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Question 1:  (10 marks) 

Find the product of inertia and the angular momentum vector 𝐿⃗  for 

a thin rod of length l and mass m which is constrained to rotate with 

constant angular velocity 𝜔⃗⃗  about an axis passing through the center 

making an angle 𝛼 with the rod.  
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Question 2:  (10 marks) 

(a) A thin square plate of side a rotates freely under zero torque. If the axis of rotation makes an 

angle of 45o with the symmetry axis of the plate. Find the period of the precession of the axis of 

rotation about the symmetry axis, and the period of the precession of the symmetry axis about 

the invariable line.    (5 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) A rigid body having an axis of symmetry rotates freely about a fixed point under no torques. 

If 𝛼 is the angle between the axis of symmetry and the instantaneous axis of rotation, show that 

the angle between the axis of rotation and the invariable line is 

𝑡𝑎𝑛−1 [
(𝐼𝑠 − 𝐼)𝑡𝑎𝑛𝛼

𝐼𝑠 + 𝐼𝑡𝑎𝑛2𝛼
] 

where 𝐼𝑠, the moment of inertia about the symmetry axis, is greater than 𝐼, the moment of inertia 

about an axis normal to the symmetry axis.  (5 marks) 
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Question 3: (10 marks) 

(a) Find the acceleration of a solid uniform sphere rolling down a perfectly rough fixed inclined 

plane. (5 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) Find the acceleration of an Atwood’s machine system which consists of two weights of mass 

𝑚1 and 𝑚2, connected by a light inextensible of length l which passes over a pulley. (5 marks) 
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Question 4: (10 marks) 

Find the Hamiltonian equations of motion for: 

1- A one-dimensional harmonic oscillator. 

2- A particle in a central field. 
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Question 5:  (5 marks) 

Deduce the relation between Impulse 𝑝̂  and coefficient of restitution 𝜀.   
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Question 6:  (5 marks) 

Prove that the position of the center of oscillation of the physical pendulum relative to the center 

of mass is 
2

cmk
  .  
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Question 1:  (10 marks) 

Find the products of inertia and the angular momentum vector 𝐿⃗  for 

a thin rod of length l and mass m which is constrained to rotate with 

constant angular velocity 𝜔⃗⃗  about an axis passing through the center 

making an angle 𝛼 with the rod.  

 

 

In yz-plane, the components of 𝝎 are  

𝜔𝑥 = 0 𝜔𝑦 = 𝜔 𝑠𝑖𝑛𝛼 𝜔𝑧 = 𝜔 𝑐𝑜𝑠𝛼 

𝐼𝑥𝑥 = ∫(𝑦2 + 𝑧2)𝑑𝑚 = ∫ (0 + 𝑧2)𝜌 𝑑𝑧

𝑙
2

−
𝑙
2

= 𝜌 [
𝑧3

3
]
−

𝑙
2

𝑙
2

=
𝜌

3

2𝑙3

8
=

𝑚

𝑙
.
𝑙3

12
=

1

12
𝑚𝑙2 

𝐼𝑦𝑦 = ∫(𝑥2 + 𝑧2)𝑑𝑚 = ∫ (0 + 𝑧2)𝜌 𝑑𝑧

𝑙
2

−
𝑙
2

= 𝜌 [
𝑧3

3
]
−

𝑙
2

𝑙
2

=
𝜌

3

2𝑙3

8
=

𝑚

𝑙
.
𝑙3

12
=

1

12
𝑚𝑙2 

𝐼𝑧𝑧 = ∫(𝑥2 + 𝑦2)𝑑𝑚 = ∫ (0 + 0)𝜌 𝑑𝑧

𝑙
2

−
𝑙
2

= 0 

𝐼𝑥𝑦 = 𝐼𝑦𝑥 = −∫𝑥𝑦 𝑑𝑚 = 0 𝐼𝑥𝑧 = 𝐼𝑦𝑧 = −∫𝑥𝑧 𝑑𝑚 = 0 𝐼𝑦𝑧 = 𝐼𝑧𝑦 = −∫𝑦𝑧 𝑑𝑚 = 0 

The angular momentum vector is  

[

𝐿𝑥

𝐿𝑦

𝐿𝑧

] =

[
 
 
 
 
𝑚 𝑙2

12
0 0

0
𝑚 𝑙2

12
0

0 0 0]
 
 
 
 

[
0

𝜔 𝑠𝑖𝑛𝛼
𝜔 𝑐𝑜𝑠𝛼

] 

∴ 𝑳 = 𝒋
𝑚 𝑙2

12
𝜔 𝑠𝑖𝑛𝛼 
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Question 2:  (10 marks) 

(a) A thin square plate of side a rotates freely under zero torque. If the axis of rotation makes an 

angle of 45o with the symmetry axis of the plate. Find the period of the precession of the axis of 

rotation about the symmetry axis, and the period of the precession of the symmetry axis about 

the invariable line.    (5 marks) 

From symmetry, 

𝐼𝑠 = 𝐼𝑧 = 2𝐼   and    𝐼𝑥 = 𝐼𝑦 = 𝐼 

Ω = 𝜔 cos(45𝑜) = 𝜔/√2 

The period of precession of 𝜔⃗⃗  about 𝑘̂ is 

𝑇1 =
2𝜋

Ω
=

𝜔 (1𝑠)

𝜔/√2
= √2 𝑠 = 1.414 𝑠 

𝜑̇ =  𝜔√(1 + ((
𝐼𝑠
𝐼
)

2

− 1) 𝑐𝑜𝑠2𝛼) = √
5

2
 𝜔 

The period of precession of the symmetry axis 𝑘̂ about 𝐿⃗  is 

𝑇2 =
2𝜋

𝜑̇
=

𝜔 (1𝑠)

√5/2  𝜔
= √

2

5
 𝑠 = 0.632 𝑠 

(b) A rigid body having an axis of symmetry rotates freely about a fixed point under no torques. 

If 𝛼 is the angle between the axis of symmetry and the instantaneous axis of rotation, show that 

the angle between the axis of rotation and the invariable line is 

𝑡𝑎𝑛−1 [
(𝐼𝑠 − 𝐼)𝑡𝑎𝑛𝛼

𝐼𝑠 + 𝐼𝑡𝑎𝑛2𝛼
] 

where where 𝐼𝑠, the moment of inertia about the symmetry axis, is greater than 𝐼, the moment of 

inertia about an axis normal to the symmetry axis.  (5 marks) 

𝑡𝑎𝑛𝜃 =
𝐼

𝐼𝑠
𝑡𝑎𝑛𝛼 

Since 𝐼𝑠 > 𝐼, 𝜃 < 𝛼, and the angle between the axis of rotation 𝜔⃗⃗  and the invariable line 𝐿⃗  is 

𝛼 − 𝜃. From trigonometric identities 

tan(𝛼 − 𝜃) =
𝑡𝑎𝑛𝛼 − 𝑡𝑎𝑛𝜃

1 + 𝑡𝑎𝑛𝛼 𝑡𝑎𝑛𝜃
 

tan(𝛼 − 𝜃) =
𝑡𝑎𝑛𝛼 −

𝐼
𝐼𝑠

𝑡𝑎𝑛𝛼

1 + 𝑡𝑎𝑛𝛼 (
𝐼
𝐼𝑠

𝑡𝑎𝑛𝛼)
=

(1 −
𝐼
𝐼𝑠

) 𝑡𝑎𝑛𝛼

1 +
𝐼
𝐼𝑠

𝑡𝑎𝑛2𝛼
=

(𝐼𝑠 − 𝐼)𝑡𝑎𝑛𝛼

𝐼𝑠 + 𝐼 𝑡𝑎𝑛2𝛼
 

𝛼 − 𝜃 = 𝑡𝑎𝑛−1 [
(𝐼𝑠 − 𝐼)𝑡𝑎𝑛𝛼

𝐼𝑠 + 𝐼 𝑡𝑎𝑛2𝛼
] 
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Question 3: (10 marks) 

(a) Find the acceleration of a solid uniform sphere rolling down a perfectly rough fixed inclined 

plane. (5 marks) 

𝑇 =
1

2
𝑚𝑥̇2 +

1

2
𝐼𝜔2 =

1

2
𝑚𝑥̇2 +

1

2
(
2

5
𝑚𝑎2) (

𝑥̇

𝑎
)

2

=
7

10
𝑚𝑎2𝑥̇2 

For 𝑉 = 0 at the initial position of the sphere.  

 

𝑉 = −𝑚𝑔𝑥 𝑠𝑖𝑛𝜃 

𝐿 = 𝑇 − 𝑉 =
7

10
𝑚𝑎2𝑥̇2 + 𝑚𝑔𝑥 𝑠𝑖𝑛𝜃 

𝜕𝐿

𝜕𝑥̇
=

7

5
𝑚𝑥̇               

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑥̇
) =

7

5
𝑚𝑥̈             

𝜕𝐿

𝜕𝑥
= 𝑚𝑔 𝑠𝑖𝑛𝜃 

𝜕𝐿

𝜕𝑞𝑖

−
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑞𝑖̇

) = 0 

∴ 𝑚𝑔 𝑠𝑖𝑛𝜃 =
7

5
𝑚𝑥̈            →          𝑥̈ =

5

7
𝑔 𝑠𝑖𝑛𝜃 

 

(b) Find the acceleration of an Atwood’s machine system which consists of two weights of mass 

𝑚1 and 𝑚2, connected by a light inextensible of length l which passes over a pulley. (5 marks) 

The angular speed of the pulley is clearly 
𝑥̇

𝑎
, where a is the radius.  

The kinetic energy and potential energy of the system are 

𝑇 =
1

2
𝑚1𝑥̇

2 +
1

2
𝑚2𝑥̇

2 +
1

2
𝐼
𝑥̇2

𝑎2
 

 

𝑉 = −𝑚1𝑔𝑥 − 𝑚2𝑔(𝑙 − 𝑥) 

 

∴ 𝐿 = 𝑇 − 𝑉 =
1

2
(𝑚1 + 𝑚2 +

𝐼

𝑎2
) 𝑥̇2 + 𝑔(𝑚1 − 𝑚2)𝑥 + 𝑚2𝑔𝑙 

and Lagrange’s equation  

𝑑

𝑑𝑡
 
𝜕𝐿

𝜕𝑞̇𝑘
=

𝜕𝐿

𝜕𝑞𝑘
 (𝑚1 + 𝑚2 +

𝐼

𝑎2
) 𝑥̈ =  𝑔(𝑚1 − 𝑚2) 

∴  𝑥̈ =  𝑔
(𝑚1 − 𝑚2)

(𝑚1 + 𝑚2 +
𝐼
𝑎2)
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Question 4: (10 marks) 

Find the Hamiltonian equations of motion for: 

1- A one-dimensional harmonic oscillator. 

2- A particle in a central field. 

(1)  

𝑇 =
1

2
𝑚𝑥̇2 𝑉 =

1

2
𝑘𝑥2 𝑝 =

𝜕𝑇

𝜕𝑥̇
= 𝑚𝑥̇ 𝑥̇ =

𝑝

𝑚
 

𝐻 = 𝑇 + 𝑉 =
𝑝2

2𝑚
+

𝑘𝑥2

2
 

The equations of motion 

𝜕𝐻

𝜕𝑝
=

𝑝

𝑚
= 𝑥̇ 

𝜕𝐻

𝜕𝑥
= 𝑘𝑥 = −𝑝̇ 

𝑘𝑥 = −
𝑑

𝑑𝑡
(𝑚𝑥̇)          ⟹          𝑚𝑥̈ + 𝑘𝑥 = 0 

 (2) 

𝑇 =
𝑚

2
(𝑟̇2 + 𝑟2𝜃̇2),                𝑉 = 𝑉(𝑟) 

𝑝𝑟 =
𝜕𝑇

𝜕𝑟̇
= 𝑚𝑟̇                    𝑟̇ =

𝑝𝑟

𝑚
 

𝑝𝜃 =
𝜕𝑇

𝜕𝜃̇
= 𝑚𝑟2𝜃̇                  𝜃̇ =

𝑝𝜃

𝑚𝑟2
 

∴ 𝐻 = 𝑇 + 𝑉 =
1

2𝑚
(𝑝𝑟

2 +
𝑝𝜃

2

𝑟2
) + 𝑉(𝑟) 

The Hamiltonian equations 

𝜕𝐻

𝜕𝑝𝑟
= 𝑟̇              

𝜕𝐻

𝜕𝑟
= −𝑝̇𝑟            

𝜕𝐻

𝜕𝑝𝜃
= 𝜃̇              

𝜕𝐻

𝜕𝜃
= −𝑝̇𝜃    

then 

𝑝𝑟

𝑚
= 𝑟̇               

𝜕𝑉(𝑟)

𝜕𝑟
−

𝑝𝜃
2

𝑚𝑟3
= −𝑝̇𝑟              

𝑝𝜃

𝑚𝑟2
= 𝜃̇              0 = −𝑝̇𝜃    

The last two equations yield the constancy of angular momentum: 

𝑝𝜃 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝑚𝑟2𝜃̇ = ℎ 

From which the first two give 

𝑝̇𝑟 = 𝑚𝑟̈ =
ℎ2

𝑚𝑟3
−

𝜕𝑉(𝑟)

𝜕𝑟
=

ℎ2

𝑚𝑟3
+ 𝐹𝑟  
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Question 5:  (5 marks) 

Deduce the relation between Impulse 𝑝̂  and coefficient of restitution 𝜀.   

Before collision 
 

At the moment of collision 
 

After collision 

 
We shall divide the impulse into two parts, namely 

(1) The impulse of compression 𝑝̂c               (2)The impulse of restitution 𝑝̂𝑟 

For the compression, we can write 

𝑚1v⃗ 0 − 𝑚1v⃗ 1 = 𝑝̂c     … . . (1) 
𝑚2v⃗ 0 − 𝑚2v⃗ 2 = −𝑝̂c    …… . . (2) 

where v⃗ 0 is the common velocity of both particles at the instant their relative speed is zero 

𝑣2 − 𝑣1 = 0 
Similarly, for the restitution we have 

𝑚1v1̀
⃗⃗  ⃗ − 𝑚1𝑣0⃗⃗⃗⃗ = 𝑝̂𝑟  …… (3) 

𝑚2v2̀
⃗⃗  ⃗ − m2𝑣0⃗⃗⃗⃗ = −𝑝̂𝑟 … . . (4) 

Eliminating 𝑣0⃗⃗⃗⃗  from equations (1) and (2) by multiply eq.(1) by 𝑚2 and eq.(2) by 𝑚1 then subtract 
eq.(2) from eq.(1) 

 
𝑚1𝑚2𝑣0⃗⃗⃗⃗ − 𝑚1𝑚2𝑣1⃗⃗⃗⃗ = 𝑚2𝑝̂c 

𝑚1𝑚2𝑣0⃗⃗⃗⃗ − 𝑚1𝑚2𝑣2⃗⃗⃗⃗ = −𝑚1𝑝̂c 

We get 
𝑚1𝑚2𝑣2⃗⃗⃗⃗ − 𝑚1𝑚2𝑣1⃗⃗⃗⃗ = (𝑚1 + 𝑚2)𝑝̂c 

𝑚1𝑚2(𝑣2⃗⃗⃗⃗ − 𝑣1⃗⃗⃗⃗ ) = (𝑚1 + 𝑚2)𝑝̂c  … . (5) 
Eliminating 𝑣0⃗⃗⃗⃗  from equations (3) and (4) by multiply eq.(3) by 𝑚2 and eq.(4) by 𝑚1 then subtract eq.(4) 
from eq.(3) 

𝑚1𝑚2v1̀
⃗⃗  ⃗ − 𝑚1𝑚2𝑣0⃗⃗⃗⃗ = 𝑚2𝑝̂r 

𝑚1𝑚2v2̀
⃗⃗  ⃗ − 𝑚1𝑚2𝑣0⃗⃗⃗⃗ = −𝑚1𝑝̂r 

We get 

𝑚1𝑚2v1̀
⃗⃗  ⃗ − 𝑚1𝑚2v2̀

⃗⃗  ⃗ = (𝑚1 + 𝑚2)𝑝̂r 

𝑚1𝑚2(v1̀
⃗⃗  ⃗ − v2̀

⃗⃗  ⃗) = (𝑚1 + 𝑚2)𝑝̂r  … . (6) 

Divide eq.(6) by eq.(5)  

𝑚1𝑚2(v1̀
⃗⃗  ⃗ − v2̀

⃗⃗  ⃗)

𝑚1𝑚2(𝑣2⃗⃗⃗⃗ − 𝑣1⃗⃗⃗⃗ )
=

(𝑚1 + 𝑚2)𝑝̂r

(𝑚1 + 𝑚2)𝑝̂c
 

(v1̀
⃗⃗  ⃗ − v2̀

⃗⃗  ⃗)

(𝑣2⃗⃗⃗⃗ − 𝑣1⃗⃗⃗⃗ )
=

𝑝̂r

𝑝̂c
 

The left-hand side is just the definition of the coefficient of restitution  𝜀    

|
v2̀
⃗⃗  ⃗ − v1̀

⃗⃗  ⃗

𝑣2⃗⃗⃗⃗ − 𝑣1⃗⃗⃗⃗ 
| = 𝜀 =

𝑝̂r

𝑝̂c
 

The coefficient of restitution id thus equal to the ratio of the impulse of restitution to the impulse of 
compression. 
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Question 6:   (5 marks) 

Prove that the position of the center of oscillation of the physical pendulum relative to the center of mass 

is 

2

cmk
  .  

The center of oscillation is a point along the line linking center of mass with the point of suspension o
but in the other side, so that if the body suspend at o  it oscillates by same periodic time as at o . 

 

                                                

o oT T   

By use of the parallel axis theorem, we can express the radius of gyration

k in terms of the radius of gyration about the center of mass cmk as 

follows:  

𝐼 = 𝐼𝑐𝑚 + 𝑚 𝑙2 

𝑚𝑘2 = 𝑚𝑘𝑐𝑚
2 + 𝑚 𝑙2 

𝑘2 = 𝑘𝑐𝑚
2 + 𝑙2 

The period of oscillation becomes  

𝑇 = 2𝜋√
𝑘𝑐𝑚

2 + 𝑙2

𝑔𝑙
 

Suppose that the axis of rotation of a physical pendulum is shifted to a different position 𝑂′ at a 

distance 𝑙′ from the center of mass. The period of oscillation 𝑇′ about this new axis is given by 

𝑇′ = 2𝜋√
𝑘𝑐𝑚

2 + 𝑙′2

𝑔𝑙′
 

It follows that the periods of oscillation about O and 𝑂′ will be equal,  

𝑘𝑐𝑚
2 + 𝑙2

𝑙
=

𝑘𝑐𝑚
2 + 𝑙′2

𝑙′
 

 𝑙(𝑘𝑐𝑚
2 + 𝑙′2) = 𝑙′(𝑘𝑐𝑚

2 + 𝑙2)          ⟹         𝑘𝑐𝑚
2 (𝑙 − 𝑙′) = 𝑙′𝑙2 − 𝑙𝑙′2    

𝑘𝑐𝑚
2 (𝑙 − 𝑙′) = 𝑙′𝑙2 − 𝑙𝑙′2 = 𝑙𝑙′ (𝑙 − 𝑙′) 

 𝑘𝑐𝑚
2 =  𝑙𝑙′ 

∴  𝑙′ =  𝑘𝑐𝑚
2 /𝑙 
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