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Answer the following questions:  

Question (1)  (9 marks) 

A system consists of three particles, each of unit mass, with positions and velocities are 

𝐫⃗1 = 𝐢̂ + 𝐣̂ 𝐫⃗2 = 𝐣̂ + 𝐤̂ 𝐫⃗3 = 𝐤̂ 

𝐯⃗⃗1 = 2𝐢̂ 𝐯⃗⃗2 = 𝐣̂ 𝐯⃗⃗3 = 𝐢̂ + 𝐣̂ + 𝐤̂ 

Find:  

(1) The position of the center of mass. (2) The velocity of the center of mass. 

(3) The linear momentum of the system. (4) The angular momentum of the system. 

(5) The kinetic energy of the system. (6) The value of 𝑚𝑣𝑐𝑚
2 /2.  
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Question (2)  (6 marks) 

A proton of mass 𝑚𝑝 with initial velocity 𝐯𝒐 collides with a helium atom, mass 4𝑚𝑝, that 

is initially at rest. If the proton leaves the point of impact at an angle 45𝑜 with its original 

line of motion, find the final velocities of each particle. Assume that the collision is 

inelastic and that Q is equal to 
1

4
 of the initial energy of the proton.  
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Question (3)  (6 marks) 

Prove that “the moment of inertia of a rigid body about any axis is equal to the moment 

of inertia about a parallel axis passing through the center of mass plus the product of the 

mass of the body and the square of the distance between the two axes”. 
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Question (4) (9 marks) 

(a) Find the center of mass of a solid homogeneous hemisphere of radius a. 

(b) Show that the moment of inertia for a thin uniform rod of length 2a and mass m about 

an axis perpendicular to the rod at one end is 
4

3
𝑚𝑎2. 

(c) Find the radius of gyration of a thin uniform rod of length a and mass m about an axis 

passing through one end. 
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Answer the following questions:  

Question (1)  (9 marks) 

A system consists of three particles, each of unit mass, with positions and velocities are 

𝐫⃗1 = 𝐢̂ + 𝐣̂ 𝐫⃗2 = 𝐣̂ + 𝐤̂ 𝐫⃗3 = 𝐤̂ 

𝐯⃗⃗1 = 2𝐢̂ 𝐯⃗⃗2 = 𝐣̂ 𝐯⃗⃗3 = 𝐢̂ + 𝐣̂ + 𝐤̂ 

Find:  

(1) The position of the center of mass. (2) The velocity of the center of mass. 

(3) The linear momentum of the system. (4) The angular momentum of the system. 

(5) The kinetic energy of the system. (6) The value of 𝑚𝑣𝑐𝑚
2 /2.  

𝑟𝑐𝑚 =
1

𝑚
∑ 𝑚𝑖𝑟𝑖

𝑖

 

𝑟𝑐𝑚 =
1

3
((𝐢̂ + 𝐣̂) + (𝐣̂ + 𝐤̂) + (𝐤̂)) =

1

3
(𝐢̂ + 𝟐𝐣̂ + 𝟐𝐤̂) 

 

𝑣⃗𝑐𝑚 =
1

𝑚
∑ 𝑚𝑖𝑣⃗𝑖

𝑖

 

𝑣⃗𝑐𝑚 =
1

3
((2𝐢̂) + (𝐣̂) + (𝐢̂ + 𝐣̂ + 𝐤̂)) =

1

3
(3𝐢̂ + 𝟐𝐣̂ + 𝐤̂) 

 

𝑝 = ∑ 𝑚𝑖𝑣⃗𝑖

𝑖

 

𝑝 = ((2𝐢̂) + (𝐣̂) + (𝐢̂ + 𝐣̂ + 𝐤̂)) = (3𝐢̂ + 𝟐𝐣̂ + 𝐤̂) 

 

L⃗⃗ = ∑ 𝑟𝑖×𝑚𝑣⃗𝑖

𝑖

 

L⃗⃗ = [(𝐢̂ + 𝐣̂)×(2𝐢̂) + (𝐣̂ + 𝐤̂)×(𝐣̂) + (𝐤̂)×(𝐢̂ + 𝐣̂ + 𝐤̂)] = −2𝐤̂ − 𝐢̂ + 𝐣̂ − 𝐢̂ = −𝟐𝐢̂ + 𝐣̂ − 2𝐤̂ 

 

𝑇 = ∑
1

2
𝑚𝑖𝑣𝑖

2

𝑖

 

T =
1

2
[(2)2 + (1)2 + ((1)2 + (1)2 + (1)2)] =

8

2
= 4 

 

1

2
𝑚𝑣𝑐𝑚

2 =
1

2
(3) (

1

9
((3)2 + (2)2 + (1)2)) =

1

2
(3) (

1

9
(9 + 4 + 1)) =

7

3
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Question (2)  (6 marks) 

A proton of mass 𝑚𝑝 with initial velocity 𝐯𝒐 collides with a helium atom, mass 4𝑚𝑝, that 

is initially at rest. If the proton leaves the point of impact at an angle 45𝑜 with its original 

line of motion, find the final velocities of each particle. Assume that the collision is 

inelastic and that Q is equal to 
1

4
 of the initial energy of the proton.  

Conservation of momentum: 

𝑣𝑜 = 𝑣́𝑝𝑐𝑜𝑠45 + 4𝑣́𝛼𝑐𝑜𝑠𝜙 𝑣́𝑝𝑠𝑖𝑛45 − 4𝑣́𝛼𝑠𝑖𝑛𝜙 = 0 

4𝑣́𝛼𝑐𝑜𝑠𝜙 = 𝑣𝑜 −
𝑣́𝑝

√2
 4𝑣́𝛼𝑠𝑖𝑛𝜙 =

𝑣́𝑝

√2
 

16𝑣𝛼
′2 = 𝑣𝑜

2 − √2𝑣𝑜𝑣́𝑝 + 𝑣𝑝
′2 

Conservation of energy: 

1

2
𝑚𝑝𝑣𝑜

2 =
1

2
𝑚𝑝𝑣𝑝

′2 +
1

2
4𝑚𝑝𝑣𝛼

′2 +
1

4
(

1

2
𝑚𝑝𝑣𝑜

2) 

16𝑣𝛼
′2 = 3𝑣𝑜

2 − 4𝑣𝑝
′2 

subtracting: 

𝑣𝑜
2 − √2𝑣𝑜𝑣́𝑝 + 𝑣𝑝

′2 − (3𝑣𝑜
2 − 4𝑣𝑝

′2) = 0 

−2𝑣𝑜
2 − √2𝑣𝑜𝑣́𝑝+5𝑣𝑝

′2 = 0 

𝑣́𝑝 =
√2𝑣𝑜 ± √2𝑣𝑜

2 + 40𝑣𝑜
2

10
=

𝑣𝑜

10
(√2 ± √42) 

𝑣́𝑝 = 0.7895𝑣𝑜 ,  𝑣́𝑝𝑥 = 𝑣́𝑝𝑥 =
𝑣́𝑝

√2
= 0.558 𝑣𝑜 

𝑣́𝛼 = √(
3

16
𝑣𝑜

2 −
1

4
𝑣𝑝

′2) =
𝑣𝑜

2
√(0.75 − 0.78952) = 0.1780 𝑣𝑜 

𝑡𝑎𝑛𝜙 =

𝑣́𝑝

√2

𝑣𝑜 −
𝑣́𝑝

√2

=
𝑣́𝑝

√2𝑣𝑜 − 𝑣́𝑝

=
0.7895

√2 − 0.7895
= 1.2638 

𝜙 = 𝑡𝑎𝑛−1(1.2638) = 51.65𝑜 

𝑣́𝛼𝑥 = 𝑣́𝛼𝑐𝑜𝑠𝜙 = 0.110𝑣𝑜 ,      𝑣́𝛼𝑦 = −𝑣́𝛼𝑠𝑖𝑛𝜙 =  −0.140 𝑣𝑜 
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Question (3)  (6 marks) 

Prove that “the moment of inertia of a rigid body about any axis is equal to the moment 

of inertia about a parallel axis passing through the center of mass plus the product of the 

mass of the body and the square of the distance between the two axes”. 

 

Consider the equation of the moment of inertia about some axis, say the z-axis,  

𝐼 = ∑ 𝑚𝑖(𝑥𝑖
2 + 𝑦𝑖

2)

𝑖

 

Now we can express 𝑥𝑖 and 𝑦𝑖 in terms of the coordinates of the center of mass (𝑥𝑐𝑚, 𝑦𝑐𝑚 , 𝑧𝑐𝑚) 

and the coordinates relative to the center of mass (𝑥̅𝑖 , 𝑦̅𝑖 , 𝑧𝑖̅  ) as follows: 

 

𝑥𝑖 = 𝑥𝑐𝑚 + 𝑥̅𝑖   ,       𝑦𝑖 = 𝑦𝑐𝑚 + 𝑦̅𝑖 

𝐼 = ∑ 𝑚𝑖(𝑥𝑖
2 + 𝑦

𝑖
2) =

𝑖

∑ 𝑚𝑖[(𝑥𝑐𝑚 + 𝑥̅𝑖)
2 + (𝑦𝑐𝑚 + 𝑦̅𝑖)2]

𝑖

 

𝐼 = ∑ 𝑚𝑖(𝑥̅𝑖
2 + 𝑦̅𝑖

2)

𝑖

+ ∑ 𝑚𝑖(𝑥𝑐𝑚
2 + 𝑦𝑐𝑚

2 )

𝑖

+ 2𝑥𝑐𝑚 ∑ 𝑚𝑖

𝑖

𝑥̅𝑖 + 2𝑦𝑐𝑚 ∑ 𝑚𝑖

𝑖

𝑦̅𝑖 

The first sum on the right is just the moment of inertia about an axis parallel to the z-axis and 

passing through the center of mass. We call it 𝐼𝑐𝑚. The second sum is equal to the mass of the 

body multiplied by the square of the distance between the center of mass and the z-axis. we call 

this distance 𝑙. That is 𝑙2 = (𝑥𝑐𝑚
2 + 𝑦

𝑐𝑚
2 ). From the definition of the center of mass,  

∑ 𝑚𝑖

𝑖

𝑥̅𝑖 = ∑ 𝑚𝑖

𝑖

𝑦̅𝑖 = 0 ⟹ ∴ 𝐼 = 𝐼𝑐𝑚 + 𝑚 𝑙2  
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Question (4) (9 marks) 

(a) Find the center of mass of a solid homogeneous hemisphere of radius a. 

(b) Show that the moment of inertia for a thin uniform rod of length 2a and mass m about 

an axis perpendicular to the rod at one end is 
4

3
𝑚𝑎2. 

(c) Find the radius of gyration of a thin uniform rod of length a and mass m about an axis 

passing through one end. 

 
To find the center of mass of a solid homogeneous 

hemisphere of radius a, we know from symmetry that 

the center of mass lies on the radius that is normal to 

the plane face. 

 

𝑑𝑉 = 𝜋 𝑟2𝑑𝑧 = 𝜋(𝑎2 − 𝑧2)𝑑𝑧 

𝑧𝑐𝑚 =
∫ 𝜌𝜋𝑧(𝑎2 − 𝑧2)𝑑𝑧

𝑎

0

∫ 𝜌𝜋(𝑎2 − 𝑧2)𝑑𝑧
𝑎

0

=

𝑎2𝑧2

2
−

𝑧4

4
|

0

𝑎

𝑎2𝑧 −
𝑧3

3
|

0

𝑎 =

𝑎4

2
−

𝑎4

4

𝑎3 −
𝑎3

3

=

𝑎4

4
2𝑎3

3

=
3

8
𝑎 

 
 

For a thin uniform rod of length 2a and mass m, for an axis 

perpendicular to the rod at one end is 

 
 

 

𝐼 = ∫ 𝑥2𝜌 𝑑𝑥
2𝑎

0

= 𝜌
𝑎3

3
|

0

2𝑎

=
1

3
(

𝑚

2𝑎
) (8𝑎3) =

4

3
𝑚𝑎2 

 

 

𝐼 = ∫ 𝑥2𝜌 𝑑𝑥
𝑎

0

= 𝜌
𝑎3

3
|

0

𝑎

=
1

3
(

𝑚

𝑎
) (𝑎3) =

1

3
𝑚𝑎2 

 

𝑘 = √
𝐼

𝑚
=

√(
1
3

𝑚𝑎2)

𝑚
=

𝑎

√3
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Answer the following questions:  

Question (1)  (9 marks) 

A system consists of three particles, each of unit mass, with positions and velocities are 

𝐫⃗1 = 2𝐢̂ + 𝐣̂ 𝐫⃗2 = 𝐣̂ + 𝐤̂ 𝐫⃗3 = 2𝐤̂ 

𝐯⃗⃗1 = 𝐢̂ 𝐯⃗⃗2 = 2𝐣̂ 𝐯⃗⃗3 = 𝐢̂ + 𝐣̂ + 𝐤̂ 

Find:  

(1) The position of the center of mass. (2) The velocity of the center of mass. 

(3) The linear momentum of the system. (4) The angular momentum of the system. 

(5) The kinetic energy of the system. (6) The value of 𝑚𝑣𝑐𝑚
2 /2.  
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Question (2)  (6 marks) 

A proton of mass 𝑚𝑝 with initial velocity 𝐯𝒐 collides with a helium atom, mass 4𝑚𝑝, that 

is initially at rest. If the proton leaves the point of impact at an angle 45𝑜 with its original 

line of motion, find the final velocities of each particle. Assume that the collision is 

perfectly elastic.  
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Question (3)  (6 marks) 

Prove that “the moment of inertia of a rigid body about any axis is equal to the moment 

of inertia about a parallel axis passing through the center of mass plus the product of the 

mass of the body and the square of the distance between the two axes”. 
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Question (4) (9 marks) 

(a) Find the center of mass of a thin wire bent into the form of a semicircle of radius a. 

(b) Find the radius of gyration of a thin uniform rod of length a and mass m about an axis 

passing through the center. 

(c) Show that the moment of inertia for a thin uniform rod of length 2a and mass m about 

an axis perpendicular to the rod at one end is 
4

3
𝑚𝑎2. 
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Answer the following questions:  

Question (1)  (9 marks) 

A system consists of three particles, each of unit mass, with positions and velocities are 

𝐫⃗1 = 2𝐢̂ + 𝐣̂ 𝐫⃗2 = 𝐣̂ + 𝐤̂ 𝐫⃗3 = 2𝐤̂ 

𝐯⃗⃗1 = 𝐢̂ 𝐯⃗⃗2 = 2𝐣̂ 𝐯⃗⃗3 = 𝐢̂ + 𝐣̂ + 𝐤̂ 

Find:  

(1) The position of the center of mass. (2) The velocity of the center of mass. 

(3) The linear momentum of the system. (4) The angular momentum of the system. 

(5) The kinetic energy of the system. (6) The value of 𝑚𝑣𝑐𝑚
2 /2.  

𝑟𝑐𝑚 =
1

𝑚
∑ 𝑚𝑖𝑟𝑖

𝑖

 

𝑟𝑐𝑚 =
1

3
((2𝐢̂ + 𝐣̂) + (𝐣̂ + 𝐤̂) + (2𝐤̂)) =

1

3
(2𝐢̂ + 𝟐𝐣̂ + 3𝐤̂) 

 

𝑣⃗𝑐𝑚 =
1

𝑚
∑ 𝑚𝑖𝑣⃗𝑖

𝑖

 

𝑣⃗𝑐𝑚 =
1

3
((𝐢̂) + (2𝐣̂) + (𝐢̂ + 𝐣̂ + 𝐤̂)) =

1

3
(2𝐢̂ + 𝟑𝐣̂ + 𝐤̂) 

 

𝑝 = ∑ 𝑚𝑖𝑣⃗𝑖

𝑖

 

𝑝 = ((𝐢̂) + (2𝐣̂) + (𝐢̂ + 𝐣̂ + 𝐤̂)) = (2𝐢̂ + 3𝐣̂ + 𝐤̂) 

 

L⃗⃗ = ∑ 𝑟𝑖×𝑚𝑖𝑣⃗𝑖

𝑖

 

L⃗⃗ = [(2𝐢̂ + 𝐣̂)×(𝐢̂) + (𝐣̂ + 𝐤̂)×(2𝐣̂) + (2𝐤̂)×(𝐢̂ + 𝐣̂ + 𝐤̂)] = −𝐤̂ − 2𝐢̂ + 2𝐣̂ − 2𝐢̂

= −4𝐢̂ + 2𝐣̂ − 𝐤̂ 

 

𝑇 = ∑
1

2
𝑚𝑖𝑣𝑖

2

𝑖

 

T =
1

2
[(1)2 + (2)2 + ((1)2 + (1)2 + (1)2)] =

8

2
= 4 

 

1

2
𝑚𝑣𝑐𝑚

2 =
1

2
(3) (

1

9
((2)2 + (3)2 + (1)2)) =

1

2
(3) (

1

9
(4 + 9 + 1)) =

7

3
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Question (2)  (6 marks) 

A proton of mass 𝑚𝑝 with initial velocity 𝐯𝒐 collides with a helium atom, mass 4𝑚𝑝, that 

is initially at rest. If the proton leaves the point of impact at an angle 45𝑜 with its original 

line of motion, find the final velocities of each particle. Assume that the collision is 

perfectly elastic. 

Conservation of momentum: 

𝑣𝑜 = 𝑣́𝑝𝑐𝑜𝑠45 + 4𝑣́𝛼𝑐𝑜𝑠𝜙 𝑣́𝑝𝑠𝑖𝑛45 − 4𝑣́𝛼𝑠𝑖𝑛𝜙 = 0 

4𝑣́𝛼𝑐𝑜𝑠𝜙 = 𝑣𝑜 −
𝑣́𝑝

√2
 4𝑣́𝛼𝑠𝑖𝑛𝜙 =

𝑣́𝑝

√2
 

16𝑣𝛼
′2 = 𝑣𝑜

2 − √2𝑣𝑜𝑣́𝑝 + 𝑣𝑝
′2 

Conservation of energy: 

1

2
𝑚𝑝𝑣𝑜

2 =
1

2
𝑚𝑝𝑣𝑝

′2 +
1

2
4𝑚𝑝𝑣𝛼

′2 

16𝑣𝛼
′2 = 4𝑣𝑜

2 − 4𝑣𝑝
′2 

subtracting: 

𝑣𝑜
2 − √2𝑣𝑜𝑣́𝑝 + 𝑣𝑝

′2 − (4𝑣𝑜
2 − 4𝑣𝑝

′2) = 0 

−3𝑣𝑜
2 − √2𝑣𝑜𝑣́𝑝+5𝑣𝑝

′2 = 0 

𝑣́𝑝 =
√2𝑣𝑜 ± √2𝑣𝑜

2 + 60𝑣𝑜
2

10
=

𝑣𝑜

10
(√2 ± √62) 

𝑣́𝑝 = 0.9288𝑣𝑜 ,  𝑣́𝑝𝑥 = 𝑣́𝑝𝑥 =
𝑣́𝑝

√2
= 0.6568 𝑣𝑜 

𝑣́𝛼 =
1

2
√(𝑣𝑜

2 − 𝑣𝑝
′2) =

𝑣𝑜

2
√(1 − 0.92882) = 0.1853 𝑣𝑜 

𝑡𝑎𝑛𝜙 =

𝑣́𝑝

√2

𝑣𝑜 −
𝑣́𝑝

√2

=
𝑣́𝑝

√2𝑣𝑜 − 𝑣́𝑝

=
0.9288

√2 − 0.9288
= 1.9134 

𝜙 = 𝑡𝑎𝑛−1(1.9134) = 62.41𝑜 

𝑣́𝛼𝑥 = 𝑣́𝛼𝑐𝑜𝑠𝜙 = 0.086𝑣𝑜 ,      𝑣́𝛼𝑦 = −𝑣́𝛼𝑠𝑖𝑛𝜙 =  −0.164 𝑣𝑜 
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Question (3)  (6 marks) 

Prove that “the moment of inertia of a rigid body about any axis is equal to the moment 

of inertia about a parallel axis passing through the center of mass plus the product of the 

mass of the body and the square of the distance between the two axes”. 

 

Consider the equation of the moment of inertia about some axis, say the z-axis,  

𝐼 = ∑ 𝑚𝑖(𝑥𝑖
2 + 𝑦𝑖

2)

𝑖

 

Now we can express 𝑥𝑖 and 𝑦𝑖 in terms of the coordinates of the center of mass (𝑥𝑐𝑚, 𝑦𝑐𝑚 , 𝑧𝑐𝑚) 

and the coordinates relative to the center of mass (𝑥̅𝑖 , 𝑦̅𝑖 , 𝑧𝑖̅  ) as follows: 

 

𝑥𝑖 = 𝑥𝑐𝑚 + 𝑥̅𝑖   ,       𝑦𝑖 = 𝑦𝑐𝑚 + 𝑦̅𝑖 

𝐼 = ∑ 𝑚𝑖(𝑥𝑖
2 + 𝑦

𝑖
2) =

𝑖

∑ 𝑚𝑖[(𝑥𝑐𝑚 + 𝑥̅𝑖)
2 + (𝑦𝑐𝑚 + 𝑦̅𝑖)2]

𝑖

 

𝐼 = ∑ 𝑚𝑖(𝑥̅𝑖
2 + 𝑦̅𝑖

2)

𝑖

+ ∑ 𝑚𝑖(𝑥𝑐𝑚
2 + 𝑦𝑐𝑚

2 )

𝑖

+ 2𝑥𝑐𝑚 ∑ 𝑚𝑖

𝑖

𝑥̅𝑖 + 2𝑦𝑐𝑚 ∑ 𝑚𝑖

𝑖

𝑦̅𝑖 

The first sum on the right is just the moment of inertia about an axis parallel to the z-axis and 

passing through the center of mass. We call it 𝐼𝑐𝑚. The second sum is equal to the mass of the 

body multiplied by the square of the distance between the center of mass and the z-axis. we call 

this distance 𝑙. That is 𝑙2 = (𝑥𝑐𝑚
2 + 𝑦

𝑐𝑚
2 ). From the definition of the center of mass,  

∑ 𝑚𝑖

𝑖

𝑥̅𝑖 = ∑ 𝑚𝑖

𝑖

𝑦̅𝑖 = 0 ⟹ ∴ 𝐼 = 𝐼𝑐𝑚 + 𝑚 𝑙2  
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Question (4) (9 marks) 

(a) Find the center of mass of a thin wire bent into the form of a semicircle of radius a. 

(b) Find the radius of gyration of a thin uniform rod of length a and mass m about an axis 

passing through the center. 

(c) Show that the moment of inertia for a thin uniform rod of length 2a and mass m about 

an axis perpendicular to the rod at one end is 
4

3
𝑚𝑎2. 

 
To find the center of mass of a thin wire bent into the 

form of a semicircle of a radius a, we use axes as shown 

in the figure  

 

𝑑𝑙 = 𝑎 𝑑𝜃        and      𝑧 = 𝑎 𝑠𝑖𝑛𝜃 

𝑧𝑐𝑚 =
∫ 𝜌(𝑎 𝑠𝑖𝑛𝜃) 𝑎 𝑑𝜃

𝑎

0

∫ 𝜌 𝑎 𝑑𝜃
𝑎

0

=
∫ (𝑎 𝑠𝑖𝑛𝜃) 𝑑𝜃

𝜋/2

0

∫  𝑑𝜃
𝜋/2

0

=
𝑎 [−𝑐𝑜𝑠𝜃]0

𝜋/2

[𝜃]
0
𝜋/2

=
𝑎
𝜋
2

=
2

𝜋
𝑎 

 
 

For a thin uniform rod of length a and mass m, for an axis 

perpendicular to the rod at the center is 

 
 

𝐼 = ∫ 𝑥2𝜌 𝑑𝑥
𝑎 2⁄

−𝑎 2⁄

=
1

12
𝜌 𝑎3 =

1

12
(

𝑚

𝑎
) 𝑎3 =

1

12
𝑚𝑎2 

𝑘 = √
𝐼

𝑚
=

√(
1

12
𝑚𝑎2)

𝑚
=

𝑎

√12
 

 

 

𝐼 = ∫ 𝑥2𝜌 𝑑𝑥
2𝑎

0

= 𝜌
𝑎3

3
|

0

2𝑎

=
1

3
(

𝑚

2𝑎
) (8𝑎3) =

4

3
𝑚𝑎2 
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