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Section 1: INTRODUCTION

Concepts of Scalar, Vector, and Tensor

 Scalar a, a physical quantity that can be completely described by a real number.
The expression of its component is independent of the choice of the coordinate system.

Example: 7emperature; Mass, Density, Potential....

 \ector a, a physical quantity that has both direction and length.
The expression of its components is dependent of the choice of the coordinate system.

Example: Displacement; Velocity, Force; Heat flow; ....

« Tensor A, a 2nd order tensor defines an operation that transforms a vector to
another vector

In general, Scalar is a Oth order tensor; Vector is A 1st order
tensor; 2nd order tensor; 3rd order tensor...

A tensor of rank n has 37 components




« Example: The stress tensor
Py P2 P <J>
_ D o
Pij =\ Py Py Py /L
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This is a second-rank tensor known as the stress tensor. The forces
(per unit area) P,,, P,,, P,,are pressures or tensions; the others are

shear forces (per unit area).
For example 7, is a force per unit area in the y direction acting
across a plane perpendicular to the zdirection; this force tends to

shear the beam.



Section 2: CARTESIAN TENSORS

* 3D vector rotation:

r Yy y/
nd ll mg n
y | L2 ma no
2 l3 ms ns

In the table, |, means the cosine of the angle between the x axis and the y’
axis, etc. A vector r has components x, y, z or X', y’, z’ relative to the two
coordinate systems; we want to find the relations between the two sets of
components.



Section 2: CARTESIAN TENSORS

Example 1. Let i, j, k be unit basis vectors along the (z,y,2) axes and i, j’, kK’ be unit
basis vectors along the (2’,1’, 2’) axes. Then the vector r can be written in terms
of either set of components and basis vectors as follows:

r=ir+jy+ ke =i2"+jvy + k7.

r-i'=i-i'z+j-fy+k-i'z2=12

"=l + miy + nlz.< These equations are called the

’ transformation equations from the
Y =l +may + naz, - ‘ coordinate system
2" = lgx + m3y + n3z. (% ¥, 9 to (x; ), 2).

<

(x,y 2)
(x'.¥,%)




Section 2: CARTESIAN TENSORS

Example 2:
In the same way, dotting r with i, |, k in turn, we get equations for x, y, z
in terms of x, y, Z:

r=hLz' + by + 137,
y=myx +moy +ms2’,

2z =mz +ny +n32’.
x/ i m mz T
y' = la mo mnoz Y or 1’ = Ar,
2 l3 M3 N3z 2

r=ATy



Section 2: CARTESIAN TENSORS

Definition of Cartesian Vectors A Cartesian vector V consists of a set
of three numbers (components) in everyrectangular coordinate system;
if Vx, V), Vzare the components in one system and Vx, Vy, Vz are the
components in a rotated system, these two sets of components are
related by an equation similar to

V. Ve
V, | =A| V4 or V' =AV, V=ATV,
7 v,
Replace z,y, 2 by x1,T2,73
Replace z', v/, 2’ by %7,79,%3 G11 "2 G13
A=| az1 a2 a3
Replace V., V,, V. by Vi,V5, V3
G3; Qasz2 Aass
Replace V.,V V, by V{,V5,VJ
3
In this notation  z, =) a;;z;,
j=1
3 3
For any vector Vi=) a;V;, i=123 Vi=) a;iVj.
j=1 j=1



Section 2: CARTESIAN TENSORS

Definition of Cartesian Tensors

A tensor of second rank has nine components in every rectangular
coordinate system. If we call the components in one system 7 the
components 7,in a rotated coordinate system are given below where the a's
are the direction cosines in the rotation matrix A.

3 3
Ty =) Y awayTy,  k1=1,2,3.

i=1 j=1

Example 3. Let U and V be vectors; we form the following array (in
each coordinate system) from the components U, U, Usand W, V5, V4
of Uand V e 3

=Y aulh, V=) ayV;
i=1 j=1
o,vi ULV, U, V3

UV UV UsVs ULV, = ZaMU Za,JV = Z aria;U;Vj,
U3V1 U3V2 U3V3 1,7=1

aB'yé = Z aazaB]a'ykaészJkl,
i,5,k,l



Section 3: TENSOR NOTATION AND OPERATIONS

- Summation Convention: we omit the summation signs in equations
and simply sum over any index which appears exactly twice in one
term.

Examples. @i OT aj; Or agg, etc. means ajpy + @g2 + Aa33;
T;T; O ToT,, €tc. means 1‘% + :1'% + :Eg;
a;jbjr  means a1 bix + aizbor + aizbsk;
(3.1) Ou Oz; Ou Or; = Ou Oxo n Ou Ors

Y means i i A [ s i ?
Ox; Ox! Oxry Oz,  Oxp Ox,  Ox3 07!

Tijk1Si; VUi means y: y: y: y: T k15 Vi Ur:
i i k1

« Contraction: Repeating an index implies a summation over that index.
—> result is a tensor of rank = original rank - 2

 Tensors and Matrices:The components 7;0f a 2..-rank tensor can be
written as the elements of a square matrix. Then note that in the tensor
equation, U= T;V, the contraction (sum on /) corresponds exactly to row
times column multiplication for matrices.



Section 3: TENSOR NOTATION AND OPERATIONS

« Symmetric and Antisymmetric Tensors:

- A 2nd-rank tensor 7; is called
« symmetric > if 7= T
« antisymmetric 2> it 7= =T

- Any 2"d-rank tensor can be written as a sum of a symmetric

tensor and an antisymmetric tensor
Ti=(Ti+ Ti) +(75— Ti).

- For tensors of higher rank, similar terminology is used. If an exchange of
two indices leaves the tensor component unchanged, we say that the
tensor is symmetric with respect to those two indices. If an exchange of two
Indices changes the tensor component to its negative, we say that the
tensor is antisymmetric with respect to those two indices.



Section 3: TENSOR NOTATION AND OPERATIONS

« Combining tensors:

- Addition and Subtract of Two Tensors

Aliz...is +B,; . =C,

iy ...lg iy ...lg

L The sum or difference of two tensors of rank n7is a tensor of rank n

1 Addition is not defined for tensors of different ranks.

Quotient Rule: Let us suppose we know that, for every vector V;, the
guantitiesUi= TjV; are the components of a non-zero vector and that this
holds true in all rotated coordinate systems. Then we can prove that the
guantities 7; are the components of a 2"d-rank tensor.



Section 4: INERTIA TENSOR

« If arigid body is rotating about a fixed axis, then
T = dL/dt

where t is the torque and L is the angular momentum about the rotation axis.

« The angular velocity w and the angular momentum L are related by the equation
L =lw

where I is the moment of inertia of the body about the rotation axis.
« For rotation about a fixed axis, L and w are parallel vectors, and I is a scalar.
 For rotation axis is not fixed, the angular

velocity and the angular momentum may

not be parallel.
Since L and w are vectors, we see by the
guotient rule that (when L and w are not parallel)
the scalar I must be replaced by a 2"%-rank tensor

with components I.. Then in component form we have

axis

Lj — I,-ka)k

el




Angular Momentum for an Arbitrary Angular
Velocity

We will write an arbitrary angular velocity vector as o = (o, @, , ®,).
The angular momentum is then
L:Zmaraxva—Zm (oxr,

For any position r = (x, y, 2), the terms r x (co Xr) can be explicitly written in

the rather ugly form
oY rx(oxr)=[(y*+2*)o, - xyo, - x2o,,

—yxa, +(z° + X*)o, - yzo,),

—2Xo, — 2y, + (X +y*)o,].
A double cross-product like this can be written down with the aid of the BAC-
CABrule (Ax(BxC)=B(A-C)-C(A-B)). Tryit
Then the general expression for the angular momentum has components

_ ) 2 2
L, =l o, + 1,0, +1,0, IXX=Zma(ya+za)
L, =1, +1,0,+|,0,;. where L, :—Zmaxaya
I—z = sza)x + Izya)y + Izza)z ) etc.




Simpler Forms

We can write this equation for L in simpler forms. Instead of writing x, y, z
we can use subscripts 1, 2, 3 to get

3
L =D lo,. orjust L = l;;c0; In Einstein summation notation.
j=1

Or, we can write it in matrix form L = lo,

IXX Ixy IXZ a)X LX
where I=|1, I, I,|, o=lo, |,and L=|L,
_sz Izy Izz @, I‘z

In this form, 1 is known as the inertia tensor. To distinguish this from the
identity tensor you may be familiar with, the text uses

(1 0 0]
1=|0 1 0].
0 0 1]

Note that the term tensor refers to a higher-order vector. A vector is written
as a column, as in L and o above, while a tensor is written as a matrix.




Properties of the Inertia Tensor

You can see from the elements of the moment of inertia tensor
L = m, (Y2 +122)

Ixy :_Zmaxaya .
etc.
that it has the property that /; =/, The elements /; are called the diagonal
elements, so we can say that the inertia tensor is unchanged by swapping off-
diagonal elements mirrored about the diagonal.

Such a swap (replacing /; with /;and vice versa) is an operation called taking
the transpose of the matrix, so we can say

I=1".
A matrix that is its own transpose is said to be symmetric, and this symmetric

property plays a key role in the mathematical theory of the moment of inertia
tensor.



Example 1: Inertia Tensor for Cube

find the components of the inertia tensor. For simplicity, first consider a
point mass /m at the tip of a vector r with tail at the origin O

L=mrx (XTr)

L=mrx (w Xr)=m[r‘’w — (r = o)r]

= m[r‘w — (xw.+ yw, + zw)r]. R
L.= m[rétw.— (xw.+ yw, + zw.)x] r
= m[(r* - xH)w.— xyw, — xzw.]
[.= m(r?— x%) = m(y* + z?), ©
.= —mxy,
l.= —mxz.

The other 6 components can be found similarly by taking the yand zcomponents



Example 1: Inertia Tensor for Cube

Find the inertia tensor about the origin for the mass distribution consisting
ofamass 1at (0, 1, 1) and a mass 2 at (1,-1, 0). Find the princjpal
moments of inertia and the principal axes.

I.. = Z mi(y? + :f) or /(y2 + :2) dm, T mil
i 0)- >
- Z DGl OF — /ny dm, etc. l
i m2

SUbSUtUUng (x1, Vi, Zl) = (0, 1, 1), m, = 1, and (Xz, Vo, Zz) = (1, —1, O), m.= 2

we find
IL.= (1.+ 1)+ 2(-1).= 4,1.= .= —0 — 2(—1) = 2.

Continuing in the same way, we can find the rest
of the components and write them as an inertia matrix

4 2 0]
1=|2 3 -1
0 -1 5




Section 5:KRONECKER DELTA AND LEVI-
CIVITA SYMBOL

The Kronecker 6
)

1 if i =]

S5ii =
J <O otherwise

\
Levi-Civita symbol (or permutation symbol)

(0, if any two of ijk are equal. . +
1
g =11 if ijk is an even permutation of 123. ﬂ QV Look at

our watch.
3 y

-1, if ijk isan odd permutation of 123. N




