

yoef W),y & f(U).Therefore (Y,r%)is T,,.

Theorem 6.3.3. Let (X,7) be a principal T, —space. Then A' is a closed

set for each subset Aof X .

Proof: If AcX then xe A€ implies that x ¢ A" implies that
(Ux —{x })r\A =. Accordingly if (X,7) is T, then by Theorem
6.3.1, U, # Uy for each point y e X —{x}. So

yeUy =xeU, =U, (U, —{x}):>Uy NA =0

=y ed' =>U,nA'=0=U, cAd'C =4 er

=4 ez,
Theorem 6.3.4. Let (X,7) bea T, —spaceand y,ze X be two distinct
points satisfying the conditions (1) and (2) of Theorem 4.3.7, then

(X.,7y7)isa T, —space iff z ¢ {y}" where Tyz =TN Dy

Proof: If (X,Tyz)is a T,—space then by Theorem 6.3.1(3)
{(V}pz #1412}, and by Corollary 331, {y),={" and
{z}@z ={y} Uz} which implies that {y}" # {3} U{z}" according

to which z ¢ {y}"*.
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Conversely let zg {y}". Then {y}ﬁz =" = (N Uiz} from which
{7}z #{2}); - If (X,7) is T,, then {x}" = {z}"* and by Theorem 4.3.7,
B = (N 3N vl N e BN - 1)

From which {x}j}z ={x}” for each point x€ X —{z} and for each two
points #,xe X —{z}, {x}" :{x})cz # {t}s,\z ={n". If there exists a point
xe X —{y,z} such that {x}}, ={z}}, then {x}"* ={y}" U{z}" which
implies that y,ze{x}" and either xe{y}" which implies that
3 =" or xe{z}/\ which implies that {x}" ={z}"". Both cases
contradict that (X,r) is T, hence {x}ﬁz ¢{z}$z for each point
x€X —{y,z}. Therefore (X,7,,;)isa T}, —space.

6.4. Regular and 73 —spaces:
Definition 6.4.1. The topological space (X,7) is called regular if for

each closed set F €7, and each point x € F€ there are two disjoint
open sets U, V' € 7 such that one contains F and the other contains the
point xthatis

Fer, ,x eF¢ =3V erx eU,FcV.,UnV =J.
Example 6.4.1. The discrete topological space (X, D) is regular.
Example 6.4.2. Let X ={1,2,3,4} and
7 ={X ,J,{1},{2,3},{4},{1,2,3},{1,4},{2,3,4}} which implies that
7. ={J0,X ,{2,3,4},{1,4},{1,2,3},{4},{2,3},{l}} =7

Clearly Fer, = Fer= F‘er, = Fer andso

Fer.,x ch:F,Fcer:x eFC,FcF,FﬁFC:Q. Hence
(X,7) is regular.
Example 6.4.3. The topological space (X,r) is regular where

r:EpuC since if xe X —{p} and F ez, such that xe FC then
either p € For p ¢ F'and we find that

peF:{x}eEp cr,{x}c ECCTAXG{X},FC{X}C (Dor
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peF=>FeFE CT,FCET/\ xch,FcF(Z)

p

Another way: if x € X and F e, such that x F€ then either x = p
or x # p and we find that

x¢p:>{x}eEpcr,{x}CeCcr/\xe{x}, (i)

Fcix, xinx)© =2
or

x=p=>peF=>F¢ckE CT,FC €T, X e F°¢ (i)

p

FcF,FNF‘ =02
Example 6.4.4. Let X ={1,2,3,4}.Then
r={X,J,{1},{1,2,3},{4},{1,4}} =
7. ={0,X ,{2,3,4},{4},{1,2,3},{2,3}}

and we remark that {2,3} ez, 1€ {2,31¢ and the unique member of 7
different from X which contains {2,3} is {1,2,3} which contains also the
point 1. Hence (X,7) is not regular.

Example 6.4.5. The co-finite topological space (X,C) if X is infinite is
not regular because the intersection of any two members of C is
nonempty.

Theorem 6.4.1. The topological space (X,7) is regular iff for each open
set U e t and each point x € U there exists an open set V € t such that
xeV and VU ie. Uer,er:ﬂVer:erchU.

Proof: Let (X,7) be a regular space. Then

Uer,x eU =U°€ €7,,X eEUc =W er:

x eV, UScwy ow =@
And we find that
() xeV i)V oW =@=V AW =@=V W€

(iiiy US cW =W cU

From (), (if) and (iii) we gets xeV VcuU.

Conversely Suppose that the condition of the theorem is satisfied then
Uer,er:ElVer:erc?cU

and hence
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Fer.x eF¢ = F¢ ET,X eF = er:

xeV cV cF¢=x eV F CV_C,V AV =
Therefore (X,7) is regular.
Corollary 6.4.1. If (X,7) is a regular space then each finite open set
G e 7 is aclosed set.
Proof: Let G € 7 be finite. Then by Theorem 6.4.1, we gets

xeG:>EIVxer:xe;xcG3G=U{Vx:xeG}

=>Ger,
because G could be written as a finite union of closed sets.
Corollary 6.4.2. A principal topological (X,t) is regular iff T = 7.
Proof: Similar to that in Corollary 6.4.1, suppose that (X,7) is a regular
principal space then

G€T2G=U{;x xeGi=>Ger,=>1C1,
and so

c c
Fer,o>F er=>F er,>Fer=>r,.Cr.

Then 7 =17,.
Conversely let 7 =7, thenif Fer,and x FCthen

F,Fc er, xch, FcF and FNFS =3, Hence (X,7) isregular.
Theorem 6.4.2. The property that (X,7) is regular is a hereditary
property.
Proof: Let (X,7) be a regular space Y < Xand if U € Ty then there
exists G e 7 suchthat U = GNY, so

yeU:>yeG:>3Ver:erc?cG

= yeVnYclVNnYcGnY=U

But VY ery and so

VAYety, VAYcVAY =V aYc( nY)y

cVAYcU=yelnYc (¥ nY)ycU

Where 7 {Y—U:UerY}is the family of the closed sets with

yc~

respect to the topology 7., on Yand by Theorem 6.4.1, (Y,TY) is

Y
regular.
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Another way: Suppose that Mer and yeY—-M then

yc

M €Ty, = dF €7, :M = F nY which implies that
yeY-M=Y-FnY=Y-F=yeF (¥

If (X,7) is regular then there exist U,V €7 such that yeU, FcU

andUnNV =@ andthen (1) yeU = yeUnNY

Q) FcV=M=FnYcVnY,

B) UNY)N(WV nY )= and (4) (UNY),(VnY)ery. Hence

(Y,rY) is regular.

Third way: starting from the result (*) we gets

yeF:EIVeT:erC;CFCDer/\Fc;C
—yeVAY,M=FnYcV AY
But ¥ Y )NV AY )=V AV )Y =0 and

ymY, 170 NYe rYwhich implies that (Y,Z'Y) is regular.

Theorem 6.4.3. The property that (X,7) is regular is an invariant
topological property.

Proof: Let (X,7) and (Y,7*) be two homeomorphic topological spaces
by the homeomorphism f: X — Yand (X,7) be regular. To prove that
(Y,7*) is regular suppose that U er* and yeU then there exists a
point xe X such that y=f(x), f is continuous because it is
homeomorphism and (X,7) is regular which implies that

f_l(U)er,xef_l(U):EiVer:erchf_l(U)
= y=f@efc f) e f( )

From which and since fis homeomorphism we find that

(1) f is correspondence which implies that f(f_l(U)) =U.

(2) fis continuous and closed which implies that f(V) :W.

(3) f is open which implies that f(V)er*.

Therefore ye f(V) cmc U and by Theorem 6.4.1, (Y,7*) is

regular.
Theorem 6.4.4. If (X,7) is a regular space and Fis a closed set i.e.

Fetr,then F=N{Ger:FcG}= F” but not conversely.

Proof: Let (X,7) be aregular space and F' € 7. Then

189 A.S.Farrag and S. E. Abbas



General Topology Separation Axioms

xeF =S, V., erx eW, FcV, W,V =0
So,
(1) F€ cU{y :xe F€} and
(2) FcN{Fy:xeFY.

Since W, NV, =@ for each point x € F€ then

yeF‘ =y W, =yelV, =y ey x eF’y =
NV, :x eF}NF =@ =N¥, :x eF ) cF

From  which and from (2), F=N§¥, :xeF}. Also

Vy :x eF¢}c{G er:F <G} since F 'V for each point x € F©
and hence
FcNiGer:FcGlcN¥y :x eFC}=F =
F=N{Ger:FcG}=F"
Conversely consider the co-finite space (X ,C) where X is infinite or
any non-regular 77 —space we find that
{{x}€:x eF°}c{G eC:F =G} forany F €C, and so
FcNGeC:FcGicN{x¥:xeF}=F =

F=N{GeC:FcG}=F"

While (X' ,C) is not regular. In fact if (X',7) is T then

FY=NG eC:FcG}=N{x}":x eF}
={{x}:x eF}=F

Theorem 6.4.5. If (X ,7) is a regular space then {x}"={x} for each
point x € X .
Proof: If (X ,7) isregularand G e r then
xeG =3IV erixelV cV cG={xlcG=x eC
This means that {x}cG iff x €G for each G € r and from Theorem
6.4.4,
Xy=MNGer:{x}cG}=N{G er:x eG}={x
Another way: If G € 7 then clearly
xeG=>F erx el oV G = {x}cG

=hjciN ()
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Secondly, y ¢{x} = 3G e7:y €G,x ¢G andso

yeG = er:y eV <V <G which implies that

(1) x ¢G =>x eVl =x 6176,

2)yell =>yel and

(3) 7Cer

from which y & {x}\ then {x " c{x} ().

From (1) and (I ), {x} ={x}.

Remark 6.4.1. Corollary 6.4.2, can be considered as a corollary of
Theorem 6.4.5, since if (X ,r) is a principal regular space then

" =U . for each point x € X and so
Ger=G=U{U, :x eG}:U{a:x €eG}=>Ger,
DrCT, >T=1
Converselyt = 7. implies that (X ,t) is regular.
Corollary 6.4.3. The principal topological space (X ,7) is regular iff

Uy ={T}foreach pointx € X .

Proof: It is a direct consequence of Theorem 6.4.5 and remark 6.4.1
Remark 6.4.2. Theorem 6.4.4, can be considered as a corollary of

Theorem 6.4.5. For if (X ,7) is a regular space and F € 7. then
F :U@:x eFl=U{x}":x eFy=F"
={Ger:FcG}
Theorem 6.4.6. If (X ,7) is a regular space then
(1)x,y eX ix}={y}=>in{y}=9.
2)xyeX &} 2y =& niy) =2,
Proof: If (X ,7) is a topological space then
(W) x,yeX xl#{y=>xe{ytvy e{x}andif (X,7) is regular then

X eaix eac =3I erx eV c;cac

- . —
Srich) = kinD} =9

and we gets the same result in the case y ¢ {x}.

(2) From Theorem 6.4.5 if (X,7) is regular then {x}={x} which

implies that {x}” € 7, and so {x}\“ er and so
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x,yeX X2V =x ey vy e N
From which

x e{y}/\:>x e{y}/\c =3V er:x eV C;C{y}/\c =

AN NC N N
=} clyl = Ny =0
and we gets the same result in the case y & {x }*.

In fact one can directly proved (2) since by Theorem 6.4.5, {x} ={x}
for each point x € X then

vy eX 2y sy Hiny) =0

= Ny =2
Corollary 6.4.4. If (X,7) is a regular space then the family
{a:x eX}z{{x}A :x € X } is a partition of X .
Proof: this is clearly by Theorem 6.4.6 and since

X={{x}x eX={x}" x eX ).

Corollary 6.4.5. Any regular T,, —spaceis T} .
Proof: Let (X' ,7) be a T, —space. Then
x,yeX:x#y = {x}#{y} and so if (X,r) is regular then by
Theorem 6.4.6, ama = which implies by Theorem 6.2.1, that
X,7)isT
Theorem 6.4.7. Let f and g be two continuous functions from (X ,7)
to ,*) and (Y ,t*) be a regular space. Then the set
A={xeX f (x)e{g(x)}} is open.
Proof: Since (Y ,7*) is regular then

xed = 3AU,V ert*:f(x)eU,{gx)cV AUNV =0

=vef ' W)ng T )
If / and g are continuous thenf_l(U)mg_l(V) et and
tef Y ng N s r (U A gy
but U € is a closed set and then
UnV =0 = g(t)eV cU’= {g(t)}CUC

=f(@)e{gt))=>te4d

192 A.S.Farrag and S. E. Abbas



General Topology Separation Axioms

Therefore x e(f_l(U)r\g_l(V NcAd =>Ader.
Remark 6.4.3. As in Theorem 6.1.7, one can show that for each point

x €4 thereare U, V, et * suchthat x eQ’_l(Ux )ﬁg_l(Vx )) and

-1 -1
A=U (¢ WUy)ng (Vy))
x €A
which implies that A is open.

Remark 6.4.4. If f and g are two continuous functions from (X ,7) to
¥ ,z*) and (Y ,7¥*) is a regular space then

A={xeX if (x)e{g(x)i={x eX {f (x)}={g (x)}}
=xeX {f ()in{g(x)}=D={x eX g (x)e{f (x)}}

Theorem 6.4.8. If (X ,r) is a principal topological space then it is

regular iff the minimal basis 3, ={U,. :x € X } for t is a partition of X .
Proof: If (X ,7) is a principal regular topological space then by Theorem
6.47, {x\ =U, for each point x € X and by Corollary 6.4.3,
B, ={Uy :x €X } is a partition of X .

Conversely if S, is a partition of X and x € X is an arbitrary point
then

yeUy Uy #Uy, Uy, nU, =@

=U,, CU; :>U; er=>U, ez,
i.e U, ez, foreachpoint x € X . Hence
Ger=G=UU, xeG}=>Ger, >1Cr, =7, =7

Therefore by using Corollary 6.4.2, (X ,7) is a regular space.
Another proof for the second part, if £, is a partition of X and x e X
is an arbitrary point, G e 7 and y € GC then
Uy NG #J = Ax x eUy AxeG=U, CUy AU, cG
=yeUy =2U,2U, =2U, nU, =J=x eUy,

This contradiction means that such point X does not exists and so
Uy N G =¢ which implies that
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c c c
yeG" =Uy,cG” =0 er=Ger, =107, = 1=1,

Hence (X ,7) is regular.

Third proof for the second part, if £, is a partition of X and x € X is
an arbitrary point then
yeU, =>U, ¢Uy =>U, mUy :®:>{x}mUy =0

:{x}mUy:®:>y§E{x}3{x}cUx )
Also
yeg{xi=>x eUy =>U, ¢Uy =>U, mUy =0
=>yeU, =>U, cix} )

From (/) and (II) U, :m which implies by Corollary 6.4.2, that
(X ,7) is regular.

Remark 6.4.6. According to Theorem 6.4.7, if (X ,7) is a principal
regular space then there is a correspondence between the families of all
regular principal topologies and all equivalence relations on a set X , we
means by a regular topology T on X that (X ,7) is a regular topological

space i.e., in each regular space (X ,r) the minimal basis
B, =, :x eX} for t is the quotient set of an equivalence relation S

on X as well as the set of all equivalence classes of the points of X i.e.
the quotient set S\ X ={[x]:x € X } of an equivalence relation S on X

is the minimal basis for a regular topology on X .
Example 6.4.6. Let X ={1,2,3,4} and S be a relation on X such that
S ={(11),(1,4),(4.,1),(4,4),(2,2),(3,3)}

Clearly S is an equivalence relation on X and S \E ={{1,4},{2},{3}} is
the quotient set which is a partition of X . Then the topology which has
the minimal basis £, =S \E is
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={X,3,{1,4},{2},{3},{1,2,4},{1,3,4},{2,3} }
and clearly by Corollary 6.4.2, that (X ,7) is regular.

Definition 6.4.2. The topological space (X ,7) is called a T3 — space if it

is regular and at the same time is 77 —space that is
T3 =T+ regular.

Example 6.4.7. The discrete topological space (X ,D) is a T3 —space

also (X ,7) is a T3 — space where r=FE ,, UC since it is T» by Example

p
6.1.3 and is regular by example 6.4.3.

Remark 6.4.7. From the Definition 6.4.2, and Corollary 6.4.3, the
topological space (X ,7) is T3 iff itis T,) and regular that is

T3 =T, + regular.
Remark 6.4.8. Of course there are topological spaces which are regular
and not Ty like for example the given in Example 6.4.2, which is regular
because =1, and not T| because t=D . Also if X is infinite the co-

finite space (X ,C) is T{ and not regular since in this case the

intersection of any two members of C is nonempty .

Theorem 6.4.9. The axiom T3 is hereditary and invariant topological
property.

Proof: We proved that 77 is hereditary Corollary 6.2.1 and is an invariant

topological property Theorem 6.2.2, also proved before that the
regularity property is hereditary Theorem 6.4.2 and is invariant
topological property Theorem 6.4.3. Hence according to the Definition

6.4.2, of T3, T3 is both hereditary and invariant topological property.
Theorem 6.4.10. Any T3-topological space is T i.e. T3 —>T2.

Proof: If (X ,7) isa T3 —space then
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(1) itis 77 and hence {y } ez, for each point y € X from which
x,yeX x#y =>{yter.,x ¢{y}

(2) it is regular which implies that there are two open sets U,V €7 such
that x eU, y e{y}cV and U NV =. Therefore (X,7r) isaT) -

space.

Remark 6.4.9. The inverse of the implication T 3 ->T ) is not correct

generally for example consider the family o = {(a,b),0€ :a,b e R} where

R is the set of the real numbers, Q is the set of the rational numbers

and QC is the set of irrational numbers. Since f={(a,b):ap €R}is a

basis for the usual topology O on R and
pcocpf(o)=>0Ccr(f(o))

Then the topological space (R,z(B(c))) is Ty since (R,0) is Ty. But
Q e(z(B(0))). and any irrational number p €Q€ can not be separated
by two nonempty open sets because the unique open set which contains
Q is R this means that (R,7(f(c))) is not regular and so is not T3.

Therefore, T2 -/ —>T3.

6.5. Normal and 7’4 —spaces:

Definition 6.5.1. The topological space (X ,7) is called a normal space if
for each two disjoint closed sets Fl’FZ €7, there are two disjoint open
sets U,V et one of them contains F1 and the other contains F> that is

R.Fhet,.: iNF)=0=3U)V et:F cU,[, cV A
UnV =0

Example 6.5.1. (X ,D) is a normal space.

Example 6.5.2. LetX ={a,b,c}and 7={X ,3,{a},{a,b},{c},{a,c}} then
7. ={0,X ,{b,c},{c},{a,b},{b}}. Clearly there are the following pairs of

disjoint closed sets and the corresponding pairs of disjoint open sets
different from X and & .
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(1) {lcter. —{X, ) and the corresponding open sets
{a,b},{c} e such that
b} cia,b},{c} cictnfa,b}nic}=9.
(2) {a,b},{c} €7, and {a,b},{c} et such that
{a,b} c{a,b},{c} c{cinia,b}nic}=03.
Therefore (X ,7) is a normal space.
Remark 6.5.1. If rcEp then 7, cEpC :Pp and the topological

space (X ,7) is normal where
R, Fher, -{X,Oy=peFnFh=>FNnkHh#J
and the unique disjoint closed sets are X and & .
Example 6.5.3. The topological space (X ,7r) where rzEp uC s
normal since
rzEp uC =1, :(Ep wC). =Epc vC, :Pp wC,

this means that 7, consists all subsets F of X such that p € F or F is

finite together with X and J and so F},F, €7, suchthat F{ N F) = %)

implies that FlcFZC and FZCFIC and there are two possibilities

' c c
p&EF1 or p ¢ F> and we finds peF1 :>FleEp,F1 eC :>F1,F1 €T
and clearly FjcF, c F€ and fnF° =@. The other case

p eEF2 is similar.

Example 6.5.4. The lower limit point topological space (R,7) where 7

is the topology generated on the set of the real numbers R by the basis
p={la,b):a,beR} is normal.

Proof: Suppose that F; ,F2 €7, suchthat F] N[ =J then =Fl and

Fy = Ewhich implies that Fq mg = and I*Tlsz = . Hence
xehl =x eg
= 3day by €R:x €lay ,by ) Alay by )NIH =

But
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x €lay ,by )= [x,by )[ay by ) =[x, )N =D.

Similarly for each y eF, there is a real number cy €R such that

[y,cy YNF=&. Now Suppose that U= U [x.,by) and
x el

V= U [y.cy) then RcU, F,cV and U,V €7 and we are
y el

going to prove that U NV =J. For let U NV #. Then there exists

z €U NV which implies that z €U and z €V . Hence there are two

points x, € and y, €Fy such that ze[xo,bxo) and

ze[yo,cyo). Clearly if z =x, then x, :ze[yO,cyO) which
implies that [yo,cyo)mFl;tQ a contradiction and so x, #z .

Similarly y, #z . Now since x, #y,because F] "F5 = then we

have the following two cases:

Case (1): x,<y, =x,<y,<z <bx0 =¥, e[xo,bxo)
:>[x0,bx0 YN 2D

Case (2): y,<x, =y, <x,<z <y, =X e[yo,cyo)
:>[y0,cy0 )N =D

These two cases contradicts that [x,b,. )" F> =& for each x eF] and
[y,cy )N 1= for each y €F,. Therefore U NV = and so (R,7)

is a normal topological space.

Theorem 6.5.1. Any principal regular topological space is normal.

Proof: If (X ,7) is a principal regular space then by Corollary 6.4.2, =1,

and then

H.het,. Nk =0=F,[hetnbfjnk)=0J
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Hence (X ,7) is normal.

Remark 6.5.2. The topological space (X ,7) which is given by Example
6.5.2, is not regular since T #t, and not Ty since t#D i.e. the normal

space may be not regular which implies that the converse of Theorem
6.5.1, is incorrect see Example 6.5.2, where (X ,7) is normal but not

regular and the normal space need not be T} . Also the topological space
(X ,C) is T1 and if X is infinite then it is not normal since in this case

the intersection of any two members of C is nonempty .

Theorem 6.5.2. The topological space (X ,r) is normal iff for each
closed set F ez, and each open set U et such that F CU there exists

an open setV et suchthat FcV andV cU thatis i.e.
Fer,,Uer:FcU = er:FclV cV cU
Proof: If (X,r) is a normal space, Fer, and Uer then

(YU er=U ez, and (i) FcU=FnU =@ so by the
Definition 6.5.1, there are two open sets V' ,W e such that 'V,
U€ cw andV nW =& and hence

() U€ W =W€ cU and

)V nw =®:>V_mW =®:>17ch.
Hence
FcV oV cW€cU =>FcV oV cU

Conversely, If the condition is satisfied then
R,Fher, Nk =0=H¢ TC,FZC er,h chc

and from the given condition there exists V €7 such that

Fcv CVCFZC from which we finds that FjcV, cmfc,

VA7 =@ andV ,176 €7 which implies that (X ,7) is a normal space.
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Theorem 6.5.3. A topological space (X ,7) is normal iff for each two

disjoint closed sets Fl’FZ €7, there are two open sets U,V et such

that F,cU , FycV and U AV = .

Proof: Let (X,r) be a normal space and Fl,erfc such that

1,V1 €7 such that F1 CUI’

F2 CV1 and U1 NV =D then by using Theorem 6.5.2, we gets

| N Fy = then there are two open sets U

FlcU1 = 3JU ez':FlcU CUCU1

and

F2 ch =3V ET:F2 cV cV CV1

Which implies that F1 cU, F2 cV and l7 ml7 = I since clearly

ECUI:I;CVI 317017CU1 NV =Jd= Jﬁ;zg.
Conversely, if for each two disjoint closed sets Fl’FZ €1, there are two
opensetsU J er suchthat F{cU, Fp V' and 17017 = then

UV =@=UnV cUAV =@=U AV =3,

Therefore (X ,7) is normal.

Theorem 6.5.4. If (X ,7) is a normal space then F, ,F2 €1, such that

F N F, =@ implies that Fl/\ N Fz/\ =. If (X ,7) is a principal space

then the converse of this implication is also true.

Proof: Suppose that (X ,7) is a normal space and FI’F2 €7, such that

F NFy =@ then there are two open sets U,/ €7 such that F{cU,
FrycV and U NV = from which we gets FlcU :>F1/\CU and

FycV = Fy" <V whichimplies that /{" " F," = @.
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If (X,7) is a principal topological space then Fl/\,FZ/\er for each

F,eP(X). But F cF” and F,cF," and so if

subsets F, | 1 5 >

19
Fl/\sz/\:Q for each two closed sets Fl,errc such that

F NF, =@ then (X ,7) is normal.

Theorem 6.5.5. If (X ,7) is a normal space then {7} mm = implies

that {x}/\ N{y }A = J for each two distinct points x,y € X . If (X ,7)

is a principal topological space then the converse is also true.

Proof: Let (X ,r) be a normal space and x,y €X be such that

{x}n{y}=9. Then there are two open sets U,J €7 such that
xYcU, {ytcV and U NV =@ from which x eU = {x}* cU and

y eV = {y} <V which implies that {x}" " {y}" =@. Let (X,7)

be a principal space such that ama:Q implies that

{x}/\m{y}/\:g for each two distinct points x,y €X and

FI’FZ €7, such that Rk =0. Then
R=U{fx}xeF}= U {reX xeU,}} and similarly
x el

Fr= U {zeX :yeU,}} where {x}"=U
yvel

. Then U=U{U, xeF}} and V=U{Uy :y€Fy}} implies that

Uy er, FlcU, cmV and U NV =J.To prove that U NV =

let 1t €eU NV then ¢ €U and ¢ €V which implies that there exist

x foreach point x eX

xefF] and yefp such that relU, and teUy this means that
Uy mUy # while xeF and yeF, implies that ECFI and
ach because F| and F, are closed sets and this implies that

amm = because Fj NI, =, Hence U, mUy #(J contradicts
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our assumption, this contradiction implies that U NV #O is incorrect.
Hence U NV = and (X ,7) is normal.

Remark 6.5.3. Theorem 6.5.5, can be formulated to be in any
topological space (X ,7) if we consider the following statements

(1) (X ,7) is normal,

(2) {T}ma = implies that {x }A N{y }A = for each two points
x,y€X and

(3) ama = implies that {t}/\ N {z}/\ = for each two points

t,z €X suchthat x eft}” and y e{z}”. Then (1) = (2) = (3) and if

(X ,7) is a normal principal space then (1), (2) and (3) are equivalent.
Proof: we shall prove that (2) and (3) are equivalent as follows:

(2) = (3): Let x,y €X be such that ama=®. Then t,z e X

implies that

xe{t}/\, y e{z}/\ jtea, z EE
= {ticixl), Zicli=nzicikkiniy =9
:amazg

which implies by (2) that {t}/\ N{z }A =0.

(3) = (2): Itis clearly since x e{x }/\ andy €{y }A.

Theorem 6.5.6 Let X 20 and T cP(X )be a partition of X and
14 ’TY ) be a topological space foreachY €T . Then

(1) B :U{TY 'Y €T} is a basis for a topology T on X such that Y ’TY )

is a subspace of (X ,7) foreachY T .
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(2) (X ,7) is normal iff Y ’TY ) is normal foreachY €T .

Proof: Clearly Uy :Y €T}=X andif Bl,B2 € [ then either there is a
member Y €T such that BI,B2 GTY in this case B{ N By € Ty © p
or there are two members Y ,Z €T such that B1 ETY and 32 €7, in
this case By "By = since Y NZ =. Hence g is a basis for a
topology 7 on X where 7=7(f). This topology is the same topology

7={GcX :GNY erY ;VY €T} on X . Clearly (Y ’TY ) is a subspace

of (X ,7) where {G Y :G er}:rY foreachY €T .

(2) Let F,M €17, besuchthat F "M =& then

F=FnX =Fn[UY ¥ eT}1=U{F Y Y T}
=Ulfy, 1Y €T}

Where F, =FAY for each Y €T . Similarly M:U{MY Y el

where MY =M NY foreachY €T . Since (¥ ’TY ) is normal for each
Y €T then there are UY ’VY erY such thatFY CUY , MY <:VY and
Uy nlVy =Q. If U:U{UY Y €T} and V :U{VY Y €T} then
FcU, M cV and we are going to prove that U NV = for

yeUnV =y eU,y eV

=3Y ,ZeT :yelUy ,yeVy =Uy nVy; 0

But we have the following two cases
(1) Y =Z which implies that VZ :VY which implies that
Uy nVz=Uy nVy =J or
(2) Y #Z in this case Y nZ =, UY cY and VZ cZ which

implies that Uy NV 7 =C. Hence Uy NV # O is a contradiction in

203 A.S. Farrag and S. E. Abbas



General Topology Separation Axioms

both cases this contradiction because of the incorrect assumption that
U NV #. Therefore U NV = and so (X ,7) is normal.

Conversely, Y €T implies that X -Y ={Z €T :Z #Y }er which
implies that Y ez, which implies thatrYC c1..If (X,7) is a normal
space then FI,FZETYC :>F1,F2€Tc and if Fj Ny = @ then there
are two open sets U,V €7 such that FICU , F2 cV andU NV =0

and we finds

QUnNY VY €, (2) FICU Y, (3) F2 cV Y and
@ UNY )NV n"Y)Y=UnV)nY =J.
Therefore, ,TY ) is a normal space.

Example 6.5.5. Consider the set of the positive integers N and let Y be
the set of the odd numbers and Z be the set of the even numbers.

Then (Y ,E1(Y )) and (Z,E5(Z)) are normal spaces where E{(Y ) is
the excluding point topology on Y with the excluding point land
E5(Z) is the excluding point topology on Z with the excluding point 2.

Then B =E|(Y )UE,(Z) is a basis for the topology on N,
“(B=Eq Uy UGGz -{2}U
U{Z VH;H cY -{1}}
which implies that
7, (ﬂ)zP{LZ}U{Z cF:leFJUY cM2e MUY ,Z}
Hence if Fj,Fher.(f) such that FNF)=0 then either

(i)Y AfhcZ or (i) cZ AFpcY . Since Y ,Zer and

Y NZ = then (N ,7) is a normal space.

Example 6.5.6. Consider the set of the positive integers N and letY be
the set of the odd numbers and Z be the set of the even numbers. Then
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Y ,Eq1(¥ )uCy ) and (Z,E»(Z)) are normal spaces where E{(Y ) is
the excluding point topology on Y with the excluding point 1, Cy is the
co-finite topology on Y and E,(Z)is the excluding point topology on
Z with the excluding point 2. Then

B=(E1¥ )Cy )WVEL(Z)={Y ,Z,GY ,HY ,W cZ:
leH AY —H isfinite 2 ¢W }

is a basis for a topology 7(f) on N where

T(ﬂ)={N,@,Y,Z,U,G,H,W CN:
Uni{,2)=D,1¢G,1eH,HUZ suchthatY —H is

finiteand 2 ¢W ,G UZ , W UY }
Which implies that
7. (B)={N,DY ,Z,V <N, -H)UZ,¥ —H)U(Z -W),
H,)Y -G,Y -H,Z-W {1,2}cV ,1¢G,1eH AY -H
is finite and 2 ¢ }
Then we have the following remarks:
(a)leH =1¢¥ -H =¥ -H)e E1Y )= —-H)ez(p)
Equivalently
1,2eHUZ = HUZ et (f)=N—-(HUZ)=Y —H et(f)
(b) Zer(B)=F ~H)vZer(f)=Her.(p).
(c) If G isfinite then V¥ —-G)eC Y )= -G)e z(pf).

Therefore there are the following cases of the pairwise disjoint closed
sets and the corresponding pairs of open sets:

()Y "Z=D andY ¥ ,ZZ,
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RQHANZ=CandH cH,Z cZ,
BYHNZ -W)=@andH cH,Z-W cZ,
@) HAY —-H)=F andH cH,Y ~-H cY —H,
) HA[Y —H)UZ]=D and H c H ,
Y -H)wzZ c -H)vZ,
6) HA[Y —H)U(Z W )]|=D andH c H ,
Y -H)u(Z-W)c(¥ -H)VZ,
7Y N(Z-W)=Band Y Y ,Z-W Z,
(8) ¥ —H)NY -Hp)=D and (Y —Hy)=(¥ —H)p),
Y ~H|{cN ~(Y —H,)cH,UZ,
(9) ¥ -G)NZ=D and (¥ -G)Y , Z<Z,

(10) [ —H)UZ]NY -G)=T and ¥ -H)UZc¥ -H)UZ,
Y -GN —[(Y —~-H)UZ]=H ,

(11) [ —H ) (Z W )N -G) =D and
¥ —H)U(Z W) —H)UZ while ¢ -G)cH ,
(12) ¢ -G)N(¥ -H)=DB = ¥ -G)n¥ nH )=0
=¥ -G)nH =0 =Y -GcH,
Y -HcY —H and
(13) [(v —H|)U(Z W)Y —HH) =D and
Y -HycY —Hy, Y —H)NY —Hy)=C

=Y ~H{CN ~(Y ~Hy)=HyUZ AZ-W cZ
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=Y -H)U(ZW)c(HyuZ).
Therefore (N ,7(f3)) is a normal topological space.
Example 6.5.7. Let X ={1,2,3,4,5}, Y ={1,2,3}, Z ={4,5},
Ty = {¥ ,0,{1,2}} and t, = {Z,2,{4},{5}}. Then (¥ ,TY ) and
(Z,TZ ) are normal spaces and ﬁ:rY UZ'Z is a basis for the topology

7(f#) on X where

£ =1(1,2,3},{4,5},0,{1,2} .{4},{5}} =
o(P)=1X ,3,{1,2},{1,2,3},{4},{5},{4,5}.{1,2,4},{1,2,5},
{1,2,4,5},{1,2,3,4},{1,2,3,5} }

Clearly (X ,z(f)) is a normal space.

Remark 6.5.4. The partition T of X is given and the topological space
(X,7) is normal if Y Ty ) is normal for each Y €T and T is a
subfamily of t. The logical question is if (X ,7) is a topological space is
there a subfamily T of T such that if T is a partition of X then (X ,7)
is normal?. At follows we try to answer this question when (X ,7) is a
principal space.

We defined before the set U 4 €7 and if (X ,7) is a principal space, f3,

is the minimal basis for T and A — X then we consider the family

T={UyerU, nd=0;¥x e}
:{UA EﬂOCAﬂUB ZQ;VUB e,BsuchthatUA ¢UB}
={U, €efB,x eEUy;Vy € X such that U, ;th }.

Clearly UA =U,. for each point x € A which implies that T < f3, and

so T can be written in the form
T={Uyep, Uy n4d=0;¥x €4}

From which we get
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(1) A et foreachU 4 €T where

Uy el Uy, nd=0:Vx ed*= Uy cA°

—>Aer=>Ader,

(2) The family 7" = {4: UA €T } is a family of pairwise disjoint subsets
of X and if UA ’UB €T such that A#B and x eUA —A then

xeB=U, =UB CUA. Now y €A implies that Uy :UA and
A NB =@ implies that y € B¢ but UB CUA implies that B cUy ie.
BnNU y =B # which contradicts that U B €T this contradiction
because of the incorrect assumption that x e€B and so
xelU, -A=x eB¢ for each Up €T such that A#B and

%
accordingly if T is a partition of X ie. if X =U{4:4 eT*} then
UA —A = for each UA eT since x eUA —A implies that x € B¢ for

each U B €T’ such that A # B from which

x eN{BS:B 7"~ {4} =[UH{B:B €T —{4}}Y =4
that is x € A which contradicts the assumption x eUA —A . Then such
point x does not exist. Hence U 4 = A for each U y €T and this means
that T" =T .
(3) U{UA :UA eT}=X, forif x eX then either

(i) For each proper subset A of X such that U €f, and xeU 4,
there is a point y € A such that Uy NA#D. In this case X is a

minimal open set at a point peX i.e. X :Up andsoT ={X } or

(i) There is a subset A of X such that Uy€pf,, xeUy and
Uy nA=J foreachy e A€ . Inthis case U 4 €T and x €U 4.
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(4) (U 4 ,TUA ) is a normal space in fact it is an E —space i.e. there is a

point x €U 4 such that cE, . Forlet B,(U,) be the minimal

Uy

basis for t then x €U 4 implies that either

Uy
(a) xed=>U, ef, 22U, =Uyef, 22U, €h,(Uy)or
(b) xeU 4 -4 =U, €B, N\U,cUy AU, 2U 4

=>Uyefy - Uy} =>Uxef,Uy)—{Uy}

From (a) and (b) B, (U 4)={U, U4 :x €U 4 —{x}} this means that

TUA cEy ={GcU 4 .GnA=O}U{U 4 }cE, where xed is any

point.
(5) How to obtain the family T : If x €X and U, €f, then there exists
a subset AcX suchthat Uy =U 4, may be A={x} or A=X and we
finds

(a) there is y € A€ such that x €U, or equivalently U, NA =@ in

y Y

this case U, T .

(b) x eUy for each Uy € p, —{U, } or equivalently Uy NA =3 for
each y € A€ inthis case U, €T .

Example 6.5.8. (1) Let X ={1,2,3,4,5} and

={X,0,{1,2},{1,2,3},{4}.,{1,2,5},{1,2,4},{1,2,3,4} },
{1,2,3,5},{1,2,4,5}}

Clearly ff, ={{1.2}.{.2.3},{4}.11.2,5}} where U} =U,=U, , ={1.2},

U3={1,2,3}, U4={4} and U5={1,2,5} from which we finds (a)

1,2€U3 :>U{1 2} T,

(b) 3eUy for each Uy €p, —{U3} which implies that U, €T,

3
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(c) 4eU,, for each Uy epy —{U4} this implies that U4 eT and

(d) 5¢U,
Therefore T :{U3,U4,U5}}={{1,2,3},{4},{1,2,5}} and
T = ({3}, 14,15)) .

(2) Consider the set of the positive integers N and let

for each Uy eﬂo—{US} which implies that U5 el .

r={N,9J,{1},{1,2},{1,2,3},{,2,3,4},...,{1,3},{1,3,5},
{1,3,5,7},...}

Hence, T ={N }.

Theorem 6.5.7. The principal topological space (X ,7) is normal iff the
family T :{UA etidcX,AnU, =J;Vx € A€ is a partition of X .

Proof: Let (X ,7) be a normal space. Then by Remark 6.5.4, statement
(3), U{UA :UA eT}=X and if UA ’UB €T are arbitrary such that

Uy

ANB =0.If (X,7) is normal then there are two open sets G,H et
suchthat 4 cG, BcH and G nH = from which we gets

;tUB then by Remark 6.5.4, statements (2) and (3), 4,B €7, and

AcG,BcH=U,4cGUpcH
Uy nNUpcGnH=0=U 4 NUpg =<

Therefore T is a partition of X .

Conversely By statement (4) of Remark 6.5.4, (UA ’TU ) is a normal
A

space for each UA eT andif T is a partition of X then according to

Theorem 6.5.4, ﬂ:U{rU :UA eT'} is a basis for a topology 7* on
A
X such that (X ,7*) is normal. But 7, ct for each U , e7 which
A
implies that fc7 which implies that 7*cz (/). If G et then
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G=GNnX =Gn[UU, Uy eT}=UGNU, :Uy €T}

But G mUA erU for each UA €T which means that G ez * which
A

implies that z*cz (/). From (/) and ({I), 7 *=7 and hence (X ,7)

is a normal space.

Example 6.5.9. In Example 6.5.6 (1) 7' is not a partition of X and so
(X ,7) is not normal. (2) T is a partition of N and so (N ,7) is normal.

Example 6.5.10. Let X ={1,2,3,4,5,6} and

={X,9,{1,2},{3},{4},{3,5,6},{1,2,3},{1,2,4},{1,2,3,5,6},
{3,4},{3,4,5,6},{1,2,3,4} }

Clearly A, ={{1,2},{3},{4}.{3,5.6} }and T ={{1,2},{4}.{3,5,6}} which is

a partition of X and then (X ,7) is a normal space.

Example 6.5.11. Let X #J and peX #{p} then (a) (X,Ep) is a

normal space since T ={X } is a partition of X .
(b) (X,Pp) is not normal because T ={{x,p}:x €X —{p}}is not a
partition of X .

Corollary 6.5.1. Let (X ,r) be a regular principal topological space.
Then

(1) (X ,7) is normal since in this case T = 3, is a partition of X where

B, is the minimal basis for t .

(2) If Tyz is a strictly weaker topology than t where y and z are any
two distinct points of X then (X ,ryz) is normal since in this case
T ={U, ,Uy VU, Uy € By—1U, }} isapartition of X .

Remark 6.5.5. The property that (X ,7) is normal is not hereditary since
forexample if X ={a,b,c,d} and
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r={X,3,{a},{a,b},{a,c},{a,b,c}}
and
7. ={0,X ,{b,c,d},{c,d}, {b,d},{d}}

Then the unique disjoint two closed sets are X and & and accordingly
(X ,7) is normal we must be remark that T ={X }. If Y ={a,b,c} then

ty ={V ,9,{a},{a,b},{a,c}} and so T ={{a,b},{a,c}} which is not a

partition of Y and then (Y,TY) is not normal. Also
ty. =190,Y ,{b,c},{c},b}} clearly {b},{c}ech are two disjoint

closed sets which can not be separated by two disjoint members of Ty -

If Y er,—{J} then (¥ Ty ) is normal as it given by the following

Theorem.

Theorem 6.5.8. If (X ,7) is a normal space and Y er.—{J} then

(04 Ty ) is a normal space.

Proof: See the proof of the second part of (2) of Theorem 6.5.5.

Theorem 6.5.9. The property that the topological space (X ,7) is

normal is hereditary.
Proof: the proof is left to the reader.

Theorem 6.5.10. The property that the topological space (X ,t) is

normal is an invariant topological property.

Proof: Let (X ,7) be a normal space, (Y ,7*) be a topological space and

f :X Y be a homeomorphism, we need to prove that (¥ ,z*) is

normal. For let M{,M, e(r*). such that M| M,y =T then
f_l(Ml),f _1(M2)erc since f is continuous and

7 s M) =@, since (X .7) is normal then there are
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UJY er such that f_l(Ml)cU, f_l(Mz)cV and U "V =Q
and since 1 is homeomorphism then

(@) My =f (¢ T \MPD)f U), My=f(f "\ (M,)<f ) because f
is surjective .

(b) f(U),f V)er* because f isopenand

© fUYNfV)=fUNV)=f ()= because f is injective.
Therefore (Y ,7*) is normal.

Definition 6.5.2. The topological space (X ,7)is called T4 —space if it is

normal and T7 i.e. T4=normal +17 .

Example 6.5.12. The discrete topological space is T4 since it is 77 and
normal.

Example 6.5.13. The topological space (X ,7) where r:Ep uC s

normal by Example 6.5.3 and is 7y and sois Ty4.

Theorem 6.5.11. Any T4 —spaceis T3 i.e. T4 —>T3.

Proof: If (X ,7) isa T4 —space then itis 77 and hence

Fer,,x eF° =>Fx}ler.,,Fnix} =0, {x}er, because (X,7)
is T and since (X ,7) is normal then there are U} er such that

FcU, xe{x}clV and U NV =J.Hence (X ,7) isa T3 —space.

6.6. Axioms of countability:

Definition 6.6.1. The topological space (X,7) has or satisfies the first

axiom of countability if for each point xe.X there is a countable local

basis S, for x.
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Example 6.6.1. Each topological space (X,7) if X or 7 is finite has the
first axiom of countability.

Example 6.6.2. In the discrete topological space (X,D) the family
Py =1{x}} is a local basis for the point x for each xeX and so it has

the first axiom of countability.

Example 6.6.3. In the usual topological space (R,0) we proved that
1 1

Py ={(x——,x+—):ne N} is alocal basis at the point x for each xeR
n n

and hence (R,0) has the first axiom of countability.
Remark 6.6.1. If the topological space (X,t) i.e. if it has a countable
local basis p, for each xeX where B, ={B|,B),B3,..} such that

x € B, for each B, € 3, then we can construct a nested local basis for

the point X as follows:
Let Uy=By and Uy41=U; N By41 such that n>1, we obtains the
family By ={U1,U3.Us....} such that Uj 5Uy SU3 >...... which is i.e.

3k
By alocal basis for xsince,

(1) [)’; < because U, et foreach U, eﬂ;.
(2) If Ger suchthat xeG and B,, G then U, c B,, cG.

Definition 6.6.2. The topological space (X,7r) has or satisfies the

second axiom of countability if 7 has a countable basis £.

Example 6.6.4. All finite topological spaces we means the spaces (X,7)

such that X or 7 is finite each has the second axiom of countability.

Example 6.6.5. The usual topological space (R,0O) satisfies the second
axiom of countability since S, =1{(a,b):a,be Q} is a countable basis for
u where Q is the set of the rational numbers. Remember that it

satisfies also the first axiom.
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Theorem 6.6.1. Each second countable topological space (X,7) is first

countable.

Proof: If (X,7) satisfies the second axiom of countability then there
exist a countable basis £ for rand for each point xe€ X the family
By ={BePB:xeB} is a local basis for the point x which means that

(X,7) has the first axiom of countability.

Remark 6.6.2. The converse of Theorem 6.6.1, is not valid as illustrated
by the following example.
Example 6.6.6. The particular point topological space (R,Pp) where

P € R satisfies the first axiom of countability where Sy, ={{p,x}} is a

countable local basis for xfor each xe R—{p} and ﬂp ={{p}} isalocal

basis for the point p while it not satisfies the second axiom of

countability since if £ is a basis for the topology P,,,

B> o =Uphip.x} i xe R={p}}
and clearly f, is uncountable which implies that /3 is also.

Theorem 6.6.2. Each second countable space is separable.

Proof: Suppose that (X,7r) satisfies the second axiom of countability
then there exists a countable basis £ for . By choosing one and only
one point from each member of £ we means that choose one point and
don’t choose more than one point from each member of £ such that if

xe X and {B, :a €A} f are such that N"{B, :a € A} ={x} and
BN[N{By :acAl]=0 for each Be f—{B, :a A} then the
point x is considered to be the selected point from B, foreach a € A.

Then we obtains a subset 4 of X such that B A4 is singleton for each
B e S .Therefore B mA # O foreach B € f# which implies that

Ger-{d}=>3IBef:BcG=>
BNnAcGnNnAd=GnA ¢®:>Z:X
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Now suppose that f: [ — A is the function given by f(B)=x for
each B e f such that B A4 = {x} this function is surjective and so 4

is constable since f is constable. Therefore (X,7) is separable.

Remark 6.6.3. The converse of Theorem 6.6.2, is not valid since the
Space (R,Pp) is separable and not satisfies the second axiom of

countability see Example 6.6.6. The following example also insures this
remark.

Example 6.6.7. The co-finite topological space (R,C) does not satisfy

the second axiom of countability.

Solution: let xeR be any pointand S, —C be a local basis for x. Then
ve{B:Befy}—{x}=>yeB-{x};VBefy, (I).

But {y}eC and xe{y} from which there is Be B, such that

B {y}¢ this means that y e {y}° which is impossible this impossibility

because of the incorrect assumption in (/) then the correct is
N{B:B e B, }={x} from which we gets {x} =U{B :Be B,}. But B®
which is finite since BeC for each Bep, which implies that {x}c

where {x}czR— {x} is countable since in fact it is a countable union of
finite sets and this is impossible this impossibility because of the
incorrect assumption that S, is countable and so the correctis Sy is an
uncountable family and since it is an arbitrary local basis of the arbitrary
point xeR. Therefore (R,C) does not satisfies the first axiom of
countability and so does not satisfies the second (In both sentences
arbitrary local basis and arbitrary point are need not it is sufficient to
find one point with no countable local basis).

Theorem 6.6.3. Each of the first and the second axiom of countability is
hereditary.
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Proof: We shall prove the case of the second and left the first to the
exercises for suppose that (Y,TY) is a topological subspace of (X,7)

which has the second axiom of countability. Then there is a countable
basis S for 7 according of which ﬂY ={BNY:Be p} is a basis for

7, and clearly is countable since p*={Bef:BnY #J} is a

Y
countable family since it is a subfamily of the countable family S. Hence

the function f:ﬂ*—)ﬂY —{} given by f(B)=BnNnY for each

B e * is surjective which implies that ,[)’Y is a countable basis.

Theorem 6.6.4. The first and the second axioms of countability are
topological invariant.

Proof: We shall prove the case of the first axiom and left the second to
the exercises. Suppose that (X,7) and (Y,7*) are two homeomorphic
topological spaces by the homeomorphism f :X—7Y and let (X,7) be
first countable space. If yeY is an arbitrary point then there is a point
xe X such that y=f(x) and since (X,7r) satisfies the first axiom of
countability then there exists a countable local basis S, for the point x,

we shall prove that ﬂJ’Y ={f(B):Be fy} is a countable local basis for

the point yand this is enough to say that (Y,7*) satisfies the first axiom
of countability. Since fis homeomorphism it is injective, surjective,
continuous and open from which we finds

(1) Be fy=>Ber) = f(B)ery because f is open which implies that
'ByY cn.

(2) x e B for each B e f, implies that y = f(x)e f(B) for each B e S
which implies that y eU foreach U e ﬂyy'

(3) If yeY and Ver* such that yelV then there exists xe X such
that y= f(x)eV andso
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oyenqaxer Y\ vy=3Bep B )
= B (Y er

where f(B) e,ByY for each B e fy.

Definition 6.6.3. A topological space (X,7) is called Lindelof space if for
each family of open sets R={G,:aeVicr such that
X =U{G, :a €V} there exists a countable subfamily ®* of R such
that X =U{G*:G* e R*}. Such family R is called an open cover of the

topological space X and R * is called a countable subcover of X of the
cover ‘R, the covers and subcovers will be discuss in Chapter (7).

Remark 6.6.4. If X #J and T < P(X) is a family of pair -wise disjoint
nonempty members i.e. the intersection of any two members of T is
empty then the cardinal number |T| of T less than or equals to the

cardinal number |X| of Xie |T|<|X| and |T|=|X| Iif
T={{x}:x€ X} but not conversely.

Theorem 6.6.5. Each second countable topological space is Lindelof.

Proof: If (X,r) satisfies the second axiom of countability then there
exists a countable basis £ for 7, to prove that (X,7) is Lindelof let R
be an open cover of X and Ge R —{¢}, set G =G| and define for each
point x € G the family f, ={Be f:xeBc Gy} and attach G| to the
family g =U{By :x€Gy}. If Gy=Xthen {G}} is the required subcover
of Rand if Gj#X then there is a member GeR—-{Gy} such that
G -G1#9, set G=G, and define for each point xeG, —Gj the family

Px={1Bep-U{fy:xeGl}:xe B Gy}
={Bef-pl:xeBc(Gy}

Then attach to Gy the family fy =U{f, :xe Gy -Gy}, if

GluGy =X then {G],Gp} is the required subcover of Rand if
GluGy#X then there exists GeR-{G],Gp} such that
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G —(G1vGy) = then set G=G3 and continue these processes tell

obtain G, and S, where n>2 and define the family
n—1 Jj-1
By={Bepf- U {ﬂx:xe(Gj— U G))}:xeBc Gy}
j=1 i=1

n—1
={Bef-(U Bj):xeBc Gy}
i=1

n—1
For each point xe G, — U G; remarking that
i=1
_, 0
B.:xe@G-JG)}=@ at n=1land U G; =D at n=2
= i=l

C-

J

n—l1
Then attach G, with the family g,=U{fy:x€G,- U G;}. If
i=1

n
X = U G;j then {G1,G7,G3,...,G,} <R is the required sub cover of R
i=1

n
otherwise there is GeR—-{G,G2,G3,...,Gy} suchthat G — U G; #I
i=l

n

in this case set G =G4 and for each point xe G,.1— U G; define
i=1

the family

n j-1
Pr={Bef~ U {fy:xe(G;~ U Gy:xe B Gyy}
j=1 i=1

n
={Bef—-(U Bj):xeBcGy41}
i=1
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n
Then attach Gj,41 with B,11=U{fy :x€G,,11 — U G;} and so on we

i=1
gets two families the first is R*={G|,Gp,G3,...,Gy,...} which is a
subfamily of R which forms a cover of the topological space X this is
clearly from the processes of the construction of ‘R * since for each
xeX thereis neN and Bef, such that xe Bc Gy, . The other
family is B*={p1, 52,83, Bp,-.y and if B, By, € B* such that n=m
then either n>m or n<m . In the case n>m we finds

n—1

Bepf,=3xeG,—- U Gi:xeBCGn%
i=1
n—1
But xeGy,— U G; implies that x e Gy, from which x¢ B* for each
i=1

B*e B, which implies that B¢ 3, and therefore Be 3, = B¢ 3,
from which g, N 3, = and we gets the same result from the case
n<m. Therefore f*c P(f) is a family of pairwise disjoint members
then it is countable according to Remark 6.6.4. Consider the function
fip*>R* given by f(f,)=G, for each f,ef*, clearly fis a
bijective function which implies that R * is a countable cover of X and
is a subcover of R. Hence (X,7) is a Lindelof topological space.

Another way to prove that R* is countable: Suppose that
BR*)=U{p,:neN} then B(R*)cp and so is countable. Now

consider the function f:B(R*)—>"R * for each neN and each Bef, ,

f(B)=G,, clearly f issurjective and hence R * is countable.

Theorem 6.6.6. If the topological space (X,7) has the second axiom of
countability then each family of pairwise disjoint members of v —{J} is

countable.

Proof: Suppose that (X,7) has the second axiom of countability then
there exists a countable basis S for the topology 7, if Rc7—{J} is a
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family of pairwise disjoint members and if G R then there is Be
such that Bc G accordingly for each G € R we can define the family
B ={Bepf:Bc G} according of which we gets the family

T={f;:GeR} and if G,H R are distinct then G N"H =< which
implies that fg NPy =3 and so T < P(f) is a family of pairwise
disjoint members of P(f) hence it is countable by using Remark 5.2.4.
Now consider the function f:T—R given by f(f;G)=G for each
B €T this function clearly injective. Hence R is a countable family.

Remark 6.6.5. Any family of pairwise disjoint open intervals of real
numbers is countable. In fact such family is a family of disjoint open sets
in the usual topological space (R ,O) which satisfies the second axiom of

countability and then by Theorem 6.6.5, such family is countable.

Definition 6.6.4. In the topological space (X,7), if 4 X is nonempty,

the point x € X is called a condensation point of the set A4 if each open
set Ger such that xeG, G A4 is an uncountable set that is G

consists an uncountable subset of 4.

Theorem 6.6.7. Each infinite uncountable subset of a second countable
topological space has a condensation point.

Proof: Let (X,7) be a second countable space then there is a countable
basis S for z. Then if 4c X is an uncountable set which has no
condensation points that is each x € 4 is not condensation point of 4.
So there is G et such that xe(G, G A4 is a countable set and there is

Be f such that x € B G which implies that B A4 is countable then
by choosing for each point x € 4 one and only one member B, from

the family
By={Bef: xe Bc G, BN Aiscountable }

which implies that 4, =B, N4 is countable for each xe 4 and the
corresponding family B4 ={B, :xe A} is countable . If we neglect the

repetition of the members of B4 because we may have two distinct

221 A.S. Farrag and S. E. Abbas



General Topology Separation Axioms

points x,ye A while B, :By and x,y e 4, mAy c Ay uAy or may be
Ay = Ay hence 4=U{4, :x € 4} is a countable union of countable sets

which implies that Ais a countable set which contradicts the
assumption that A4 is uncountable. Hence the set 4 has at least one
condensation point from its points.

Theorem 6.6.8. If (X,7) is a second countable space then each isolated
subset Aof X is countable.

Proof: Let (X,7) be a second countable space. Then there is a countable
basis £ for 7 andif A isanisolated subset of Xi.e. 4=isd.(A) then

xeAd=>xeisd(A)=>3IGer:GNA={x}

Since x € G then there exists B € f# such that x € B< G which implies
that BN A={x}. Now let B, ={Bef:BnA={x}} and consider the
family B(A4)={fy :x € A}, then for each two distinct points x,y € 4 we
find that

Bepfy =>Bnd={(x}=yeB=B¢p), = fx Np) =0

Then by using Remark 6.6.4, [(A) is a countable family and the
function f:4— p(A4) given by f(x)=p, for each point xe4 is
bijective. Hence A4 is countable.

Another proof: Consider the family /3, constructed in the forgoing proof
and let B(A)=U{fy:xec 4} then B(4)c f and so is countable and
clearly for each Be f(A4) there exists xe A such that Bef, and
BNnA={x}. Then we can define the function f:£8(4)—>A4 by
f(B)=xeA for each Be f(A4) such that B e f, clearly this function

is surjective and so A is countable
Exercise
1-Prove that

(i) Any of the right or the left ray topological spaces is regular
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or normal.

(ii) The space (X ,7) where 7=F wC is T7 and neither regular

{pa}
nor normal.

(iii) If (X ,7) is a regular topological space and x € X is any point
show that y € X —{x}:{T}v&E: {T}m{y}/\ =0.

(iv) The upper limit point topological space (R,7r) where 7 is the
topology generated by the basis S={(a,b]:a,b€R } is a normal

topological space.

(v) The usual topological space (R,7) is a normal topological space.

2 — Show that a principal regular topological space (X ,7) is T, iff
t=D.

3 — Construct all possible regular topologies (they are 13) also
construct all possible normal topologies (they are255) on the set
X ={a,b,c,d}, we means that the topology 7 on X is such that

(X ,7) is regular or normal.

4 — Show that the space (X ,7) is a T4 —space where 7 is the lower

limit topology generated on R by the family f={[a,h):a,b €R}.

5 — Consider the topological space (X ,7) wherer=Ep wC, prove that
(i) ¥ ’TY ) isa T4 —space where ¥ =X —{p}.
(i) (Y,TY ) isnot Ty — where Y =X —{g}; p#qand.

6-If f:(X,7) > (X,7) is continuous and (X ,7)is regular, prove that
A={x e€X :x €{f(x)}} isopen.
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7—-1If £ and g are two continuous functions from the space (X ,7) to

the regular space ¥ ,7%), show that the set

A={xeX {f (x)}n{g(x)}=3} is a closed set.

8 — If X ={,234,5,6,7.8 write the minimal basis g, of the

topologies given by the given bases and show any of whichis 7, ,

regular, normal or not?
(i) py =X, {13,412}, {1,2,3,4},{5,6},{1,5,6},{1,2,5,6} } .

(i) o = (X . D41}, {2},{1,2,3,4},{1,2,3,4,5,6},
{1,2,8},41,2},1,2,3,4,8} }

(ii) By =1{X,{1,2,3},{4},{4,5},{6},{1,1,2,3,7,8},
{1,2,3,4},{4,5,6},{4,6} }

(iv) Pg =1{1,2,3},{4,6,8},{5,7},1,2,3,5,6},{4,6,7,8} } .
9 —Consider the set X = {1,2,3,4,5,6} and show that

(i) (X,rl) is normal and not 7, and (X,Tz) is a normal T, —space and

not regular where
4 ={X,0,{1},{1,2},{1,2,3,4},{5,6},{1,2,5,6} } and
Ty = (X ,0,4},4{1,2},{1,2,3},{1,2,3,4},{1,2,3,4,5} } .
(ii) (X ,7) is regular where
r={X,J,{1},{2,4},{3,5,6},{1,2,4},{1,3,5,6},{2,4,5,6} } and (i)

write all strictly weaker topologies than (i.e the topologies:

712, 121> 7155 751> 45> 754)-
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Chapter VI
Compactness and Connectedness
Topics:

e Compactness.

e Compactness and separation axioms:.
e Sequentially compact.

e Countable compact

e Locally compact.

e Connectedness.

7.1. Compactness:

Definition 7.1.1. Let (.X,7) be a topological space and Ac X . Then the
family ® ={G,, :a € A} c P(X) is called

(1) a cover of Xif X = UAGO_, or equivalently if for each point xe X
ae

there exists a € A such that xe G, .

(2) a cover of 4 if Ac UAGa or equivalently for each point xe 4
ae

there exists a € A such that xe G, .

and this cover is called

(a) an open cover if ®={G, :aeA}cr i.e. O isa family of open sets.

(b) a closed cover if ®={G,:acA}cz, ie. @ is a family of closed

sets.

Definition 7.1.2. The topological space (X,7) is called a compact

topological space if each open cover @ of X contains a finite subcover

of Xi.e. if for each ®={G, :a €A}t suchthat X= |J G, thereis
aeA

n

a family ©*={G, ,G, ,...,G, }c® such that X =
1 "2 n i=1

Gai where

ne N i.e. n is a positive integer.
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At the following we give some examples of compact and incompact
topological spaces:

(a) Each of the following topological spaces is compact:

Example 7.1.1. The topological space (X,7) if X is finite or 7 is finite.

Example 7.1.2. The excluding point topological space (X,Ep) since

Ger such that peG iff G=X. Then if ® c 7 is an open cover of X
then X e ® and so {X} c ® is a finite subcover of X .

Example 7.1.3. The topological space (X,7) where Z'=EpUC and

peX.Forlet ®={G, :a €A}t be an open cover of X then there

exists «,, €A such that peGa,O and so
c _
peGaO edb=> Gao eC=> Gao ={x ,x2,...,xn}cX

Since @ is a cover of X then for each point ie€{l,2,...,n} there exists

n
a; €A such that x; € Gai which implies that tho Cz’L—JlGai and so

n
_ c _
X= Gao U Gao = Gao U(iL:JIGai) =
= o*={G, .G, .G, ,...G, =@

That is @* is a finite subcover of X . Therefore (X,7) is a compact

topological space.

(b) Each of the following topological spaces is not compact:

Example 7.1.4. The discrete topological space (X,D) if X is infinite
since the family {{x}:xeX}c D is an open cover of X which not
contains any finite subcover of X .

Example 7.1.5. The particular point topological space (X,Pp) if Xis
infinite since the family {{x, p}:xe X —{p}} CPp is an open cover of X

which not contains any finite subcover of X .
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Example 7.1.6. The usual topological space (R,0) since the family
{(=n,n):n e N}c O is an open cover of Rwhich not contains any

finite subcover of R because
Firstly if x e R then either x=0€(-L1) or

x>0=3n,eN:n,>x=>-n,<x<n,=xe(-ny,n,) or

x<0=3ny,eN:n,>—x = —n, <x<n,= xe(-ny,n,)
Therefore R=U{(-n,n):ne N}.
Secondly consider the family

{(_nl’”1)’(_n2’”2)"">(_nm’nm)} c {(_nan) ‘ne N}
Then
m
", =max.(n1,n2,...,nm) = kgl(—nk,nk)z (-ny,n,)# R

This implies that there is no any finite subcover of the cover
{(=n,n):n € N} c O of R.Hence (R,O) is not compact.

Definition 7.1.3. If (X,7) is a topological space then a subset 4 of X is
said to be compact if each open cover of 4 contains a finite subcover of
A, we may say that A4is compact with respect to 7 or in 7 and we can
easily prove the following theorem.

Theorem 7.1.1. Let (X,7) be a topological space and A be a subset of
X . Then Ais compact in t iff (A,TA) is compact.
Proof: it is an easy proof and we left it to the reader.

Definition 7.1.4. If X #( then the family ¥ ={U, :a €A} satisfies or

has the finite intersection property if the intersection of the members of
any of its finite subfamilies is nonempty.
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Example 7.1.7. The family ¥ ={[x,»):xe R} P(R) satisfies the finite
intersection property since if {[xl,oo),[xz,oo),...,[xn,oo)} cY¥andn,isa

positive integer such that X, =max. {x. ,xz,...,xn} then

n
ﬂ [Xl 900):[an ,oo);é@.
i=l
Theorem 7.1.2. The topological space (X,7) is compact iff each family
of closed sets satisfies the finite intersection property has nonempty
intersection. Equivalently (X,7) is compact iff each family of closed sets

the intersection of their members is empty contains a finite subfamily the
intersection of the members is empty i.e. iff Wcrz, such that

(WF:FeW¥Y}=C implies that there is a finite subfamily
n
{Fl,Fz,...,Fn}C‘I’ Such that .ﬂlFi =J.
1=
Proof: Suppose that Wcr7,. such that ({F:F eW¥} = then
U{F€:Fe¥=X which implies that W.={FC:FeV¥} is an open

cover of X. If (X,7) is compact then there is a finite subfamily

cpec c noc_ S
{5 K, By, such that UFi = Xthis implies that
i=1

{Fl,Fz,...,Fn}c‘{’ and iﬁlFi = where neN.

Conversely, suppose that each family of closed sets the intersection of
their members is empty contains a finite subfamily the intersection of
their members is empty and suppose that @ c 7 is an open cover of X
then U{G:Ge®}=X. Then the family ®,.={G“:Ge®} is a family of
closed sets and N{GC:G e®}= which implies from the given
condition that there is a finite subfamily {GIC,G €,...G, } of the family

n
CDC={GCZG€(D} such that Gl-c = from which we gets
i=l
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n
U Gi =X which implies that {Gl,GZ,...,Gn}CCD is a finite subcover of
i=1

X . Therefore (X,7) is a compact space.

Theorem 7.1.3. Any closed subset of a compact topological space is
compact that is if (X,7)a compact space and F ez, then F is compact.

Proof: Let (X,7) be a compact space and F'c X such that ez, and

®={G, :aeA}ct be an open cover of F. So CD*:CDU{FC} is an

open cover of X . Since (X,7) is compact then there is a finite subfamily

%
{Ga1 s Ga2 ,...,Gan ,FC} c ® Where 7 is a positive integer such that

n n
X=(U Ga.)UFC which means that F < U Gai Which implies that
=1 i=1

{Gal’Gaz’""Gan} < @ is a finite subcover of F'. Therefore F is a

compact setin 7.

Remark 7.1.1. According to Theorem 7.1.3, a subset of a compact
topological space which is not closed may be not compact an example
the topological space (1,0 I) is compact according to Hein-Borile's

Theorem where I =[0,1] while the subset (0,1) of I is not compact for,
o= {(%,1):;1 €N} is an open cover of (0,1) and by Archimedes's
Theorem

xe(0,)=x>0=14dn, eN:x>L:>O<L<x<1

no no

1 1
>xe(—,D)=>xeU{(—,):neN}=>
n, n

1
=(0,) cU{(-,):ne N}
n
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Now if {(A-1).(A=.D),... (1)} s a finite subfamily of ® and

nozmax.{n,nz,...,nm} then nisni for each ie{l,2,..,m} which

o 1

implies  that (ni,l)c(ni,l) for each ie{l,2,.m}. Hence
i 0

m
U (L,l) c (L,l). Again from Archimedes's Theorem
i=1 7 o

1 1 1 m
0<—=3xe0,D):0<x<—=xg(—,D=>xe U (—,))
1o o ) i=1 "
Therefore there is no any finite subcover from ® of (0,1) which means

that (0,1) is not compact with respect to O 1% Clearly ® O and so
(0,1) is not compact with respect to O.

Theorem 7.1.4. The image of a compact subset A of a topological space
(X,7) by a continuous function f:X—Y is compact where (Y,7*) is
any topological space.

Proof: Suppose that (X,7), (Y,7*) are two topological spaces,

f:X—>Y is a continuous function and 4 is a compact subset of X, we

want to prove that f(4)CY is compact for let ®={U, :a €A} ct* be

an open cover of f(A) then f(4)c U U, andso
aeA

dc Y rayercuuy= U rwy

acA aeA

Since fis continuous then f_l((D) = {f_l(Ua) caeAycrt is an

open cover of 4. Since A is compact then there is a subfamily

U Ug) 17 W o S WU b 17 @)
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n n
such that ACUf_l(Ua.)=f_l(UUa.) which implies that
l=1 1 l:l 1

n n

fAe (N UUL )= UU,. which implies that
i=1 i =1 i

{Ual,Uaz,...,Uan}cCD is a finite subcover of the set f(4). Hence

f(A) is a compact subset of Y.
7.2. Compactness and separation axioms:

Theorem 7.2.1. Let (X,7) be a T, —topological space, ' be a compact
subset of X and p e F€. Then there are two open sets U,V et such that
FcU, peVandU NV =3Q.

Proof: If (X,7) isa T, —topological space, /"< X and peF€ then
xeF=p#x=3U, Vy erx elUy,,peV, U, NV, =0

andso ®={U, :xeF}cr isan open cover of F.If I is compact then
there is a finite subcover CD*:{UXI,sz,...,an}cCD of F which

n n n

means that Fc YU, . let U= U, and V=V, then FcU,
i=1 i i=1 i i=1 71

peV and UnNV =3 where {Vxl’sz""’Vxn} is the family

corresponding to the family {le,sz,...,an} we means that X; eUy.,
i

peVy and le. mVxl. = for each ie{l,2,..,n}. To prove that
i

UnV =0, if UNV %O then there exists j € {l,2,...,n} such that

U NV

X X # but ij is the corresponding open set to ij i.e.

xX; eij, perj and ij mij = which implies that

U NV, . #C is a contradiction because of the incorrect

i r
assumption that U NV = . Hence, U NV = which completes the

proof.

Theorem 7.2.2. Any compact subset of a T, —space is a closed set.
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Proof: If (X,7) isa T —space and F' X is compact then by Theorem
7.2.1,
xeFS 23UV erxeU FcV UV =0

c c c
>xeUclV cF =F ez':>Fez'c

Theorem 7.2.3. Let (X,7) be a compact T, —topological space. Then it

is T4.
Proof: Let (X,7) be a compact space, if F,errc then by Theorem
7.1.1, FI’FZ are compact and if j " F) =& and (X,7) is 75 then by

Theorem 7.2.1,

xel=>x¢gkh=3U, )V, ercxelU, ,Fh, V.,

Uy nVy =0
and so q)z{Ux:xeFl}cr is an open cover of F1 and since F1 is
compact then there s CD*:{le,sz,...,an}cCD such that
FlCi(lexi . Now set U:i(lexi and V:janxz’ then FICU, FZCV
and U NV = where {Vxl,sz,...,Vxn} is the family which

corresponding to the family {le,sz,...,an} which means that

cmin,

proof that U NV = is exactly similar to that which is given in
Theorem 7.2.1.

xiEle‘ and Uximin =¢ for each point ie{l,2,...,n}. The

Theorem 7.2.4. Let (X,7) be a regular topological space, F be a
compact subset of X then

Uer:FcU=IWer:FcVcVcU.

Proof: If (X,7) is regular then
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xerer:HVxer:erch_xcU

From which {V/,:xeF}ct is an open cover of F and since Fis
compact then there s {Vxl,sz,...,Vxn}c{Vx:xeF} such that

n
Fc UV, =V andso

l:l 1

_ n n__ _
FcVcV=UV,=UV,cU=FcVcrcU
i=1 i =] i

This completes the proof.

Theorem 7.2.5. If (X,7) is regular and compact then it is normal.

Proof: Suppose that FI’FZ €7, such that F1 mFZ = then by Theorem

7.1.2, we finds (1) F, F, are compact, (2) F2 €T, = FZC er and

B nkh=0=HFc FZC and if (X,7) is regular then by Theorem

7.2.4, there exists V ez such that Rcv cVe cm from which 7< ez,

— —c
FlcV, cmVC and V NV = which implies that (X,7) is a

normal topological space.

Theorem 7.2.6. If (X,r) is a T, —topological space, regular and

compact then itis a Ty —space i.e.
Regular + Normal + T, — Ty

Proof: Firstly by Corollary 6.4.5, any regular 7, —space is a T} —space.
Secondly by Theorem 7.2.5, any regular compact space is normal. Then a

regular and compact 7, —topological space is a T4 —space.

Proposition 7.2.1. A regular principal topological space (X,r) is not

compact if tis infinite.
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Proof: If (X,7) is a principal topological space then g, ={U,:xe X} is
the minimal basis for 7 and clearly it is an open cover of X . If (X,7)is
also regular then by Theorem 6.4.8, J, is a partition of X and so 3, is

an infinite open cover of X which not contains any finite subcover of X
. Therefore (X,7) is not compact.

Theorem 7.2.7. If (X,7) is a compact space and (Y,7*) is a T, —space
then the bijective function f:X—Y is homeomorphism if fis

continuous.

Proof: we need only to prove that f'is a closed function, for
(1) By Theorem 7.1.3, F et implies F' is compact.

(2) By Theorem 7.1.4, f(F)cCY is compact.

(3) By Theorem 7.1.3, f(F)etr*,.

Therefore F is a closed set and so f is a closed function.

Theorem 7.2.8. let (X,7) be a compact T and (Y,7*) be any
topological space, if f: X —Y is asurjective, closed and continuous then

(Y,7*) isa T —space.

Proof: Suppose that r,zeY such that r#z, since f is surjective then
there are two points x,y€ X such that f(x)=r and f(y)=z, clearly
x#y. Since (X,7r) is Tp then {x},{y}er. and f(x),f(y)er*,
because f is a closed function that is {r},{z}er*. so

f_l(r),f_l(z)ez'c because f is continuous and since r#z then
f_l(r)mf _1(2) =. Since (X,7) is compact 75 then by Theorem
7.2.3, itis Ty and so is normal accordingly there are two open sets

U,V et such that f_l(r)cU, f_l(z)cV and U NV = and we
finds

X=UUUS = f(X)=Y = f(U)U f(U°)
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Since f is closed then f(U¢)er*. which implies that Y- f(Uer*

and so

xef ) cU=xeU = f(0)=re F(US)
= re(Y-f(U°)

Similarly Y- 7(¥“)er* and ze (Y - £(V°)) and we gets

C —fUNAE ~f T N=Y AU n(r )]
=¥ A UHUF VD =Y nlf W oV I
=¥ Alf (@ V) =Y alf @)
=Y nfX) =¥ "y =0

Clearly f(X)=Y because f'is surjective. Therefore (Y,z*) isa 75 -

space.

Theorem 7.2.9. Suppose that (X,7) is a compact T, —space and {x}&t

for each point xe X then X is uncountable.

Proof: We are going to prove that there is no any surjective function
from N to X, in such case X is uncountable. For let f:N— X be such
that f(n)=x, € X for each neN, if {x}¢r for each xe X then {x}¢r
and if G € 7—{J} then there exists y; eG—{x1} and if (X,7r) is 75 then
there are U, W) er such that x;e Uj. yje Wand Uj W= which
implies that Ulml;lzg from which xler, set =M NG then
ﬁchmE which implies that xlg?l and ;lca Once again {xp} &7
implies that there exists y5 €] —{xp} and there are U,,W, e such
that xyelUp, ypelr and Ujp mW2=® and similarly if we set
Vo =Wy "1 then xy e@ and ;136 . Continue these processes and

by using mathematical induction we gets a sequence {V},:neN}of a
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closed sets such that VIDVED ...... DZ T and clearly V;;W
neN

which means that there exists xe [ a and clearly f(n)=x,#x for
neN

each ne N since xnea for each ne N this means that f(N)#X from
which f is not surjective. Since fis arbitrary then there is no any

surjective function from N to X . Therefore X is an uncountable set.

Corollary 7.2.1. Each real closed interval I=[a,b] is uncountable.

Proof: By Hein - Borile's Theorem each closed interval is compact,
(R,0) isa Ty —space and T is hereditary then (/,/¢5) is a T) —space.
Accordingly the closed interval [a,b] is an uncountable set according to
Theorem 7.2.9.

7.3. Sequentially compact:

Definition 7.3.1. A topological space (X,7r) is called Sequentially

compact space if each sequence of points of X contains a subsequence
converges to a point in X and a subset 4 of X is called sequentially
compact if each sequence of points of 4 converges to a pointin 4.

Example 7.3.1. Consider the co-finite topological space (R,C) then any

sequence of points of R converges to a pointin R in fact to each point
of R.

Example 7.3.2. Consider the usual topological space (R,O) then the

interval A=(0,1) is not sequentially compact, the sequence <—> of
n

1
points of 4 i.e. the sequence {—:ne N} converges to zero and any of its
n

subsequences converges to zero and0¢g 4.

Theorem 7.3.1. Llet (X,7) and (Y,7*) be two topological spaces, if
f:X—>Y is continuous then the image of a sequentially compact by fis

sequentially compact.
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Proof: Suppose that 4 X is sequentially compact and we want to

prove that f(4)cY is sequentially compact. For let <y, > be a
sequence of points of f(4) then for each ne N there exists x,, € X such

that y,, =f(x,) and we gets the sequence < x,, > of points of 4 and
since A is sequentially compact then the sequence converges to a point

X, € A which implies that f(x,)e f(A4). Since f'is continuous then the

sequence < x, > converges to x, implies that the sequence

o
<y, >=<f(x,)> converges to y,= f(x,) this means that f(4)

converges to a pointin f(A4) and so it is sequentially compact.

7.4 . Countably compact.

Definition 7.4.1. A topological space (X,7) is a countably compact

space if each infinite subset Y of X has a limit point belongs to X and a
subset 4 of X is countable compact if each infinite subset Bof 4 has a
limit point belongs to 4.

Example 7.4.1. Consider the usual topological space (R,O) then the
closed interval I=[a,b] where a,beR is countably compact since if
B is an infinite set then it is bounded and from Bolzano-vairchtrass
Theorem B has a limit point xand since Bc [ then x is a limit point of
I and since [is a closed set then x € I which implies that [ =[a,b] is

countably compact.

Example 7.4.2. Consider the usual topological space (R,0) then the
open interval 4=(0,1) is not countably compact since the set

B:{l:neN} is an infinite subset of A4 to which has zero as the unique
n
limit pointand 0 ¢ 4.

Theorem 7.4.1. A compact topological space (X,7) is countably

compact.

Proof: Suppose that Y be a subset of X which has no limit points belong
to X then for each point x € X there exists G, €7 such that xeG,

and G, Y =@ or G,NY={x} i.e. G, contain at most one point of
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Y. Accordingly the family ®={G,:xe X} is an open cover of X

since X is compact then there exists a finite subcover

n
{le,ze,...,Gxn}c(D of X such that Ych’_ Gxi but each Gxi

i=1

contains at most one point from Y and this means that the cardinal
number of Y less than or equals to # i.e. | Y |<n which means that Yis
finite . The contra positive of this result is the infinite subset of X has at
least one limit point belongs to X .

Remark 7.4.1. The inverse of Theorem 7.4.1, may be incorrect since for
example the topological space (Z,7) where Zis the set of the integers

and 7 is the topology on Z generated by the basis
B, =112n-1,2n}:neZ}={..,{-3,-2},{-1,0},{L,2},...}

is not compact since [, is infinite and is a partition of Z while (Z,7) is
countably compact since if Y < Z is an infinite set and if neY then
either (1) n is odd negative or positive in this case n+1eZ is a limit
point of Y or (2) n is even or n=0 in this case n—1€ Z is a limit point of
Y.

Theorem 7.4.2. A sequentially compact space (X,r) is countably

compact.

Proof: Suppose that Y < X is an infinite set then there exists an infinite
sequence <ux, > of distinct points of Y. If (X,7) is sequentially

compact then there exists a subsequence <x; > of <x;,> which
n

converges to a point xe X this means that there is Ger such that

x€G and there exists 7, € N such that x; G whenever i, 27, this
n

means that GNY is an infinite set which implies that
(G—{x})mY # (. Hence xis a limit point of Y belongs to X which

implies that (X,7) is countably compact.

Remark 7.4.2. The inverse of Theorem 7.4.2, need not be valid. For
consider the example given in Remark 7.4.1, where (Z,7) is countably

compact while it is not sequentially compact since the sequence <—n>
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ie. {~1,-2,..,—n,..} is a sequence of points of Z which does not

contains any convergent sub sequences.
7.5. Locally compact:

Definition 7.5.1. A topological space (X,7) is called locally compact if

there exists a compact neighborhood about x for each point xe X .

Remark 7.5.1. The discrete topological space (X,D) is a locally
compact space, {x}e D is a compact neighborhood about X for each
point xe X . If X is infinite then (X,D) is not compact and so a locally

compact space may be not compact.

Proposition 7.5.1. Any compact topological space (X,7r) is locally

compact since X is a compact neighborhood for each xe X .

Theorem 7.5.1. A property that (X,7) is a locally compact space is

hereditary i.e.

Proof: Suppose that Y < X and yeY then ye X and since (X,7) is
locally compact there is a compact neighborhood F — X of the point y

and if M=FnNY then (M,TFM) is compact because F' is compact.

But 7 =7 implies (M,z_ ) is compact and so M compact in Y.
FM M M

Now since F' is a compact neighborhood of the point y in X then there
exists Ger such that yeGc F from which yeGNnYcFnY=M
which implies that M is a compact neighborhood of the arbitrary point
yeY.Therefore (Y,rY ) is a locally compact space.

Theorem 7.5.2. If (X,7) is a locally compact regular or T2 —space then
the family of compact and closed neighborhoods of each point xe X

forms a local basis for x.

Proof: If (X,r) is a locally compact and xe Xthen there exists a

compact neighborhood F — X about the point xand if Uis another
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neighborhood of xthen M=FNU is also a neighborhood of xthen
there exists G e suchthat y € G © M and so

(1) If (X,r) is regular then there exists Ver such that

xeV c¥V cGc M which implies that 7 is a closed neighborhood of x
andsince ¥ c M c F and F is compact then V is compact.

(2)If (X,7)isa T2 —space since F'c X is compact then F'is closed and
SO (F,z'F) is Tp and compact and so is 74 and so is T3 which implies
that it is regular and the proof is as in (1).

From (1) and (2) the family of the closed neighborhoods of a point xe X

forms a local basis for the point x.

Corollary 7.5.1. Any locally compact T2 —space is T3.

7.6. Connectedness:

Definition 7.6.1. If (X,7) is a topological space and U,V €7 then the
pair (U,V) is said to be a pair of disconnection of X if

AU NV =0 and
RQAUur=Xx.

It well be written in the form U\ V' and we say that U and V are a pair

of disconnection.

Definition 7.6.2. If there exists for the topological space X a pair of
disconnection U|V  such that Deg{UJ } then we say that the

topological space (X,r) is a disconnected space briefly Xis

disconnected other wise if the unique pair of disconnection of Xis
X |@, it is called a connected topological space that is if it is not

disconnected then it is connected.

Remark 7.6.1. From the definition U|V is the pair of disconnection of

X iff UV ernt, ie. U and V are co-open sets. Accordingly (X,7) is
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connected iff Xand & are the only co-open sets, in this case

Ger-{X,0}=> G er. Accordingly (X,t) is connected iff for each
two open sets U,V €7,

(1) UnV =3=U UV #X or
2)U VUV =X =2U NV #J0

and it should be remarked that if UnNV = for each
UV er—{X,8} or UuV#X for each UJ er—{X,J} then
(X,7) is connected.

Example 7.6.1. The following topological spaces are connected:
(1) The excluding point topological space (X,Ep) since
uy eEp —-{X, 8} =>U UV X .
(2) The particular topological space (X,Pp) since
uy ePp —-{X, 8} =>UnV 0.
(3) The co-finite topological (X,C) if X is infinite since
UV eC-{X, 09} =UnV #J

(4) The usual topological space (R,O) since the unique co-open sets are
Rand O .

Example 7.6.2. The following topological spaces are disconnected:

(1) The discrete topological space (X, D) since A4, A€ et for each subset
Aof X .

(2) The principal regular topological space (X,7) if z#/ since in this

case, T="7.

Example 7.6.3. Let X ={a,b,c,d,e} and
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r={X ,D{a},{a,b},{a,c},{d e}, {a,d,e},{a,b,c}{a,b,d e},
{a,c,d,e}},

t*={X ,0,{a},{a,b}, {a,c},{a,c,d},{a,b,c}, {a,b,c,d}}.
Then we finds (a) (X,7) is disconnected because {a,b,c}|{d,e} is a
disconnection pair of X and {a,b,c}, {d,ejernz,.
(b) (X,7*) is connected because
UV er—{X, O} =UVV 22X, UnV 0.

Since 7 EemPa.

Definition 7.6.3. Let (X,7) be a topological space and A4 be a subset of
X . Then A is connected if there are two open sets G,H €7 such that
GNA|[HNA is a disconnection of the topological space (A,rA)

equivalently if G and H satisfies the conditions:

(@) De{GnA,HNA}Y,

(b) (GNA)YN(H nA4)=D Equivalently G " H A€ and
(c) (GNMA)V(H N A)=A EquivalentlyAc GUH .
If Ais not disconnected then it is called connected.
Example 7.6.4. Let X ={a,b,c,d,e} and

T ={X,0,{a,b,c},{c},{c.d,e}}

Then A={a,d,e} is a disconnected set since G={a,b,c} and
H ={c,d,e} are two open sets which satisfy the conditions of Definition
7.6.3, the space (X,7) is connected and the set A={b,c,e} is

connected.

Theorem 7.6.1. If (X,7) is a topological space and A is a subset of X

then Ais connected with respect to t iff it is connected with respect to

TA.
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Proof: If Ais disconnected with respect to 7 i.e. 7 —disconnected then
there are two open sets G, H €t satisfy the conditions (a), (b) and (c) of

definition 7.6.3. If U=GNnA and V=HnNA then U,Vez'A ,
De{UYV }, UV = and UUV =4 thatis (A,TA) is a disconnected
topological space i.e. 4 is disconnected with respect to 7 4 equivalently

is 7 4 —disconnected.

Conversely Suppose that (A,TA) is disconnected i.e. 4 is T,4-—
disconnected then there are U,VETA such that U|V is a pair of
disconnection of 4and we finds

UVer =3AG,Hert:U=GNnA,V=HnNA

A

And one can easily show that G and H satisfy the conditions of
Definition 7.6.3 from which Ais 7 —disconnected. Therefore the contra
positive of the result gives us the required aim of the theorem.

Theorem 7.6.2. If (X,7) is a topological space then the following

statements are equivalent
(1) (X,7) is connected,

(2) Each continuous function f:(X,7)—>({Y,D) is constant i.e. f(X) is
a singleton subset of Y where Y is non singleton and D is the discrete
topology on Y .

(3) b(A)+# D foreach Ac X suchthat A € P(X )—{X ,J}.
(4) The unique cl-open sets are X and & .

(5) There is no any continuous and surjective function
(X, r)>({a,b},D) where a and b are two distinct points and D is
the discrete topology on {a,b}.

Proof: We shall prove that (1) = (2) = (3) = (4) = (5) = (1)
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(1) = (2): Suppose that Y is non singleton and the function
f:(X,7)—>({{Y,D) is continuous then we finds if f(X) is non singleton
Then there exists a point y € f(X) such that f (X )—{y } # &. Hence,

@) 7 Ny} =@ since yef(X) and £ NF(X)={y1) =D since
fX)-{i=29,

(b) /L. MO -y} et since fis continuous,

© hosrlreo-oh=rl@-ohnih
-/ ' @)= and

@ s ohusrTlra-oh = rm-phush
= lre=x.

Therefore f_l({y}) f_l(f(X)—{y}) is a disconnection of X which

means that (X,7) is disconnected. Then the result is

if f:(X,7)>({Y,D) is continuous and not constant then (X,7) is

disconnected and the contra positive of this result is if

(X,7) is connected then each continuous function f:(X,7)—>({Y,D) is
constant.

(2) = (3): Suppose that 4 € P(X )—{X ,8} such that h(4) = then

ZF\AC = from which 4, A€ er and if Yis non singleton then there
are two distinct points a,hbeY. Now define the function
f{(X,7)>({Y,D) by

re={t T

. xe A
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We find thatif V' € D — {J} then either (i) aeV and bV or(ii)beV
and agV or (i) {a,b}cV or (iv) {a,b}V =. Therefore (i)

oy = doriii) f7 ) = 4 or

i) £l =X or (v) f W )=@ which implies that f is
continuous and clearly is not constant. Then the final result is if there is a
set A e P(X)—{X,J} such that b(4)=O then there is a continuous

function f:(X,7)—>({Y,D) which is not constant and the contra
positive of this result is (3) i.e. if the continuous function

f:(X,0)>{Y,D) is constant then b(A)= for each
AePX)-{X,d}.
(3) = (4):if 4 e P(X)—{X ,} suchthat AerN7, i.e. 4isa cl-open

set i.e. A,Acez—c then A=A and A€=A° which implies that

b(A)= A4 A4S =@ and the contra positive of this result is b(4)# D
foreach 4 € P(X )—{X ,J} means that the unique cl-open sets are X
and J.

(4) = (5): Suppose that f:(X,7)—>({a,b},D) is a surjective and

continuous function

(@ ¢t~ (ap). s~ (b)) since fis surjective,

) £~ Lah), £~ (b)) e 7 since fis continuous,

() X=7r"1{ahu (b)) and

@ s dapns T ah = £ day A ibh) = 77 (9) = 6. Hence

f_l({a}) ernt, —{X,J} is a cl-open set in fact 7~ Lapy s also.
The final result is if there is a continuous and surjective function
(X, r)>{a,b},D) then there exists a cl-open set

AeP(X)—{X D here A=f"l({a}) and A= f~L({b}) and the
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contra positive of this result is (5) i.e. if the unique cl-open sets are X
and & then the function f:(X,7)—>({a,b},D) is either not continuous

or not surjective.

(5) = (1): Suppose that (X ,T) is a disconnected space then there are
two open sets U and ¥ such that U|V is a non trivial separation of X
ie. UV ¢{X,J}. Now consider the function f:(X,7)—>({a,b},D)
given by

a;, xeU

f(x):{b' xeV

Clearly f is surjective and continuous. Hence (X,7) is disconnected
implies that there is continuous and surjective function
f:(X,t)—>({a,b},D), the contra positive of this result is if there is no
surjective and continuous functions f:(X,7)—>({a,b},D) then (X,7) is

connected.

Example 7.6.5. If X={1,2,3}, Y={a,b}, t={X,9,{1},{2,3}} and
f={1,a),(2,b),(3,b)} then (X,r) is disconnected and the function

f:(X,7r)>({Y,D) is continuous, not constant and surjective we
remarks also that {2,3} is a cl-open set and b ({1}) =0.
Proposition 7.6.1. A topological space (X,7r) is connected if for each

two distinct points x,ye X (1) {x }/\ N{y }/\ +J or

(2) a N a # (J but not conversely.

Proof: Suppose that (X,7) is disconnected then there exists a cl-open
proper subset 4 of X ie. 4 e P(X)—{X,J} such that 4ernz,
from which A€ ez, and there are two points xe 4 and ye 4°.
Hence

(1) {x"cd4 and (W< A€ since A,4° et which implies that

i) =2.
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(2) {xjc4 and {y}cA® since A4,4°cr, which implies that

xin{y}=9.
The contra positive in both (1) and (2) gives us the required result.

To prove that the inverse of this result may be not valid, the co-finite
space (X,C) is connected where X is infinite while not only for specific
two points but for any two distinct points x,ye X, {x}/\ N{y }/\ =
and a ma =0.

Theorem 7.6.3. A topological space (X,r) is connected if

b (A)=A" "A°" = D for each set A € P(X )—{X ,D} . If (X,7) is
a principal space then the reverse direction is also true.

Proof: Suppose that (X,r) is disconnected then there is a set
A e P(X)—{X ,J} suchthat 4,4 ez which implies that 4™ =4 and

AN = A€ which implies that 5" (4)=4" "A°" =4 " A° =T and

the contra positive s b/\(A) =AM A" 2@ for each set
A eP(X)-{X,d} implies that (X,7) is connected.

Conversely let 4 € P(X )—{X ,J} be such that AN AN =D then

remembering that A€ c 4" we finds

AC/\

xedN = x¢ =xgA=>xed=> A" 4

= A =4
Similarly one can prove that 4" = A€ . If (X, 1) is a principal space then
A, A€ et and therefore it is disconnected, the contra positive of this

result is b (4)=A" NA" 2O for each set 4 eP(X)—{X D}

implies that (X,7) is connected.
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Theorem 7.6.4. A principal topological space (X,7) is connected if the

intersection of any two members of the family T is nonempty but not

converselywhere T ={U g er:Ac X, AnU, =J;Vx eAc}.

Proof: Suppose that (X,7) is disconnected then there exists a set
G e P(X)—{X ,D}such that G,G¢er which implies that there are
two points x,yeX such that xeG and yeGS, since

U{UA:UAeT}:X then there are UA,UBGT such that erA and

yeUB from which AcG since 4 NG =& implies that UACGC

from which xeG¢ which contradicts that xeG and so Uyca.

Similarly we can prove that UBCGC. Therefore Uy nUp =< and

the contra positive of this resultis U 4 "Up # & for each UA’UB eT

implies that (X,7) is connected.

To show that the inverse is incorrect, consider the following example:

If X={123,4,56} and [, ={{1,2},{1,2,3},{4},{4,5},{1,2,4,6}} is the
minimal basis for a topology 7 on X then (X,7) is not connected while
U{3} mU{S} ={1,2,3}n{4,5} = where T ={{1,2,3},{4,5},{1,2,4,6} }.

Proposition 7.6.2. If (X,7) is a principal connected topological space
then for each UA eT there exists UB €T such that UA mUB = but

not conversely.

Proof: Suppose that (X,7) is a principal space and UAeT such that

UA mUB = for each UBeT—{UA} then UA,X—UAer where

X—UA:U{UB:UBGT—{UA}} which implies that (X,7) is not

connected and the contra positive of this result is the required aim. To
show that the inverse need not be valid let X ={1,2,3,4,5,6} and the

minimal basis £, ={{l},{1,2},{1,3},{4},{4,5},{4,6}} for a topology 7 on
X then T={{1,2},{1,3},{4,5},{4,6}} from which we remarks that for
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each UA €T there exists UB €T such that UA mUB #J while (X,7)

is not connected.
Theorem 7.6.5. If (X,7) is a topological space and Ac X is connected

then Ac Bc A implies that B is connected.

Proof: Suppose that U,VEZ'B are such that U|V is a pair of

disconnection of B then UNA,V NnAe(r and UNA|V N4 is

B4
a disconnection of 4 and since A4 is connected with respect to 7 then
by Theorem 7.6.1, either U N4 = orV nA = and we finds

VAad=¢g=>UnAd=Ad=AcU=AcU

3AchZc5:>BmU:EB:B

where BAU=UB but U|V is a disconnection of B from which
Uez'Bc and so UB=U and so U=B which implies that V =,

Similarly if U "4 =2 then V=B and U =. Therefore B is
connected.

Theorem 7.6.6. The family of connected sets the intersection of the
members is nonempty their union is connected.

Proof: If (X,7) is a topological space and {4, :a €A} c P(X) is a family

of subsets of X such that () Aa¢® then there is a point
aeA

pe N A,.if Y= U A4, and (Y,rY) is not connected then there
ael aeA
are U,VerY such that U|V is a disconnection of Yand so p belongs

to Uor V if peU then there is a point xeV because & ¢ {U,J } and

since U NV = then there is a, €A such that xeAao and ped,

for each a €A and so (i) peU,peAao :peUmAao.

(ii) er,xeAao jermAaO
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Which implies that UmAaO VmAao is a non trivial disconnection of
Aao which contradicts that A“o is not connected. The contra positive is
{4y :aeAyc P(X) a family of connected sets imply that (Y,z'Y) is
connected.

Definition 7.6.4. If (X,7) is a topological space then the points x,ye X

are said to be connected if there is a connected subset M of X such
that x,ye M.

Theorem 7.6.7. If in a topological space(X,7), each two points x,y € X
are connected then X is connected.

Proof: Suppose that each two points in the space (X,7) are connected
and let U,V et be such that U\ V is non trivial disconnection of X then
there are two points x,y e X such that xeU and yeV . Since xand y
are connected then there is a connected set M — X such that x,ye M
and SO xeU=xeUnM, yeV=yeVnM and
UNM, VﬁMerM. Hence UmM\ VAM is a non trivial
disconnection of M which contradicts that M is connected. This

contradiction because of the incorrect assumption that Xis
disconnected, the correction is X is connected.

Theorem 7.6.8. Let (X,7) be a topological space and S be a relation on
X " (x,y)eSfor each two points x,ye X iff xand y are connected" then

S is an equivalence relation.

Proof: Clearly for each xe X', {x} is connected and xe{x} which implies
that (x,x)eS and so S is reflexive. If x,y € X such that (x,y)eS then
there exists a connected set M c X such that x,ye M which means

that (y,x)eS. Hence S is symmetric.

Thirdly let x,y,z€ X be such that (x,y)eS and (y,z)€S. Then there

are two connected sets Ml’ M2 c X such that x,yeM1 and y,zeM2

from which yeMlﬁM2 and so by Theorem 7.6.6, MluM2 is
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connected and clearly x,zeMluM2 which implies that (x,z)eS and

so S is a transitive relation. Therefore, S is an equivalence relation.
Definition 7.6.5. If (X,7) is a topological space and S'is the equivalence

relation on X defined by Theorem 7.6.8, then the equivalence class [x]

or M, ofapoint xe X is called a component of xand is given by

M, =[x]={yeX:(x,y)eS}.

Theorem 7.6.9. If (X,7) is a topological space and xe X then M, is
the union of all connected subsets of X which contains xi.e.
M, =U{Ac X : Ais connected and x € A}, M, is connected since it

is a union of connected sets with nonempty intersection.
Proof: It is a direct consequence of Theorem 7.6.6.

Remark 7.6.2. As a consequence of Theorem 7.6.9, M, is the greatest
connected set which contains xi.e if Ac X is a connected set and x€ A
then AcM,.

Corollary 7.6.1. In any topological space (X,7), M, is a closed set i.e

M, ez, foreach point xe X .

Proof: Mxis connected by Theorem 7.6.5, and by Theorem 7.6.9,

My M, but M, c M, implies that M, = M,. Hence M, is a

closed set.

Theorem 7.6.10. If (X,7) is a topological space then the family
{M, :xe X} is a partition of X .

Proof: Clearly U{M,:xeX}=X and if x,yeX such that

My "M, # . Then by Theorem 7.6.6, M, v M., is connected and

y y

zeMxﬁMyz(x,z),(z,y)eS

:(x,y)eSzx,yequMy

251 A.S. Farrag and S. E. Abbas



General Topology Compactness

Which implies by Theorem 7.6.9, that M, =M, uMy = My. The

contra positive of this result is M, ;tMy implies that M, mMy =g.

Hence {M, :xe X} is a partition of X .

Theorem 7.6.11. If f:(X,7)—>(Y,r*) is continuous then the image by

f of a connected subset A of X is connected.

Proof: Let A be a subset of X and f(4) be disconnected. Then by the
Definition 7.6.3, there is a separation Ur\A‘ VA of f(A) where
U,Ver* and

(@ DelUnf(4),V nf(4)},
(b) UNnV Y- f(A) and

() f(AHcUUY.

Hence f_1 0), f_l(V)ez- since f'is continuous and
(1) From (a)

B e{Unf (4),V nf(4)}

= Gelf U4, £ )4y

Since yeUN f(A) = yeU A ye f(A) and there exists xe X such that
y=f(x) but y=f(x)eU = xef \(U) and y=/(x)ef(4)= xeA
which implies that x ef_l(U)mA #  which implies that
7\ U)na 2D similarly £ T 0 )na 20,

(2) From (b) we get

T wanerty-ray=x-r" )

= Wnr e x-4
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since Ac £ (f(A) = X— N (F(A)cx-4.

(3) From (c)

dc s Ve won = oo T on
= acr o

Therefore f_l(U)mA|f_1(V)mA is a separation of A which
contradicts that A4 is connected, this contradiction because of the
incorrect assumption that f(A) is disconnected and so f(A4) is

connected.

Another proof: Let Abe a subset of X, and f(4) be disconnected.
Then by Theorem 7.6.2 (5), there is a surjective and continuous function
h :(f(A),z'*f(A))—>({a,b},D) where a and b are any two points, D
is the discrete topology on {a,b} and the function f:(X,7)—(Y,7¥) is
a continuous function. The function f/A:(A,TA)—>(Y,r*) is a
continuous function and hence g Z(A,TA)—)(f(A),T*f(A)) given by
g(x)=f/A(x) for each point xe€ 4 is continuous and surjective.
Therefore fOg:(4,74)—>({a,b},D) is a continuous and surjective

function which implies that 4 is disconnected. This contradiction means
that f(A4) is connected.

At the following theorem we generalize the mean value theorem
for the continuous real functions which is valid for the function defined
on a connected topological space into the usual topological space.
Theorem 7.6.12. (Mean value Theorem) Let [ : (X ,7)—>(R,0) be a
continuous function, (X,7) be connected, a,be f(X) such that a<b

and ceR such that a<c<b. Then there is a point x, € X such that

f(x,)=c.
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Proof: Suppose that such point x, € X which satisfies f(x,) = cdoes
not exist i.e. f(x)#c for each xeX, then U =(—x,c) and V =(c,»)
are two open subsets of R i.e. UJ €0, aeU and beV . Since fis

continuous then

W o lern, @oelr o) e,

@ s oy =r T wary=r @)= 2 and
@ oo lm=rloon=rlr-ieh=x.

Hence f_l(U) f_l(V) is a separation for the space X but this

contradicts that X is connected, this contradiction because of the
incorrect assumption that the point x, € X which satisfies f(x,)=c

does not exist and hence it must be exists.

Remark 7.6.3. Theorem 7.6.12, help us to obtain the roots of the
equation f(x)=0 where f:R—R and if f(x1)<0 and f(x2)>0
Theorem 7.6.12, says that there is a point x, € R such that f(x,)=0,
x, is called the root of the equation f(x)=0. Theorem 7.6.12, also
leads to an interesting result about the real numbers that is for each
continuous function f:[a,b]—[a,b] there is a point x,€[a,b] such
that f(x,)=x,. Generally if f:X—X with the property that there is a
point x, € X such that f(x,)=x, such space X is said to be satisfies the

fixed point property.
Theorem 7.6.13. The closed interval [ a,b] has the fixed point property.

Proof: If a=b then the theorem is valid then let a5 and the function
fla,bl—>[a,b] be continuous and f(x)=x for each xe[ab].
1
x—f(x)
x€la,b] this function is well defined and is continuous and clearly
g(a)<0 since f(a)e[a,b] and f(a)#a that is a< f(a)<bh which

for each

Consider the function g:a,b]—>R given by g(x)=
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implies that a— f(a)<0 i.e. g(a)= <0. Similarly one can show

1
a—f(a)
that g(b)>0. Hence by Theorem 7.6.12, there is a point #€[a,b] such

that g(¢) =0 i.e. g(t)z%zo which is impossible since f(x)#x

for each x€[a,b]. Then the correction is there is a point x,, €[a,b] such
that f(x,)=x,. Therefore the closed interval has the fixed point

property.

Theorem 7.6.14. In the usual topological space (R,0), the subset E of

R is connected iff it is an interval.

Proof: If E c R is not an interval then there are the points a,b€ E and
p&E such that a<p<b. Then G=(-x,p) and H =(p,») are open
and EmG\EmH is a separation of E which implies that E is

disconnected. The contra positive is if £ is connected then it is an
interval.

Conversely let E be an interval then it contains at least two points and if
it is not connected then there are two open sets G,H €u such that
EmG\EmH is a separation of E.Set A=ENG and B=ENH then
there are two points aed and beB, suppose that a<b and
p=inf.BN[a,b] then ais a lower bound of B NJ[a,b]and
b e BNJ[a,b] implies that a < p < b implies that p €[a,b] and since E

is an interval then p € E and we have the following two cases:

Case (1): peB=>peHand ace 4, ANnB=C implies that a = p
implies that a < p <b. Hence peH € uimplies that there are c¢,deR
such that pe(c,d)cH. Now ¢#(a,p)n(c,p)cH implies by

Archimedes's low that there is a real number x, € R such that
a<x,<p and c<x,<p since either c<a<p<d or

a<c< p<d.Then

a<x,<p=a<x,<p<b=x,elabl=x,cE-—(])and

c<x,<p=>c<x,<p<d=x,eH—--(l)
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From (/) and (), x,eENH=B = x,eBN[a,b]. Therefore x, < p

contradicts that p is a lower bound of BN[a,b].

Case (2): peA=>pekE, peG and pe d, A NB=J implies that
b # pimplies that a < p <b which implies that p €[a,b]. Hence
peG e uimplies that there are ¢,deR such that p € (¢,d)cG. Now
D#(p,d)N(p,b)cG implies by Archimedes's axiom that there is a real
number y, € R such that p<y,<b<d and p<y,<d<b since

either c < p < b <d or ¢ < p <d < band the intersection is either

(p,b) in this case y,e(p,b) or (p,d) and y,e(p,d). Hence
P <Y, <b=y,clablcEand

P<y,<d=y,eG=y,e ENG=4

=y, € AN[a,b]

Then y,, is a lower bound of B[a,b] and so y,>p contradicts that

p=inf .BN[a,b].

From case (1) p ¢ Band from case (2) p ¢ A which implies that p ¢ E
and this contradicts that p e Ethis contradiction because of the

incorrect assumption that FEis disconnected and therefore E is
connected.

Theorem 7.6.15. If f :(R,0)—(R,0) is an injective and continuous then
it is an open function.

Proof: If G €U then there is a pair wise disjoint family
{(ag,by) = R:axeA} such that G= |J (ay,by). So enough to prove
aeA

that f :(R,0)—(R,0) is an open function is the proof of f((a,b))eu
for each a,beR. By Theorem 7.6.11, f((a,b)) is connected since fis

continuous and so it is interval by Theorem 7.6.14. Since f'is injective

then f_l(f(a,b)) = (a,b) from which f((a,b)) can not be closed since
fis continuous. Clearly f(a), f(b) ¢ f((a,b)) and we have two cases:
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Case (1): f(a)< f(x) for each x € (a,b) in this case if there is a point
vy € R— f(a,b)such that f(a) < y < f(x)for each point x € (a,b) then
f(a)e(f(a)—1,y) and (f (a)—Ly)Nf (a,b)= which implies that
-1 -1
/o (f@-Ly)n(ab)=42J, aef (f(a)-1y) and
f_l(f(a)—l,y)) eu which implies that a ¢ (a,b)’ and this is a
contradiction which means that such point y € R— f(a,b) does not
exists. In this case f(b)> f(x) for each xe(a,b) since other
f(b) < f(a)< f(x) for each x € (a,b) which implies that b ¢ (a,b) a

contradiction and in a similar way we can prove that there is no any
point y € R— f(a,b) such that f(b)>y> f(x) for each x e (a,b).

Therefore f((a,b))=(f(a), f(b)).
Case (2): f(b)< f(x) for each x e (a,b) and f(b)> f(x) for each

x € (a,b) and similar to the way which used in case (1) one can show

that f((a,0))=(f(b), f(a)).
Exercise
(1) Prove that:

1- E,FcX are such that Fez, and E is compact then EnF

is compact.
2 — The union of a finite number of compact sets is compact.
3 —The compactness is a hereditary property.

4 — The sequentially compactness is an invariant topological
property.

5 — A closed subset of a sequentially compact space is
sequentially compact.

6 — A locally compact space is an invariant topological property.
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7 —If (X,7) is a locally compact space and r*c 7 then (X,z%) is

locally compact.

8 — A Tj —topological space is locally compact iff each open

countable cover contains a finite subcover.

9 —If (X,7) is 7} and has the second axiom of countability then

it is compact iff it is locally compact.

10 — A closed subset 4 of a locally compact space is locally
compact.

11 - If X is an infinite set and r=E,UC is the topology defined

on X and if £* atopology is on X such that rcr* then (X,r¥)

is not compact.
(12) Consider the usual topological space (R,x) and prove that

Oand O are connected while Zis not connected.

(13) If (X,7) is a not connected topological space and z* is a

topology on X r < ¢ *, prove that (X,z*) is disconnected.

(14) Prove that the indiscrete topological space (X,I) is

connected.

(15) Prove that (R,7) is connected where ris the write rays

topology.

(16) Show by an example that the connectedness is not
hereditary.

(17) Show that if z and ¢ * are two topologies on a nonempty
set Xsuch that r ¢ *, if 4c Xis r—connected then it is 7 *-
connected.
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(18) If (X,7) is a topological space and 4,E c X such that Eis

connected, ANE #¢ and 4 nE€ # @ show that 4 Nb(E) = .

(19) If (X,7)is a topological space and {4,4, :a €A} c P(X) is
a family of connected sets such that 4 N4, #@ for each a €A,

prove that AU(aLéAAa) is connected.

(20) Determine the component of

(a) The discrete space (X,D).

(b) The cofinite space (X,C) if X is infinite.

(21) If the family of the components of a topological space
(X,7) is finite, prove that each component is a clopen set.

(22) If (X,r) is a compact space and the family of the
components is a family of open sets, prove that it is finite.
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Chapter VIII

Product Space and metric spaces

Topics:

e The Product spaces
e Metric Spaces
e The metric spaces and separation axioms

8.1. The Product Spaces:

Definition 8.1.1. Let (X,7) and (Y,7*) be two topological spaces and
p={UxV:Uer,Ver*}c XxY.Then

(1) X e7 and Y € 7 * implies that f satisfies condition (ay).

(2) Ul,Uzer and Vl,Vzer* imply that UlmUzer and Vlr\V2er*

which implies that

(U< VDO (U, V) =(Uy U, x(F; V)€ B which means that /3

2
satisfies condition (7).

From (1) and (2) £ forms a a basis for a topology on X xY denoted
7x7* and is called the Cartesian product topology on XxY. The
ordered pair (XxY,rx7*) is called the Cartesian product topological

space and we may write and say that X xY is a Cartesian product
topological space sees the figure.
Example 8.1.1. If X ={a,b,c} and 7={X,¢,{a},{b,c}}, Y={1,2,3}and
*={V ,J,{1}} then the family £ is a basis for the topology rx7*
where
B=1{X xY X x@,X x{I},{a}xY ,{a}x D, {a} x {1},
{b,c}xY {b,c}xD,{b,c}x{l}} =
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=X <Y ,2,{(a,1),(b,]), (c,D)},{(a,]),(a,2),(a,3)},
{(a, D}, {5, 1),(5,2),(0,3).(c,1),(c,2),(c,3)},
{(®,D,(c,D}}

The reader can write the elements of the topology 7 x 7 *.

Theorem 8.1.1. Let (X,7) and (Y,7*) be two topological spaces, f and
p* be the bases of v and t* respectively. Then the family
PxPr={AxB:Ae fB,Be [*} isabasis for T x1*.

Proof: Clearly

Ae f,Be f*=>Aecr,Ber*=> AxBerxr*
= pxprcrxc*

Secondly Herxr* and (x,y)e H implies that there are Uer and
V er* such that (x,y)eUxV cH. But (x,y)eUxVcH and xeU
implies that there is 4 € f such that x € A c U and y € Vimplies that
there is Bep such that yeBcVfrom which
(x,y)e AxBcUxV cH. Hence for each Herxr* and each

(x,y)e H there exists Wefxf* such that (x,y)elW < H where
W = Ax B . Therefore fx* is a basis for rx 7 *.

Example 8.1.2. Consider the usual topological space (R,0) where
p={(a,b):a,bcR} is a basis for O, the family
ﬁz ={(a,b)x(c,d):a,b,c,d € R} is a basis for the topology OxO on R2
denoted 62 . Clearly ,82 is the family of all open rectangles with sides

parallel to the co-ordinates axes i.e. 62 is the usual topology on R2.

Definition 8.1.2. At follows two interesting continuous functions from
(X xY,rx7¥*) to (X,7) and (Y,7*) called projections functions:

(1) 7 X xY—>X defined by ﬁl(x,y)zx for each point (x,y)e X xY

which is called the first projection function.
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(2) Ty :XxY—Y defined by 7 (x,y) =y for each point (x,y)e XxY
which is called the second projection function.

Remark 8.1.1. (1) Clearly % and 7, are surjective since 7z1(X><Y) =X
and 7y (X xY)="Yand are not injective since if Yy €Y such that
N#Yy then ﬂl(x,y2) :ﬂl(x,yl) =X While_(x,yl) # (x,yz) where x € X
is any point which means that 7 is not injective and similarly 7, is not
injective.

(2) 7z1 and 7, are continuous where

(i) Uez’:ﬁl_l(U):UxYez'xr*and
(ii) Ver*:>7zz_1(V)=X><Ver><r*
(3) 7z1 and 7, are open where

@Oym( U UgxVy)=( U mUgxVy)=U Uyer
aeA,leA aeA e ael

and

(i) 7m( U Uy xV)=( U Uy xVy) = U Ver
ael, e ael, e AeA
Theorem 8.1.2. If (X,7) and (Y,7*) are two topological spaces then the

Ffamily a:{ﬂl_l(U),ﬂz_l(V):Uez’,Ver*} is a sub- basis for the
topology tx7* on X xY.

Proof: From Remark 8.1.1, we find that (i) U < T:>7Z'1_1(U) erxt*
and (ii) Ver*:>7r2_1(V)er><r*

Which implies that o czxz* and hence f(o)czxt* (I) where
P(o) is the family of all finite intersections of the elements of o. But
L={UxV:U e,V er*} is abasis for zxz* which implies that
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UertVert*=>UxV=UnX)x(YNTV)
=(UxN)NXxV) =7\ U)nayl)
=UxVepf(o)= fcP(o) (02))]
From (1) and (I/I), f(o) is a basis for zx7* and so o is a subbasis for

TXT*,

Theorem 8.1.3. If (X,71), (Y,7p) and (Z,73) are topological spaces
then the function f:Z — X xYis continuous iff the functions

meof:Z—>Xand myo f:Z—Y arecontinuous.
Proof: If 7[1 of and o f are continuous  then

@) £~ a1 W) = (0 /) (V) e 73 For each U e, and
i) /7 (23 ) = (my o ) (V) e 2 for each ¥

ii ) =(my € 73 foreach Vez,.
This means that the inverse of any element of the subbasis o of %7,
by the function f see Theorem 8.1.2, is an element of 2 andso f is

continuous.

Conversely if f'is continuous and since 7jand 75 are continuous then

ﬂ'lof and 75 o f are continuous.

Theorem 8.1.4. If (X ,71), (Y ,79) and (Z,r3) are topological spaces
and f1:Z > X and fy:Z =Y then fixfy:Z =X xY given by
(f1 xf2)(x) =(f1(x),f2(x)) for each point x € Z is continuous iff f]

and fo are continuous.

Proof: If f1xf5 is continuous then since zjand 7, are continuous so

”1°(f1 ><f2)=f1 and 7r2<>(f1 ><f2) =f2 are continuous where

(7rl. o(fl><f2))(x)=ﬂ'l. (fl(x)!fz(x))z_fl. (x) for each x €eX and each
ie{l,2}.
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Conversely the family O'={7Z'1_1(U),7Z2_1(V)2U etV er*} is a subbasis

for the topology 7 %7, on X xY andif f] and f are continuous and
S € o then either there exists U €7 such that § = ﬂl_l(U) orV ety

such that S = 7r2_1(V ). Then we find

(1 %12) L S)=(f1 1) Ny W)
= (210 (f1 x2) W)=11 W)

or

(1 %f2)  (S)=(f1 % f2) Ly W)
(2o (f1 xf2) W) =f5 W)

In both cases (fl><f2)_1(S)erl><r2 which means that flez is a

continuous function.

Theorem 8.1.5. If (X ,7) and (Y ,7*) are two topological spaces, A — X
and B Y then

(1) AxB =AxB,

2) (AxB)Y =4 xB"

(3) (AxB)° =4° xB°,

(4) (AxBY =(4'xB)U (4 xB"),
(5) b(AxB)=(b(4)xB) (4 xb(B)),
(6) isd (4 x B) = isd (A) x isd (B ) and

sk — *
(7) (txT )A><B =T XT¥p.
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Proof: (1) (x,y)ed xB iff H A xB #O for each H e rx7* such that
(x,y)eH iff UxV mAxB=U nNA)x{V NnB)#< for each U et
such that x eU and each V' e r* suchthat y €V iff U n4)= Y and
V nB)#J for each U et such that x eU and each for V' e 7 * such

that y €V iffx €4 and y € B iff (x,y)e AxB iff AxB =AxB .

(2) (@) (x,y)e 4 xB)A implies that there exists H e zx7* such that
AxB cH and (x,y)¢ H which implies that there are U ez and
V er* such that 4 xB cU xV and (x,y)gU xV implies that

either x ¢U or y ¢V which implies that x gd” or y ¢ B” which

implies that (x,») ed"xB" which implies that
(AxB) <A™ xB".
(b) Conversely

(x,y)eA/\xBA:x eAA\/y ¢B"
=3V er:AcU,x gUvIV ec*B cV,y ¢V
=(x,y)eUxY , AxB cUxY
Vx,y)gX xV,AxB cX xV

= (x,0)e@xB)"

which implies that 4" x B” = (4 x B)". From (a) and (b)

AN AN

(AxB)=4" xB

(3) (x,y)e(AxB)Y iff there are Uer and V er* such that
(x,y)e(UxV)cAxB iff xeUcAd and y eV < Biff x €49 and
y €BO iff (x,y)eA® xB? Therefore (4 xB)° =4 xBC.

(4) The proof of (4) depends on (1) of this Theorem also it depends on
the properties of both the Cartesian product of the sets and the closure
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of the sets and we find that (x,1 ) & (4 x B)" implies that there is an

open set H erx7* such that (x,y)€ H and H —{(x,y)}NAxB =

accordingly there are U €t and V €7* such that

(x,y)eUxV < H and (U xV )—{(x,y)}NAxB = .But

UV )={(x,p)i=U XV )={xix{y}
=[U —x )<V JUIU < ={y })]

Therefore

UxV)={(x,y)}nAxB
=[U -{xHnA)xV nB)IU[A NU)xV —{y}nB)]

=[(U =xHxUU < ={y NN xB)=2
iff () (U —{x })NA)x AB)=@ iff U —{x})nA = or
VAB=0iffx gA or yegBiff (x,y)gA'xB and
(b) (AU —{y}"B)=@ iff AU =@ orV —{y }"B =@ iff
xgAory ¢B'iff(x,y)eAxB'.
From (a) and (b), (x,y) & (4'xB)U(4 xB").
Hence,
(A'xBYJ(A xBYc(AxBY (I)
Conversely
(x,y) e (A'xB)U(4 xB")
= (x,y)eA' xB A (x,y)gAxB’
=>(xgd'vy eE)A(x egvy ¢ B")
From which we have the following cases::

Case (1): x ¢ A and y B " which implies that there are
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U et andV er*suchthatx €U and y €V such that
U —-{x})nA =3 andV —{y} "B = which implies that
[(U xV ) ={(x,¥)}]1N(4 xB)=
=[(U = {x < HUU x(V ={y }NIN(4 xB)
=[U = {x}nA)x(V nB)IUIU nA)x(V —{y}nB))]
=gud=0

Case (2): y & B which implies that there is an open set V' &€ 7 * such

that y €V and ¥V nB =@ which implies that

[(X xV)={(x,y )} N4 xB)=
=[((X = HxVH)U < ={y )N xB)
=[A = {x}x (V" nB)JU[A x(V —{y}NB)]
=0V =0

Case (3): x ¢ A which implies that there is an open set U € T such that
x €U and U N4 = @ which implies that

(U xY ) ={(x,y )} N4 xB)=
=l = {&xHxYHUU x¥ = {yININA xB)
=[U —{x}n4)xBIU[U n4)xB —{y}]
=ud=0

Hence case (1), case (2) and case (3) implies that
(x,3)2(A'x BYU(A xB") = (x,y) & (4 x B) which implies that
(AxBY c(A'xB)YU(AxB") (I
From (1) and ()
(AxB) =(A'xB)J (4 xB).

Another way for the proof:
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(x,y)eAxB) < (x,y)edxB —{(x,y)}
=(A-{xHxBUAX(B -{y})
=(A-{x})xBUAxB —{y}

Iff

(x,y)e(d—-{x})xB=4 —{x}xE@x €ed—{x},y eB )
or

oxedy eE@(x,y)eA’xE

(x,y)eAxB —{y}:ZXB —-{y}eox eg,y eB-{y} (H)'ff
— — [
oxed,yeB < (x,y)edxB’
(x,y)e(d'xB)U(4 xB') iff

(AxBY =(A'xB)U (4 xB").

(5)

b(AxB)=AxBN(AxB)

—(AxB)N[AS x¥ )UX xBS]

= U xB)NIAS <Y YUK xB)] =

b(AxB)=[(AxB)YNMAS x¥ JU[A xB)N (X xB)]

=[ANASYxBIU[4 x (B NBE)]
= (b(4)xB)U(4 xb(B))

(6) Suppose that (x ,y )€isd (A x B) then there exist an open set
H erxt*suchthat H n(4 xB)={(x,y)}.But
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(x,y)eH=3U e,V erc*:(x,y)eUxV cH

=S U XV )YNAxB)={(x,y)}

= U nd)xV NB)={(x,y)}

SUNA) =}, U NB)=1{y}

=x €isd(4),y €isd(B)

= (x,y)eisd(4d)xisd (B)

= isd (A xB)cisd(A)xisd(B)————()
Conversely,

(x,y)eisd(A)xisd(B) = x €isd(A), y €isd(B)
=>3AU er,V et U nd)={},e(V nB)={y}
=>U XV )NUAxB)=(U nA)xV NnB)={(x,y)}
= (x,y)eisd (4 xB)
= isd (A)xisd (B )cisd (A)xisd (B) ————(I)

From (/) and (/I) we gets
isd (A x B)=isd (A)xisd (B)

Remark 8.1.2. 4 xB is an isolated subset of X xY iff Ais an
isolated subset of X and B is an isolated subset of Y i.e.

isd(AxB)=AxB iffisd(A)=A and isd (B)=B . For, if
isd(A)=A, isd(B)=B, and y €Bis any point then x €A
implies that
(x,y)eAxB =>xeAd AnyeB
— x eisd (4) A y isd (B)
= (x,y)eisd (4)xisd (B)
= (x,y)eisd (4 x B)= isd (A x B)=A x B

Conversely, if isd (A xB)=A xB and y €B is any point then
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xed=((x,y)edxB = (x,y)eisd(4xB)
= (x,y) eisd(A)xisd (B) = x €isd (4)
= Acisd(4) = isd(4)=A4

Similarly one can prove that isd (B )=B .

(7) Since B={U xV :U € 1,V € 1*} is a basis for the topology 7x7*
and the family
ﬂAxB ={(UxV )N(AxB):U et} er*}
={({U nA)x(V nB):U etV er*}

is a basis for the topology (rxr*)AXB . Also the family
ﬂA ={(UnA4):Uer} is a basis for 7y and the family
ﬂb’ ={V NnB)V er*} is a basis for Tpgfrom  which
ﬂA xﬂB =={({U nA)x(¥ NnB):U ez V er*} is a basis for the topology

T

* — %
Ty XT%p =(rx7 )A><B'

xr*B and clearly ﬂAxﬂB :ﬂAxB according to which

Theorem 8.1.6. If (X, 1) and (Y, 1*) are two topological spaces and
(a,b) € X xY then the following two topologies are homeomorphic in

both cases.

(a) (X X{b},(TXT*)XX{b}) and (X ,7).
(b) ({a}xY ’(TXT*){a}XY yand (Y ,7%).

Proof: Since 72'12X x{b}—>X and Ha}xY Y are surjective,

T
2
continuous and open functions and to show that they are injective if
(xl,b),(xz,b)eX x{b}then

ﬁl(xl,b) :ﬁl(xz,b)le =X) S(XI,b)Z(xz,b)
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Which means that 7 is injective, similarly Ty is injective. Hence 7 and

7, are homeomorphisms.
Remark 8.1.3. The functions 7r1_1 X > X x{b} and 7r2_1 Y —>{a}xY are

continuous since if H er{a}xz’* then there exists V €t* such that
H ={a}xV and then (ﬂz_l)_l(H)ZV et* which means that 7[2_1 is

. . -1 % "
continuous and Similarly 7|~ is also where t, \ xt*=(rx7 ){a}xY .

la}

Theorem 8.1.7. If (X,7r) and (Y ,7*) are two topological spaces,
f :X =Y is a continuous function and (Y ,7*) is a T —space then
f <X XY isaclosed set.

Proof: Suppose that (x,y)eX x¥ —f then f (x)#y and since ' ,7%)

is a TH —space, there are two open sets W,V € r *such that f (x) eV,
y €W and V "W =@. Since { is continuous then f_l(V)er which

implies that Q‘_I(V)XW)erxr* and (x,y)ef _I(V)xW . But

(tf @)ef LWy = ief 0 ).f W
=>fe)eV oW =V oW 20

Which contradicts that ¥’ A =@ Then (£ "\ YxW )nf =@ which

implies that (x,y )ef which implies that ]T:f which implies that f is a
closed subset of X xY .

Theorem 8.1.8. If f:(X,r)>{ ,7*) is any function such that
f <X XY isaclosed set then

(a) 1 is injective implies that (X ,7) is a T —space.

(b) 1 is surjective implies that (Y ,7*) is a T| —space.
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Proof: (a) Let x € X be an arbitrary point and 7e{x}—{x}. Then
f(x)#f (t) because f is injective and so (¢,f (x))eX xY —f . But
f cX xY is a closed set implies that there are two open sets U €7
and V' € 7 * such that (¢,f (x)) eU xV < X xY —f which implies that

teU and tea implies that U M{x } #& implies that x €U which
implies that (x ,f (x)) eU xV < X xY —f and this is impossible which

means that such point 7 e{x }—{x} does not exists. Then {x }={x }and

hence (X ',7) is a 71 —space.

Another proof: Let x,t€X be such that x #¢. Then f(x)#f (¢)
because f is injective. Hence (x.f (t))eX xY —f and X x¥Y —f is
open because f X xY isa closed set which implies that there are two
opensets U €7 and V € 7* such that (x,f (1)) eU xV c X x¥ —f
which implies that xeU and ¢¢U since ¢eU implies that
(t.f @) elUxV <X xY —f which is impossible. In a similar way one

can prove that there is an open set J €7 such that €/ and x ¢/ .

Therefore (X',7) is a T —space.

(b) Let y €Y be an arbitrary point. Then z e{y}/\ —{y} =y #z implies
that there are two distinct points x,f€X such that y=f(x) and
z=f(t) since f is surjective and clearly f (x)#f (t). But if fis a
closed set then X xY —f is open and (¢t,y)=(t,f (x))eX x¥Y —f

implies that there are two open sets U €7 and V €7 * such that

t,y)eUxV cfc which implies that y €V but z {y }/\ implies that

z €V which implies that (¢,z)=(.f (t))efc which is impossible this

impossibility because of the incorrect assumption that there is a point

ze{y}/\—{y}. Therefore such point z does not exist and so

(71" = {y} which implies that (Y ,7*) is a T} —space.
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Another proof: Let y,z €Y be two distinct points then there are two
distinct points x,r € X such that y =f (x) and z =f (¢)this because f
is surjective and clearly f (x )#f (¢). Then (x,f (t)) e X x¥Y —f and
f <X xY is a closed set implies that there are two open sets U €1
and ¥ er* such that (x,z)=(x.f (1)) eU xV £ which implies
that z eV and y ¢/ because y eV = (x.f (x))=(x,»)ef . Similarly
one can prove that there is an open set H € 7* such that y €eH and

z ¢H . Therefore (Y ,7*) is a T —space.

Theorem 8.1.9. let [ :(X,7)>{ ,*) be any function such that

f <X xY isaclosed set and B —Y be a compact set. Then f _I(B) is

a closed set.

Proof: Suppose that B Y is compact and consider the point

xeX —f_l(B)thenx eEf_l(B) and we finds
yveB=y#f(x)=>x,y)ef =x,y)eX x¥ —f

If 1 is a closed set then X xY —f is open and so there are two open
sets Uy €7 and V', er* such that (x,y)eU, xV, cX xY —f

which implies that (U, xV,)nf =& for each y eB. Then

V') :y €B}cr* is an open cover of B, if B is compact then it

contains a finite subcover {Vyl,Vyz,...,Vyn tcr* of B . Suppose

that {U an }cr is the family of the members of 7 which

X1 ,sz y ey
corresponding to the members of the finite subcover of B which satisfy

n
the condition U, xVy, Nf =@ foreachie{l,2,..,n}.IfU= U,
i i i=l i

n
and V =
i=l

i €{l,2,...,n} which implies that

Vy . then xeU, BcV and UxVy, Ynf =2 for each
i i
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xeU=/(x)eV =f(x)gB =xef \(B)
—xeX —f {B)y>xeUcx —f LB
=X - \Byer=rTB)ex,

Corollary 8.1.1. If (X,7) and (Y ,7*) are two topological spaces,
f X oY such that f cX xY is a closed set then (Y ,7*) is compact

implies that f is continuous.
Proof: Suppose that F ez *., since Y is compact then F' is a closed set

and 1 _1(F)ez'c which means that [ is continuous.

Theorem 8.1.10. The topological space (X ,r) is T iff the set

A={(x,x):x €X } isaclosed set i.e. Ae(z-xr)c.
Proof: Suppose that (X, T) is a T —space then
x,yeX x#zy=>3IUYV erxelU,y eV ,UnV =J
Butx 2y = (x,y)eX x¥ —A and
x €U,y €V = (x,y)eU xV from which we finds that
UxV)NA#zZ=3zeX (z,z)eUxV =UnV #J

Which contradicts that U NV =O. Therefore UXV )NA=D
according to which (x,y)eUxV cX xX —A which implies that
(X xX —A)er which implies that Ae(z x7),. .

Conversely let Ae(z x 7). equivalently (X xX —A)ez.Then

x,yeX x#2y =>x,y)eX xX -A=3UJV er:
(x,)eUxV cX xX —A=xeU,y eV ,UxV)NnA=J
=>xeU,yel,UnlV =0

Therefore (X ,7) isa Ty —space, U NV = since
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UnV #@8=3zeUnV = (z,z)e(U xV)NnA
S UXV)NA=D

Contradicts the result (U xV' )NnA=J.
Theorem 8.1.11. The topological space (X xY ,7x7¥) is Ti iff
(X' ,7) and (Y ,7*) are both T; —spaces where i € {0,1,2,3}.

Proof: We are going to prove this theorem for i =2 and i =3. Firstly
when i =2 i.e. we are going to prove that (X xY ,rx7*) isa TH —space
iff X andY are Ty —spaces. For suppose that (X ,7) and (¥ ,7¥) are
both T —spaces then

(x1,¥1), (x2,¥2) € X XY :(x1,y1)#(x2,¥2)

=X FXQVY1#)YV2
And since (X ,7) is T then

X1,X2 eX,xl X9
=3UYV er:xyeUxy, eV ,UnV =0 (1)

Hence,

(1) (xl,yl)eU xY and (xz,yz)eV xY ,
(2) U XY YA xY )=(U AV )x¥ =& and
(3)UXY V xY erxrt*.

Similarly we can obtained the same result in the case yq,y5 €}l ,

¥1 # yo.Therefore (X x¥ ,7x7*) isa Ty —space.
Conversely suppose that (X xY ,7x7*) isa Ty —space then

X1,x9 €X ,x1 #x9 =(x1,y),(x9,y)eX x¥ and (x1,y)#(x2,y)

where y €Y is any point which implies that there are two open sets
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HW erxt* such that (xy,y)eH, (xp,y)eW and HW =
accordingly there are Ul,Uzer and Vl,Vzer* such that
(x1,y)eUyxV))cH--() and (xz,y)e(szVz)cW ——()
which implies that x eU, xp €Uy y eV1nVy and U nU,=D.

Therefore (X, 1) is a 7) —space. Now to show that U NU, =@ from

1
(1) and ({I') andsince V'1 NV5 # & then

(U1 r\Uz)x(V1 mV2):(U1xV1)m(U2 xV2)cH W =g
= (Ulr\UZ)x(V1 mV2)=® = (UlmUz):Q

In a similar way one can prove that ' ,z*) is a ) —space. This is the

end of the proof of the case when i =2.

Secondly for the case i =3 we know that the topological space is T3 if

it is regular and Tl accordingly this case consists two cases the first

when i =1 which we left it to the reader and the second case is
(X xY ,ox7*) is regular iff (X ,7) and (¥ ,7¥*) are both regular which

we shall prove as follows:

Suppose that (X xY ,zx7*) is a regular space then U € 7 and x €U
implies that UxY € tx1t* and (x,y)eUxY where yeY is any
point and since (X xY ,zx7*) is regular then there is an open set
H erxt* suchthat (x,y)e H c H cU xY and we finds that

H erxr*zEIUIET,VIer*:(x,y)eleVch
cHcUxY :(x,y)eleVlcleVlcﬁcUxY
:(x,y)eleVlclTle_lcUxY

=X eUlcU_lcU

Therefore (X ,7) is a regular space.

Conversely Let (X ,7) and (Y ,7*) be regular spaces. Then
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Herxt*(x,y)eHd =>3UjerVyer*(x,y)eUxV1 cH
=>x elU,y eV =Wy erVyer*x elUy CU_2CU1/\
yeVyclVycli=@x,y)eUyxVy clUyxVy

=UyxVyg cH = (x,y)eUyxVycUyxVycH
Clearly U2 ><V2 erxr* and hence (X xY ,7x7¥*) is a regular space.
Remark 8.1.3. The topological spaces (X ,7) and (Y ,7*) may be normal

and (X xY ,txt*) need not be normal as explained by the following

example:

Consider the lower limit topological space (R,r) where T is the
topology on R generated by the family = {[a,b):a,beR} then (R,7)

is a normal topological space  while (Rz,rz) is not normal where
2 .
77 =7 x71 since
F={(x,y)eR?:x,y €Q,x +y =1}
and

M ={(x,y)eR?:x,y €0 x +y =1}

are nonempty closed disjoint subsets of R 2 and if U and V are two
open subsets of R 2such that U contains F' and V contains M then

U NV = which means that (R 2 ,12) is not normal space.

Theorem 8.1.12. If (X XY ,rx7*) is a normal topological space then the

topological spaces (X ,7) and (Y ,7*) are normal.
Proof: Clearly

Fer,,Uet:F cU=FxY cUxY and UXY erxr*,
FxY e(rxt¥),.Soif (X x¥ ,rx7*) is normal then there is an open

set H erxr* suchthat FxY cH cH cU xY but
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Herxt* FxY cH =3V er:H =V xY
which implies
FxY cVxY cV xY =V x¥ cUxY = FcV cV cU
Therefore (X ,7) is a normal space.
Similarly one can prove that (Y ,7*) is normal.

Remark 8.1.4. The topological space (R,r) which is given in Remark

8.1.3, is a T3 —space since it is T| because C cu c t and we can show

that (R,7) is regular as follows: F et, implies that there is a family

{lay.by):aeAycP(R) such that F€= UA[aa,ba). Hence
ae

x eF¢ = 3aeA:x €lay.b,) but

[ay.by) € FC = F clay,by) =(~0,a,)Ulby,®)e 7.

Therefore (R,7) is a regular space and from Theorem 8.1.12, (R 2,72)
is T1 and regular and so is a T3 —space while by Remark 8.1.3, it is not

T4 —space that is

T3—/—>T4

Theorem 8.1.13. The topological space (X xY ,7x7*) has the first
(second) axiom of countability iff the topological spaces (X ,7) and

Y ,7*) have the first (second) axiom.

Proof: We shall gives the proof for the first axiom of countability and left
the second axiom to the reader.

Firstly suppose that (X xY ,7x7*) has the first axiom of countability
and (x,y)eX xY then (X x J(Txr* is a subspace of
() XXy hxa)y ) p

(X xY ,rx7*) and it has the first axiom of countability and
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X x JS(Txtr* is homeomorphic to (X ,7) and (X ,7) has
XX ) phic to (X 7) and (X ,7)
the first axiom of countability.

Conversely suppose that each of (X ,7) and ¥ ,7*) has the first axiom
of countability and (x,y)eX x¥ then x € X and y €Y accordingly

there are a countable local bases f, —r for the point x €X and
Py cz* for the point y €Y such that ,Bx:{Ul,U

ﬂy ={V1,V2, ...... } and then

e e

By xﬂy ={U,*xV, in,meN}=U{4, :neN }
Where 4, =U{U,,<V,,, :meN } foreach neN and 4,, is

a countable set according to which g, xpy isa countable family which

we prove that it a local basis for the point (x,y),

Herxt*(x,y)eH =30 et ) ert*(x,y)eUxV cH
=>xeU,yeV =3n,meN x €U, cU,y €V,, cV But
=>x,y)eU,xV,, cUxV cH

UpebyVmehy =UpxVy €pby ><,8y which implies  that

(X xY ,7x7*) has the first axiom of countability.

Theorem 8.1.14. The topological space (X XY ,txt*) is compact iff
(X ,7) and (Y ,7*) are compact topological spaces.

Proof: Suppose that (X xY ,zx7*) is a compact space then the

1 and 7, are continuous and so (X ,7) is

compact because 77: (X xY ) =X is continuous and similarly (Y ,7*) is

projection functions

compact.

Conversely if (X ,7) and (Y ,7*) are compact and W czxz* is an open
cover of X xY then if HeW¥then there are two families

{Ug:aeAjcr and Vy:aeAjcr* suchthat H= |J Uy, xV, this
aeA

by the definition of 7x7* and so we gets \I’*:{U/1 xV/,t:leA} is a
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cover of X xY . If we obtain a finite subcover of X x¥ from ¥" then we
can obtain a finite subcover from ¥ . Now if x €X is an arbitrary point
then {x }xY¥ is homeomorphicto Y and since Y is a compact space then

by {x}xY is compact. Since ¥*is an open cover {x }xY then it has a
k
finite subcover I ={U,. | xV .U, > xV9,..Uy, ¥V, }c¥ and if we

n
assume that G, = (Y U_. then T is also is a cover of G, XY where
i=l *

x €X and hence {G, :x€X } is an open cover of X and since X is

compact then it contains a finite sub cover of X {le,ze,...,me .

But for each ij the set ij xY has the finite subcover

Uy <V .Uy Xij""»Ux. xV Therefore

RIS gVt

Sj =
613 . ¥" is a finite subcover of X x¥ and hence (X xY ,tx7¥) isa
j=

compact space.

Theorem 8.1.15. The topological product space (X xY ,tx7*) is a

connected space iff (X ,7) and (Y ,7*) are both connected.

Proof: Suppose that (X xY ,7x7*) is a connected space then

(i) b(AxY ):(b(A)x)j)u(ExbO’ N=D for each subset
AeP(X)—-{X,} which implies that (b(4)xY )= which
implies that b(4)#< which implies that (X ,7) is connected.

(i) b xB)=(b(X )xE)u(;xb(B )= D for each  subset
BePY )—-{¥ ,J} which implies that & U(X xb(B))#L which implies
that b(B)#< which implies that (Y ,z¥) is connected.

Conversely suppose that (X ,7r) and (Y ,7*) are both connected and
M eP(X xY )—{X x¥ ,} then there are three cases:

(i) M =4AxB where AeP(X)—-{X ,Z}and BeP(¥ )—-{ ,J} in this
case (X ,7) is connected implies that b (4 )#< from which A #@ and
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(Y ,7%*) is connected implies that b (B )= from which B #& and then
b(A)xZ? #Q and A xb (B)#< which implies that
b(M )=b(AxB)=(b(A)xB)(Axb(B)%D.

(i) M =AxY where AeP(X)—{X ,J} inthis case (X ,7) is connected
implies that b (4 )= implies that b(4)xY #J and b )= which

implies that
B(M)=b(AxY )=(b(A)<Y YI(AxbY )= (b(A)xY YUD %D

(i) M =X xB where BeP{Y )-{ .} in this case (Y ,*) is
connected implies that 5(B )= which implies that X xb(B)#J and
b (X )= which implies that

b(M)=b(X xB)=(b(X )xB)U(X xb(B)=BU(X xb(B))=D
Therefore (X xY ,rx7*)is connected if both (X ,r)and (Y ,7*) are

connected.

Theorem 8.1.16. If (X ,7) and (Y ,7*) are two topological spaces and
(x,y)eX xY then

(a)x e X',y ¢Y "= (x,y)e (X xY )and
(b) (x,y)g(X x¥Y )Y =>x¢gX'vy el .
Proof:

xeX,yeV'=>ixter,{yler*=>xix{y}
={(x,y)erxt*=>(x,y)g (X xY)

(b) If (x,y)e(X xY ) then for each H erxz* such that (x,y)eH
there exists U €r and V er* such that (x,y)eUxV cH which

implies that x eU and y €V and hence
xeX'=2U-{(x}#0=3pelU -{x}—-——)

yeY' =V —-{yt20=3q eV —{y}——UI)
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From which

(1) From (), (p,y)eH —{(x,y)} which implies that
(x,y)eX xY ).
(2) From n, (x,g)eH —{(x,y)} which implies
(x,y)eX xY)
From(1)and (2) (x,y)g (X xY )Y =>x ¢X'vy ¢YV'.

Corollary 8.1.2. If (X ,7) and (Y ,z¥*) are two topological spaces then

X xY isdense in itself if either X orY is dense in itself and if any of X
orY isdense in itself then X xY is also.

Proof: According to the definition, X xY is dense in itself if
X xY (X xY ) and it is not dense in itself iff there is a point
(x,y)eX xY suchthat (x,y) ¢ (X xY ) from which we gets

xeX,yeV ' =>@x,y)e(X x¥Y)Y=>xeX vy el
Or equivalently

xeX,yeV'=>x,y)e(X x¥)Y)=>xeX' vy e’
8.2. Metric spaces.

Any book of the general topology start by an introduction of metric
spaces since we consider that the general topology is a generalization of
idea of the concepts of the metric spaces. In this article in the last
chapter of this book we give a glance about the main concepts of the
metric spaces and some of the interesting properties.

Definition 8.2.1. If X is a non empty set i.e. X # O then the function
d X xX —R is called the distance function on X if it satisfies the

following conditions:
(D1)d(x,y)=z0 and d(x,y)=0<>x =y foreach x,y €X,
(Dy)d(x,y)=d(y,x) foreach x,y eX and

(D3)d(x,z)<d(x,y)+d(y,z) foreach x,y,z €X .
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The property D3 is called the triangle inequality and if d is a distance
on X where X # @ then the ordered pair (X ,d) is called a metric

space and we write that X is a metric space if essentially there is a
distance d definedon X .

Example 8.2.1. Consider the set of the real numbers R then
the function d :R xR —>R defined by d(x,y)=|x -y | for each
x,y €R is a distance on R since it satisfies the three conditions
Dy, Dy and Dj this is directly by using the properties of the
absolute value of the real numbers in this case 4 is called the
usual metricon R and (R,d) is called the usual metric space.

To define the usual metric on R” where n € N we start by the
following useful two inequalities:

Theorem 8.2.1. (Cauchy-Minkowiski inequality):

Let {a 20y 5eesy } and {b by, } then

by

n ’ n n
2 2
Z ai bi < z al- Z bi .
Proof: Clearly
n n 2
0y > (a.b.-a.b.)"=
i=l j=1 " J
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:0<Z Z (a,j2 2a;bja;b; +aj b,~2)
i=l j=l1

i=l j=1 i=l j:l i=l j=1

I
I M=
NQ
™M
S

NN
+
M=
S
[\)
M3

2 n n

z bi X oaj-22 aibp Xoajb;
1 j=l1 i=l ]:1

=2 a; > bi + 2 bi > a; -2 albl >
i=1 i=l i=1 j i=l
n

23 o z b,—z(z a;b;)?

i=l i=

aj b;
i=l i=l

(3 ap)?<y a,zb2

i=1 i=l i=1

Then by taking the square root of both sides we gets

n

2
Z a, > b
i=1 i=1

Z a; b
i=1

Corollary 8.2.1. (Minkowisky inequality)

Consider the two sets of numbers {a sy .4y, and {bl’ 2o
mentioned in Theorem 8.2.1, then

n n n
\/z (a; +bl~)2£\/2 a,-2+\/z b?
i=1 i-1

i=l

by}

Proof:
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n n
S (g +b;)2 =% (aF +b7 +2a;b;) =

i=l1 i=1
Z a; + Z bi +2 Z aibi < Z a; + Z bi +2 Z a; bi <
i=1 i=1 i=1 i=1 i=1 i=l1
n n n n n n
2 2 2 2 2 2.2
<> ai+z bi+2\/2ai\/2bi Z(\/z ai+\]z bl)
i=1 i=l i=1 i=l i=l i=1

n n n
:\/Z (a; +bl-)2s\/2 "i2+\/z biz
i=l i=1 i=1

This inequality which is called Minkowiski inequality is useful in the study

of some metric functions on R” or on C” where C" is the set of the
complex numbers.

Example 8.2.2. Consider the set
n_ . ;
R —{(xl,xz,...,xn).xl,xz,...,xn €R} where R is the set of the real

numbers and n € N , define the function d :R" xR"” —R by the rule
_ & v )2 n

dx,y)=[X (yl. xl.) for each x,y €R where
i=l

X :(xl,xz,...,xn) and y :(yl’yZ""’yn) one can prove that dis a

distance on R" by proving that it satisfies the conditions Dy, D, and

D3 as follows:

Dy: (yl.—xl.)220 for each i e€{l,2,.,n} and so d(x,y)>0. Also

v, —xl.)2:0<:>xl. =y, for each ief{l2..n} iff x=y ie

dx,y)=0=x=y.

. v 2y 1 )2 ; ;
Dj: (yl. xl.) —(xl. yl,) for  each ie{l,2,.,n} iff
d(x,y)=d(y.x).

D7 By using Minkowiski inequality we find that if x,y ,z eR" then
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L 2 L 2
d(X,Z):\/.Zl (xl'_zl') :\/Zl (xi_yi+yl'_zl')
1= 1=

n 2 n 2
S\/Zl (xl _yl) +\/Zl (yl _Zl) :d(an’)‘*‘d(y,Z)
i= i=

Hence d is a distance on R called the usual metric and one can define

another distances on R like for example the distance p:R"” xR" —R

where p(x,y):max.{‘xl. -, ‘:i €{1,2,..,n}}, the proof that p is a
distance on R left to the reader.
If n=2 then x,y eRZ=x =x :(xl,xz),y :(yl,yz) and the usual

distance d on R” is given by

A7) =0y =5 P4y =,

Example 8.2.3. Let X = then distance d on X define to be the
function d :X xX —R given by

Iy x =y
dx,y)=1" ; Vx, R
(x.7) %; RERCRE
Which is clearly satisfies the conditions D, Dy and D3, the proof left

to the reader. This distance is called the trivial metric.

Example 8.2.4. If d is a metric on a non empty set X then the function

d(x,y)
1+d(x,y)

a distance on X . To prove that p is a distance on X . Clearly it satisfies

p defined on X given by p(x,y)= for each x,y € X isalso

the conditions Dy and D, and we prove that it satisfies D3 for let
x,y,z € X be arbitrary three points and let d(x,y)=¢,, al(y,z)zg2

and d (x ,z):g3.Then
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& & & +é,
p(x,y)+p(y,z)—1+gl+1+62 T l+¢ +&y

811 52 53
:p(x,y)+,0(y,2)—/3(xaz):1+gl+1+gz_1+€3_
e, 5 (gre)ite)-ellte o)
Tre v, Theg (I+&,+&,)(1+3)

_ 6‘1+6‘2—53
(4 +6,)1+&)

And so

d(x.)+d(y,2)2d(x,2) = 5+ 2y 2 8y

E, +EA—E
L 2 3  >0= pe,y)+p(,2)2p(x,2)

=
(1+51+52)(1+g3)
which implies that p satisfies the condition D3 and therefore it is a
distance on X .
Definition 8.2.2. If (X ,d) is a metric space and r is a positive real

number ie. reR' where R =(0,0) and Xx €X then
S(x;r)={y eX :d(x,y)<r} is called an open sphere with center at

the point x and radius r .
Example 8.2.5. Consider the wusual distance d on R where

d(x,y)=|x-y| then if xeX and reR+imp|ies that

Sd(x ;7)={y €R:|x —y |<r}=(x —r,x +r) which is an open interval.

Example 8.2.6. If d is a distance on R 2 such that for each x,y eRz,

dr) =\t -y P +ry - where  x=(xry)  and

y :(yl,yz) then for each x eR2 and each » e R " the open sphere

with center at the point x and with radius r» is
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Sd(x r)={y cR? :\/(xl—yl)2+(x2—yz)2 <r}, the set of all interior

points of the sphere (x1 —yl)2 +(x2 —y2)2 —

Example 8.2.7. By considering the trivial distance given by Example
8.2.3, the open sphere centered at the point x and with radius 7 is

L x ) O<r<d
Sd(x’r)_{X; r>1

Remark 8.2.1. If (X ,d) is a metric space, x € X and S (x;r) is an

open sphere with center at x and with radius r then x eSd (x ;7).
Lemma 8.2.1. If (X ,d) is a metric space, x € X and S (x ;&) is an
open sphere with x where & is any positive real number then

y eSd(x ;8) = 3§>0:Sd(y ;§)ch(x ;E).
Proof: Suppose that 6 =&—d(x,y) then

ze§,(y;0)=d(y,z)<d=e-d(x,y)
=dx,y)+d(y.,z)<¢
and by using D3 we finds
dx,z)<dx,y)+d(y,z)<e=>d(x,z)<¢
=z eSd(x ;E) :>Sd(y ;5)<:Sd(x ;€)

Remark 8.2.2. If (X ,d) is a metric space, x € X , £ and ¢y are two

real numbers then

0<£1 <&, :>Sd (x ;gl)ch (x ;6‘2)

which is clearly from the definition where

y eSd(x ;gl):>a'(x,y)<.91<<92 =y eSd(x;gz)
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Lemma 8.2.2. If (X ,d) is a metric space then for each two spheres S1

and S in a metric space X and for each point x €S| NS, there exists

a positive real number & such that S ; (x;6)cS; NS5.

Proof: Suppose that the two radii are r; and r, and if §{ < §, then
S1NSy=581,50 x eSS NSy =5 and there exists 6 > 0 such
that Sd (x ;f:)cS1 cS1 mSZ this by Lemma 8.2.1, and we get a similar
resultif So < S1.1F SN Sy #81, SiNSy#Sr and xe S| NSy
then again by Lemma 8.2.1, there are & and &p such that
S, (x;6)cS; and S0 18,) Sy, if &=min.{¢ ,6‘2} then
Sd (x ;E)CSd (x ;gl)de (x ;,sz)cSlr\S2
:>Sd(x ;(a‘)cSlmS2

The following interesting theorem depends on the definition of the open
sphere and the two lemmas 8.2.1 and 8.2.2.

Theorem 8.2.2. If (X ,d) is a metric space then the family of all open
Spheres = {Sd (x;r):x eR,reR™} form a bases for a topology on X

denoted 7 .
Proof: It is just the proof of the lemmas 8.2.1 and 8.2.2.

Definition 8.2.3. According to Theorem 8.2.2, a subset G c X where
(X ,d) is a metric space is an open set i.e. G €z, if for each point

x €G there exist a positive real number ¢ such that Sd (x:;6)cG ie.
xeG = 38>0:Sd(x ;)G .

Example 8.2.8. To describe the metric space which is generated by the
distance d =|x —y | for each two points x,y e R Example 8.2.5, we

finds that each open sphere is open interval where
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Sd (x;8)=(x —&,x +¢) as well as for each a,b R if we set x _ath

2
and g=b%a, S ;(x 1) =(a,b) which implies that

B={@b)abeR}={S (x:ir)x eR,reR™}.

Then the metric topology 77 in this case coincides with the usual

topologyu on R ie. 75 =u.

Example 8.2.9. Return to Example 8.2.6, the metric topology 7

2

generated by the distance d(x,y)z\/(xl—y1)2+(x2—y2)2 on R
for each two points x,y eR2 where x :(xl’xz) and y :(yl’yz)

and we remark that the topology generated in this case on R 2 is the

Td

usual topology uz. The topology 7 in this case on R2 is the usual

topology u2 since the open spheres is the open circles by the distance
d.

Example 8.2.10. To describe the metric topology on a nonempty set

r
d
X generated by the trivial metric consider Example 8.2.7, we easily
remark that it is the discrete topology D on X .

Definition 8.2.4. A topological space (X ,7) is said to be metrizable if

there is a distance d on X such that the metric topology 7

J equivalent

orequalsto 7.
Example 8.2.11. The usual topological space (R,0), the usual

topological space (R2,U2) and the discrete space (X ,D) where
X # O see Examples 8.2.8-19, are metrizable.

Definition 8.2.5. Consider the nonempty set X , if 4] and dpare two

defined distances on X then they are equivalent if the metric topologies
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d and Tdy generated by d; and d, on X are equivalent i.e. if

T, =T, .
dl d2

Theorem 8.2.3. if d{ and d, are two defined distances on X and d,

and 7d, are the metric topologies generated by the distances dy and d,

on X respectively then t J St iff for each point x € X and each
1 2

£>0 there exists 6 >0 such that Sd (x ;5)ch (x;&)i e
2 1

dy < Tdy SV e X ,Ve>0;36>0 :Sd2 (x;0)c Sdl (x;€).

Proof: Suppose that PR and x eX &>0 then Sd (x;¢) is a
) ' 1

basic element for the topology d, and by Theorem 8.2.2, there exist a

basic element S for sz such that

x €S CSdz(x ;8)——).

But S €7, which implies that there is a positive number 6 >0 such
2

thatS , (x;0)cS andfrom (1), S, (x;0)cS, (x;¢&).

d d d
2 2 1

Secondly suppose that for each positive number &£>0 there exists a

positive number 6>0 such that for each point xeX,

S, (x;0)cS , (x;¢).If S for 7y, and x € S then by Theorem 8.2.2,
d2 a’1 1

there exists £>0 such that Sd (x;6)cS . Then by the assumption
1

there exists 6>0 such that Sd (x;5)ch (x;e)cS . Hence,
2 1

T, CT, .
dl d2
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Theorem 8.2.4. If (X ’dl) and (X ,d,) are two metric spaces and the
function d (X xY )x(X xY )>R is such that
d(x,y)=d1(xl,y1)+d2(x2,y2) foreach x,y eR? where x =(x1,x2)
and y =(y1,y2) then d is a distance on X xY . If 7 is the metric
topology generated on X xY by d and Tdys Td, are the metric

topologies on X by dy andonY by d,. Then T=Ty xz-d .
1 2

Proof: To prove that d is a distance on X xY consider the arbitrary
points x,y,z e X xY where x =(x1,x2), y =(y1,y2) and z :(ZI’ZZ)
then

dl(xl,yl)ZO,dz(xz,yz)ZO =
:>d(x:y):dl(xlay1)+d2(x2ay2)20 ()
and
0=d(x,y):dl(xl,y1)+d2(x2,y2) le(xl’yl):()’

d2(x2’y2):0<:>x1=y]’x2=y2 Q(xlaxz)z(ylayz)
Sx =y (ii)

which implies that d satisfies D;.
Secondly
d(x,y)=d\(x;,y)+d,(x5,y,5)=d|(yx))
(v 5%,)=d(v,x) (i)
this means that d satisfies D .
Thirdly

d(x ,Z)=d1(x1,21)+0'2(x2,22)ﬁdl(xl,yl)er](yl,Z])
+d2(x2,y 2)+d2(y232 2) :dl(xlsyl)+d2(x23y2)
+d1(y1,21)+d2()’2,22)=d(x,y)+d()’ ,Z)
=>dx,z)<d(x,y)+d(y,z) (i)
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this means that d satisfies D3 .

Now to prove that 7 =z'd1><rd2 let W €t and (xlsz)eW . Then

. . £

there exists £>0 such that Sd((xl,xz);g)cW and if U :Sdl(xl;f)
—_— .g

and V _Sdz(xZ’E) thenU er 1, 14 erdz and (xl,xz)eU xV . Hence

(tl,tz)eU xV :xl,tleU,xz,t2 eV and we gets

&g &
di(x1,11) < E,dz(XQ,lz) < 5 =d((x1,x9),(t1,12))

& &€
=d1(X1,t1)+d2(X2,12)<*+*=8
2 2
= (1,12) €S 7 ((x1,x9);8)=>U XV CSd((xl,xz);g)
= (x1,x0)eUxV cSz((x1,xp);6) W
Then

T,ct, xt, ——()
d d1 d2

Conversely suppose that W €7, x7, and (x, x,)eW then there are
dl d2 1,72

two  positive real numbers & and & such that

Sdl(xl;gl)dez(x2;82)cW and if g=min.{e ,32} so if
(tl,tz)eSd ((xl’xz);g) then

d((xl’xz)’(tl’tz)) :dl(x17t1)+d2(x23t2)
=) (x 1)) <d (61310 ) < £ < 8y
=1 eSdl(x1 ;51)——(11)

Similarly
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alz(xz,tz)Sd((xl,x2),(t1,t2))<gsg2
=1, eSdz(xZ;gz)——(]H)
From (/') and (III') we finds

Sd((xl,xz);e)chl(xl;51)><Sd2(x2;52)cW

from which W e 7 and so

T, xt, ct,——VI)
a’1 d2 d

So from (II') and (II1), 7 =rd1><z'd2.

8.3. The metric spaces and separation axioms:

Theorem 8.3.1. Each metric space (X ,d) is a Tz—topo/ogica/ space

that is each (X ,rd) isa T2 —space.

Proof: Suppose that (X ,d) is a metric space and x,y €X such that
£

x#y, if we let d(x,y)=¢, U=Sz(x;~) andV :Sd(y;g) then
2

UY er,, x €U and y €/ and we shall prove that U NV =& for we
finds

£ &
teUnV 3teSd(x,E)K\Sd(y,5):>d(x,t)+d(t,y)
e £
<§+§—g—d(x,y)

which contradicts the triangle inequality which means that the
assumption U NV = is incorrect and hence U NV =. Therefore
(X,rd) isa T2—space.
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Theorem 8.3.2. If (X ,d) is a metric space then (X ,rd) is normal that

is for each two closed disjoint subsets A and B of X there are two

opensetsU )V et , suchthat AcU, BcV andU NV =3.

d
Proof: Suppose that x €4 then x ¢ B because A "B = and B =B
because B is a closed set and so

xeB =3¢, >0:B NS (v 16y ) =D ——(I)
Similarly
yeEB =y eZ:Egy >0:4 de(y;gy)zg——(H)

£
IfweletU = | Sd (x ;gi) andV = | Sd (y ;l) and clearly that
xeAd 3 yeB 3

AcU, BcV and we are going to prove that U WV = for if
U NV #C then thereis a point z €U NV according to which there are

£
two points x €4 and y €B such that z eSd(x;%)de(y;%)
from which al(y,z)<T and d(x,z)<% then by setting

&=max.{& €y } we finds

£

d(x,y)<d(x,z)+d(z,y)< 2+ 22,
3 3 3

and we have two possibilities £ =&, ——(7) or £=¢) ——(ii)

and we gets

E=&y :>d(x,y)<§8x <& =Y eSd(x;gx)

=B de(x 360 )2ED

which contradicts (/) or
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2
8=€y :d(x,y)<§5y <5y =X ESd(y;gy)
=4 de(y;gy)¢®

which contradicts (/7).

The contradiction in both cases (/) and (/I )because of incorrect

assumption U V' = and the correctoneis U nV =J.
Theorem 8.3.3. Any metric space (X ,d) isa T4 —space.

Proof: From Theorem 8.3.1, any metric space is a 7] —space and from

Theorem 8.3.2, any metric space is a normal space. Then any metric
space is a T4 —space.
Remark 8.3.1.

Metric space —>T4 —>T3 —>T2 —>T1 ->T,.

Exercise

1 - f X 2{19233}1 Y ={xay ¥4 }I T= {X,@,{l},{l,Z}} and
t*=1{Y D, {x},{y,z }}, write TX T ¥,

2-1If (X,7) and (Y ,7*) are two topological spaces and 4 <X and
B Y , prove that 4 x B is dense in X xY iff A dense in X and B is

denseinY i.e. prove that

AXB=X x¥ < A=X AB=Y .

3 — Consider the usual topological space (R2,152) and suppose that
M ={(x,y)eR2:x €(0,1), y €(2,3)} and find ﬂ MO, ext(M) and
b(M).

4 -1If f:(X,7)> ¥ ,r*) is continuous and open and /' cX xY is a

closed set prove that (¥ ,7*) isa T —space.
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5 — Prove that (X xY ,zx7%*) is a separable space iff (X ,7) and (Y ,7%)

are both separable.

6 —Prove that M ={(x,y )eR2 :x €0 v yeQ}isaconnected set.

7 - If (X,r1 ), Y Ty ), (Z,r3 ), (W,z-4) are topological spaces,
f:Z >W, McZ and fxg:X xZ —Y xWis such that
(f xg)x,z)=(f(x).g(z)):;V(x,z)eX xZ.

Prove that f x g is continuous iff / and g are both continuous.

8 — If dis a distance on X prove that p: X xX = R is a distance on
X in each of the following cases:

(i) p(x,y)=min.{d(x,y )1},

(ii) p(x,y)=cd(x,y) and

(m)p(x,y)={c; xEy
0; x=y

9 — Prove that any of Py and p, are distances on RZ:

(i) ,ol(x,y):max.{|x1—y1|,|x2—y2|} and

(ii) pz(x,y)=|x1—y1|+|X2—y2|-

For each x,y eR? such that x =(x1,x2) and y =(y1,y2).

10— If d is a distance on R2 prove that

Py, y)Sd(x,y) SN2 py(x,y)

where Py and Py are two distances on R2defined in exercise (10). Find

the two spheres S,O1 (x ;1) and sz (x ;).

297 A.S. Farrag and S. E. Abbas



General Topology Product Space

11- If X #Z and d:X xX >R defined to be such that
p(x,y)=min.{d(x,y),1}, prove that p and d are equivalent.

12 - If (X ,d1) and (X ,d,) are two metric spaces and if the function
d:(X xY )x(X xY)>R is such that for each x,y eRZ,

_ 42 2 _

a’(x,y)—\/d1 ()cl,)c2)+d2 (yl,yz)where X —(xl,yl) and
y =(x2,y2), prove that d in this case a distance on X xY and if 7 is
the metric topology generated on X xY and ‘Edl and sz are the

metric topologies on X generated by dl and onY generated by d2,
prove that 7 :rdl xrdz.
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